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Preface to the First Edition

The purpose of this monograph is to provide an introduction to Lie’s geometry of
oriented spheres and its recent applications to the study of submanifolds of Euclidean
space. Lie [104] introduced his sphere geometry in his dissertation, published as
a paper in 1872, and used it in his study of contact transformations. The subject
was actively pursued through the early part of the twentienth century, culminating
with the publication in 1929 of the third volume of Blaschke’s [10] Vorlesungen
über Differentialgeometrie, which is devoted entirely to Lie sphere geometry and
its subgeometries. After this, the subject fell out of favor until 1981, when Pinkall
[146] used it as the principal tool in his classification of Dupin hypersurfaces in R4.
Since that time, it has been employed by several geometers in the study of Dupin,
isoparametric and taut submanifolds.

This book is not intended to replace Blaschke’s work, which contains a wealth
of material, particularly in dimensions two and three. Rather, it is meant to be a
relatively brief introduction to the subject, which leads the reader to the frontiers of
current research in this part of submanifold theory. Chapters 2 and 3 (chapter numbers
from the second edition) are accessible to a beginning graduate student who has taken
courses in linear and abstract algebra and projective geometry. Chapters 4 and 5
contain the applications to submanifold theory. These chapters require a first graduate
course in differential geometry as a necessary background. A detailed description of
the contents of the individual chapters is given in the introduction, which also serves
as a survey of the field to this point in time.

I wish to acknowledge certain works which have been especially useful to me in
writing this book. Much of Chapters 2 and 3 is based on Blaschke’s book. The proof
of the Cartan and Dieudonné theorem in Section 3.2 is taken from E. Artin’s book
[4], Geometric Algebra. Two sources are particularly influential in Chapters 4 and 5.
The first is Pinkall’s dissertation [146] and his subsequent paper [150], which have
proven to be remarkably fruitful. Secondly, the approach to the study of Legendre
submanifolds using the method of moving frames is due to Shiing-Shen Chern, and
was presented in two papers by Chern and myself [37]–[38]. These two papers and
indeed this monograph grew out of my work with Professor Chern during my 1985–



viii Preface to the First Edition

1986 sabbatical at Berkeley. I am very grateful to Professor Chern for many helpful
discussions and insights.

I also want to thank several other mathematicians for their personal contribu-
tions. Katsumi Nomizu introduced me to Pinkall’s work and Lie sphere geometry
in 1982, and his seminar at Brown University has been the site of many enlighten-
ing discussions on the subject since that time. Thomas Banchoff introduced me to
the cyclides of Dupin in the early seventies, when I was a graduate student, and he
has provided me with several key insights over the years, particularly through his
films. Patrick Ryan has contributed significantly to my understanding of this subject
through many lectures and discussions. I also want to acknowledge helpful conver-
sations and correspondence on various aspects of the subject with Steven Buyske,
Sheila Carter, Leslie Coghlan, Josef Dorfmeister, Thomas Hawkins, Wu-Yi Hsiang,
Nicolaas Kuiper, Martin Magid, Reiko Miyaoka, Ross Niebergall, Tetsuya Ozawa,
Richard Palais, Ulrich Pinkall, Helmut Reckziegel, Chuu-Lian Terng, Gudlaugur
Thorbergsson, and Alan West.

This book grew out of lectures given in the Brown University Differential Geom-
etry Seminar in 1982–83 and subsequent lectures given to the Clavius Group during
the summers of 1985–1989 at the University of Notre Dame, the University of Cali-
fornia at Berkeley, Fairfield University and the Institute for Advanced Study. I want
to thank my fellow members of the Clavius Group for their support of these lectures
and many enlightening remarks. I also acknowledge with gratitude the hospitality of
the institutions mentioned above.

I wish to thank my colleagues in the Department of Mathematics at the College
of the Holy Cross, several of whom are my former teachers, for many insights and
much encouragement over the years. I especially wish to mention my first teacher
in linear algebra and real analysis, Leonard Sulski, who recently passed away after a
courageous battle against leukemia. Professor Sulski was a superb, dedicated teacher,
and a good and generous man. He will be missed by all who knew him.

While writing this book, I was supported by grants from the National Science
Foundation (DMS-8907366 and DMS-9101961) and by a Faculty Fellowship from
the College of the Holy Cross. This support is gratefully acknowledged.

I want to thank my three undergraduate research assistants from Holy Cross,
Michele Intermont, Christopher Butler and Karen Purtell, who were also supported
by the NSF. They worked through various versions of the manuscript and made
many helpful comments. I also wish to thank the mathematics editorial department
of Springer-Verlag for their timely professional help in preparing this manuscript
for publication, and Kenneth Scott of Holy Cross for his assistance with the word-
processing program.

Finally, I am most grateful to my wife, Patsy, and my sons, Tom, Mark, and
Michael, for their patience, understanding and encouragement during this lengthy
project.

August, 1991



Preface to the Second Edition

The most significant changes in the second edition are the following. First of all, this
edition of the manuscript was prepared using the LATEXdocument preparation system,
and thus all of the numbers of the equations, theorems, etc., are different from the
first edition.

I have added a new section Section 4.7 which describes the construction due to
Ferus, Karcher, and Münzner [73] of isoparametric hypersurfaces with four principal
curvatures, based on representations of Clifford algebras. Our treatment follows the
original paper of Ferus, Karcher, and Münzner quite closely. I have also substantially
revised the presentation of the invariance of tautness under Lie sphere transformations
in Section 4.6, giving a different proof, due to J. C. Álvarez Paiva [2], who used
functions whose level sets form a parabolic pencil of spheres rather than the usual
distance functions to formulate tautness. This leads to a very natural proof of the Lie
invariance of tautness.

Sections 5.2–5.4 regarding reducible Dupin hypersurfaces and the cyclides of
Dupin have also been significantly revised, and 11 new figures illustrating the cyclides
of Dupin have been added to Section 5.4. The introduction and several other places,
for example Section 4.5, in the text where surveys of known results are given have
all been updated to reflect the current state of research.

All 14 of the figures from the first edition were redone, and the second edition
contains 14 additional figures. All of these figures were constructed by my colleague
at Holy Cross, Andrew D. Hwang, using his ePiX program for constructing figures in
the LATEXpicture environment. I am most grateful to Professor Hwang for the excellent
quality of the figures, and for his time and effort in constructing them. The project page
for the ePiX program is: http://math.holycross.edu/∼ahwang/software/ePiX.html

In addition to the many mathematicians that I acknowledged in the preface to
the first edition, I wish to thank Quo–Shin Chi and Gary Jensen, with whom I have
collaborated on joint research over the past decade. This collaboration has been most
stimulating and has led me to a deeper understanding of many aspects of this subject,
in particular the method of moving frames and its applications to isoparametric and
Dupin hypersurfaces.
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I would also again like to thank the members of the Clavius Group for their
encouragement and for their support of my lectures on Lie sphere geometry given at
the University of Notre Dame in July, 2005 and the College of the Holy Cross in July,
2006. I also want to thank those institutions for their hospitality during the Clavius
Group meetings.

While completing this second edition, I was supported by a grant from the National
Science Foundation (DMS–0405529) and by a sabbatical leave from the College of
the Holy Cross. This support is gratefully acknowledged. I also wish to thank my
three recent undergraduate research assistants from Holy Cross, Ellen Gasparovic,
Heather Johnson and Renee Laverdiere, who were also supported by my NSF grant,
and who helped me in revising this book in various ways.

I am also grateful to Ann Kostant and her staff at Springer for their support and
encouragement to complete a second edition of the book.

Finally, as with the first edition, I wish to thank my wife, Patsy, and my sons,
Tom, Mark, and Michael, for their warm encouragement and support of all of my
scholarly efforts, in particular, the second edition of this book.

College of the Holy Cross Thomas E. Cecil
Worcester, Massachusetts
August, 2007
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Introduction

Lie [104] introduced the geometry of oriented spheres in his dissertation, published
as a paper in Mathematische Annalen in 1872. Sphere geometry was also prominent
in his study of contact transformations (Lie–Scheffers [105]) and in Volume III of
Blaschke’s book on differential geometry published in 1929. In recent years, Lie
sphere geometry has become a valuable tool in the study of Dupin submanifolds,
beginning with Pinkall’s [146] dissertation in 1981. In this introduction, we will
outline the contents of the book and mention some related results.

Lie established a bijective correspondence between the set of all Lie spheres,
i.e., oriented hyperspheres, oriented hyperplanes and point spheres in Rn ∪ {∞},
and the set of all points on the quadric hypersurface Qn+1 in real projective space
Pn+2 given by the equation 〈x, x〉 = 0, where 〈, 〉 is an indefinite scalar product with
signature (n + 1, 2) on Rn+3. This Lie quadric Qn+1 contains projective lines but
no linear subspaces of higher dimension. The one-parameter family of Lie spheres
in Rn ∪ {∞} corresponding to the points on a line on Qn+1 is called a parabolic
pencil of spheres. It consists of all Lie spheres in oriented contact at a certain contact
element on Rn ∪ {∞}. In this way, Lie also established a bijective correspondence
between the manifold of contact elements on Rn ∪ {∞} and the manifold �2n−1 of
projective lines on the Lie quadric Qn+1. The details of these considerations are
given in Chapter 2.

A Lie sphere transformation is a projective transformation of Pn+2 which maps
the Lie quadric Qn+1 to itself. In terms of the geometry of Rn, a Lie sphere trans-
formation maps Lie spheres to Lie spheres. Furthermore, since a projective trans-
formation maps lines to lines, a Lie sphere transformation preserves oriented contact
of Lie spheres in Rn. Lie proved the so-called “fundamental theorem of Lie sphere
geometry’’ in the case n = 3, and Pinkall [150] generalized this to higher dimen-
sions. This theorem states that a line-preserving diffeomorphism of the Lie quadric
Qn+1 is the restriction to Qn+1 of a projective transformation of Pn+2. In other
words, a transformation on the space of Lie spheres that preserves oriented contact of
spheres is a Lie sphere transformation. One can show that a Lie sphere transformation
is induced by an orthogonal transformation of Rn+3 endowed with the metric 〈, 〉.
Thus, the group G of Lie sphere transformations is isomorphic to the quotient group
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O(n+ 1, 2)/{±I }. By the theorem of Cartan and Dieudonné, the orthogonal group
O(n + 1, 2) is generated by inversions in hyperplanes, and therefore so is G. Any
Möbius (conformal) transformation of Rn∪{∞} induces a Lie sphere transformation,
and the Möbius group is precisely the subgroup of Lie sphere transformations that
map point spheres to point spheres. In Chapter 3, we prove these results and give a
geometric description of inversions. We also discuss the sphere geometries of La-
guerre and Möbius. These, as well as the usual Euclidean, spherical and hyperbolic
geometries, are subgeometries of Lie sphere geometry.

The manifold �2n−1 of projective lines on the quadric Qn+1 has a contact struc-
ture, i.e., a 1-form ω such that ω ∧ (dω)n−1 does not vanish on �2n−1. The condi-
tion ω = 0 defines a codimension one distribution D on �2n−1 which has integral
submanifolds of dimension n − 1 but none of higher dimension. An immersion
λ : Mn−1 → �2n−1 of an (n− 1)-dimensional manifoldMn−1 such that λ∗ω = 0 is
called a Legendre submanifold. If α is a Lie sphere transformation, then α maps lines
to lines, and the map µ = αλ is also a Legendre submanifold. The submanifolds λ
and µ are said to be Lie equivalent. Legendre submanifolds are studied in detail in
Chapter 4.

A hypersurface M in Rn naturally induces a Legendre submanifold. More gen-
erally, an immersed submanifold V of codimension greater than one in Rn induces
a Legendre submanifold whose domain is the unit normal bundle Bn−1 of V in Rn.
Thus, Lie sphere geometry can be used to study any problem concerning submani-
folds of Rn, or more generally of the sphere Sn or hyperbolic space Hn. Of course,
Lie sphere geometry is particularly well-suited for the study of problems that deal
with spheres in some way. A large class of such problems are those involving the
principal curvatures of a submanifold, since each principal curvature gives rise to a
corresponding curvature sphere.

Let M be a hypersurface in a real space-form Rn, Sn or Hn. The eigenvalues of
the shape operator (second fundamental form)A ofM are called principal curvatures,
and their corresponding eigenspaces are called principal spaces. A submanifold S
of M is called a curvature surface if at each point of S, the tangent space TxS is a
principal space. This generalizes the classical notion of a line of curvature of a surface
in R3. Curvature surfaces are abundant, for there always exists an open dense subset
� of M on which the multiplicities of the principal curvatures are locally constant
(see Reckziegel [157]–[158]). If a principal curvature κ has constant multiplicity m
in some open set U ⊂ M , then the corresponding distribution of principal spaces is
an m-dimensional foliation, and the leaves of this principal foliation are curvature
surfaces. Furthermore, if the multiplicitym of κ is greater than one, then κ is constant
along each leaf of this principal foliation. This is not true, in general, if m = 1. A
hypersurfaceM is said to be Dupin if along each curvature surface, the corresponding
principal curvature is constant. A Dupin hypersurface is said to be proper Dupin if
each principal curvature has constant multiplicity on M , i.e., the number of distinct
principal curvatures is constant on M . An example of a proper Dupin hypersurface
in R3 is a torus of revolution T 2. There exist many examples of Dupin hypersurfaces
that are not proper Dupin, e.g., a tube M3 in R4 of constant radius over a torus of
revolution T 2 ⊂ R3 ⊂ R4 (see Section 5.2 or Pinkall [150]).
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The notion of Dupin can be generalized to submanifolds of higher codimension
in Rn or even to the larger class of Legendre submanifolds. Moreover, the Dupin and
proper Dupin properties are easily seen to be invariant under Lie sphere transforma-
tions. This makes Lie sphere geometry a particularly effective setting for the study
of Dupin submanifolds.

Noncompact proper Dupin hypersurfaces in real space-forms are plentiful. Pinkall
[150] introduced four constructions for obtaining a proper Dupin hypersurface W in
Rn+m from a proper Dupin hypersurface M in Rn. These constructions involve
building tubes, cylinders, cones and surfaces of revolution from M , and they are
discussed in detail in Sections 5.1–5.3. Using these constructions, Pinkall was able
to construct a proper Dupin hypersurface in Euclidean space with an arbitrary number
of distinct principal curvatures with any given multiplicities. In general, these proper
Dupin hypersurfaces cannot be extended to compact Dupin hypersurfaces without
losing the property that the number of distinct principal curvatures is constant. Proper
Dupin hypersurfaces that are locally Lie equivalent to the end product of one of
Pinkall’s constructions are said to be reducible.

Compact proper Dupin submanifolds are much more rare. Important examples
are obtained through a consideration of isoparametric hypersurfaces. An immersed
hypersurface M in a real space-form, Rn, Sn or Hn, is said to be isoparametric if
it has constant principal curvatures. An isoparametric hypersurface M in Rn can
have at most two distinct principal curvatures, and M must be an open subset of a
hyperplane, hypersphere or a spherical cylinder Sk × Rn−k−1. This was shown by
Levi–Civita [101] for n = 3 and by B. Segre [169] for arbitrary n.

E. Cartan [16]–[19] began the study of isoparametric hypersurfaces in the other
space-forms in a series of four papers in the 1930s. In hyperbolic space Hn, he
showed that an isoparametric hypersurface can have at most two distinct principal
curvatures, and it is either totally umbilic or else a standard product Sk ×Hn−k−1 in
Hn (see also Ryan [164, pp. 252–253]).

In the sphere Sn, however, Cartan showed that there are many more possibilities.
He found examples of isoparametric hypersurfaces in Sn with 1, 2, 3 or 4 distinct
principal curvatures, and he classified compact, connected isoparametric hypersur-
faces with g ≤ 3 principal curvatures as follows. If g = 1, then the isoparametric
hypersurface M is totally umbilic, and it must be a great or small sphere. If g = 2,
then M must be a standard product of two spheres,

Sk(r)× Sn−k−1(s) ⊂ Sn, r2 + s2 = 1.

In the case g = 3, Cartan [17] showed that all the principal curvatures must have
the same multiplicity m = 1, 2, 4 or 8, and the isoparametric hypersurface must be
a tube of constant radius over a standard embedding of a projective plane FP 2 into
S3m+1 (see, for example, Cecil–Ryan [52, pp. 296–299]), where F is the division
algebra R, C, H (quaternions), O (Cayley numbers), form = 1, 2, 4, 8, respectively.
Thus, up to congruence, there is only one such family for each value of m.

Cartan’s theory was further developed by Nomizu [135]–[136], Takagi and Taka-
hashi [180], Ozeki and Takeuchi [143], and most extensively by Münzner [123], who
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showed that the number g of distinct principal curvatures of an isoparametric hyper-
surface must be 1, 2, 3, 4, or 6. (See also Cecil–Ryan [52, Chapter 3] or the survey
article by Thorbergsson [192].)

In the case of an isoparametric hypersurface with four principal curvatures,
Münzner proved that the principal curvatures can have at most two distinct multiplic-
itiesm1,m2. Ferus, Karcher, and Münzner [73] then used representations of Clifford
algebras to construct for any positive integerm1 an infinite series of isoparametric hy-
persurfaces with four principal curvatures having respective multiplicities (m1,m2),
where m2 is nondecreasing and unbounded in each series. This class of FKM-type
isoparametric hypersurfaces (described in Section 4.7) contains all known examples
of isoparametric hypersurfaces with four principal curvatures with the exception of
two homogeneous examples, having multiplicities (2, 2) and (4, 5).

Stolz [177] then proved that the multiplicities of the principal curvatures of an
isoparametric hypersurface with four principal curvatures must be the same as those
in the known examples of FKM-type or the two homogeneous exceptions. Cecil, Chi
and Jensen [40] next showed that an isoparametric hypersurface with four principal
curvatures must be of FKM-type, if the multiplicities satisfym2 ≥ 2m1−1 (a different
proof of this result, using isoparametric triple systems, was given by Immervoll [92]).
Taken together with known results of Takagi [179] form1 = 1 and Ozeki and Takeuchi
[143] form1 = 2, this handles all possible pairs of multiplicities except for four cases,
for which the classification problem remains open.

The case of isoparametric hypersurfaces with g = 6 distinct principal curvatures
also remains open. In that case, there exists one homogeneous family with six prin-
cipal curvatures of multiplicity one in S7, and one homogeneous family with six
principal curvatures of multiplicity two in S13 (see Miyaoka [118] for a description).
Up to congruence, these are the only known examples. Münzner showed that for an
isoparametric hypersurface with six principal curvatures, all of the principal curva-
tures must have the same multiplicitym. Abresch [1] then showed thatmmust be 1 or
2. In the case of multiplicitym = 1, Dorfmeister and Neher [62] showed in 1985 that
an isoparametric hypersurface must be homogeneous (see also Miyaoka [119]–[120]
for an alternative proof of this result). The case m = 2 remains open, although it is
generally thought that the hypersurface must be homogeneous in that case also.

There is also an extensive theory of isoparametric submanifolds of codimension
greater than one in the sphere, due primarily to Terng [183]–[187], Hsiang, Palais
and Terng [91], and Carter and West [26]–[28], [199]. (See also Harle [82] and
Strübing [178].) A connected, complete submanifold V in a real space-form is said
to be isoparametric if it has flat normal bundle and if for any parallel section of the
unit normal bundle η : V → Bn−1, the principal curvatures of Aη are constant.
After considerable development of the theory, Thorbergsson [191] showed that all
isoparametric submanifolds of codimension greater than one in Sn are homogeneous,
and are thus principal orbits of isotropy representations of symmetric spaces, also
known as generalized flag manifolds or standard embeddings ofR-spaces. See Olmos
[139] and Heintze–Liu [87] for alternate proofs of Thorbergsson’s result, and the
papers of Bott and Samelson [12], Takeuchi and Kobayashi [182] and Hahn [81] for
more on generalized flag manifolds and R-spaces. The paper of Heintze, Olmos and



1 Introduction 5

Thorbergsson [88], and the books by Palais and Terng [145], and Berndt, Console
and Olmos [8] contain further results in this area.

For a generalization of the theory of isoparametric submanifolds to submanifolds
of hyperbolic space, see Wu [201] and Zhao [203]. For isoparametric hypersurfaces
in Lorentz spaces, see Nomizu [137], Magid [108] and Hahn [80]. For isoparametric
and Dupin hypersurfaces in affine differential geometry, see Niebergall and Ryan
[128]–[131]. For related notions for submanifolds of symmetric spaces, see Terng
and Thorbergsson [188], and West [200].

Terng [186] introduced a theory of isoparametric submanifolds in infinite-dimen-
sional Hilbert spaces. Pinkall and Thorbergsson [154] then provided more examples
of such submanifolds, and Heintze and Liu [87] proved a homogeneity result for these
submanifolds.

Thorbergsson [190] showed that the restriction g = 1, 2, 3, 4 or 6 on the number
of distinct principal curvatures also holds for a connected, compact proper Dupin
hypersurface M embedded in Sn ⊂ Rn+1. He first showed that M must be taut,
i.e., every nondegenerate distance function Lp(x) = |p − x|2, p ∈ Rn+1, has the
minimum number of critical points required by the Morse inequalities on M . Using
tautness, he then showed that M divides Sn into two ball bundles over the first focal
submanifolds on either side ofM . This topological situation is all that is required for
Münzner’s proof of the restriction on g. Münzner’s argument also produces certain
restrictions on the cohomology and the homotopy groups of isoparametric hypersur-
faces. These restrictions necessarily apply to compact proper Dupin hypersurfaces
by Thorbergsson’s result. Grove and Halperin [79] later found more topological sim-
ilarities between these two classes of hypersurfaces. Furthermore, the results of Stolz
[177] on the possible multiplicities of the principal curvatures actually only require
the assumption that M is a compact proper Dupin hypersurface, and not that the
hypersurface is isoparametric.

The close relationship between these two classes of hypersurfaces led to the widely
held conjecture that every compact proper Dupin hypersurfaceM ⊂ Sn is equivalent
by a Lie sphere transformation to an isoparametric hypersurface (see [52, p. 184]).
The conjecture is obviously true for g = 1, in which case M must be a hypersphere
in Sn, and so M itself is isoparametric. In 1978, Cecil and Ryan [47] showed that if
g = 2, then M must be a cyclide of Dupin, and it is therefore Möbius equivalent to
an isoparametric hypersurface. Then in 1984, Miyaoka [111] showed that the con-
jecture holds for g = 3, although it is not true that M must be Möbius equivalent
to an isoparametric hypersurface. Thus, as g increases, the group needed to obtain
equivalence with an isoparametric hypersurface gets progressively larger. The case
g = 4 resisted all attempts at solution for several years and finally in 1988, counterex-
amples to the conjecture were discovered independently by Pinkall and Thorbergsson
[152] and by Miyaoka and Ozawa [121]. The latter method also yields counterex-
amples to the conjecture with g = 6 principal curvatures. In both constructions,
a fundamental Lie invariant, the Lie curvature (see Section 4.5), was used to show
that the examples are not Lie equivalent to an isoparametric hypersurface. Specif-
ically, if M is a proper Dupin hypersurface with four principal curvatures, then the
Lie curvature� is defined to be the cross-ratio of these principal curvatures. Viewed



6 1 Introduction

in the context of projective geometry, � is the cross-ratio of the four points along a
projective line on Qn+1 corresponding to the four curvature spheres of M . Since a
Lie sphere transformation maps curvature spheres to curvature spheres and preserves
cross-ratios, the Lie curvature is invariant under Lie sphere transformations. From
the work of Münzner, it is easy to show that � has the constant value 1/2 (when the
principal curvatures are appropriately ordered) on an isoparametric hypersurface with
four principal curvatures. For the counterexamples to the conjecture, it was shown
that� 
= 1/2 at some points, and therefore the examples cannot be Lie equivalent to
an isoparametric hypersurface. These examples are presented in detail in Section 4.8.

In Section 4.6, we show that tautness is invariant under Lie sphere transformations.
A proof of this result was first given in [37]. However, the proof that we give here
is due to Álvarez Paiva [2], who used functions whose level sets form a parabolic
pencil of spheres rather than the usual distance functions to formulate tautness. From
this point of view, the Lie invariance of tautness is seen quite easily. Tautness is
closely related to the Dupin condition. Every taut submanifold of a real space-form
is Dupin, although not necessarily proper Dupin. (Pinkall [151], and Miyaoka [112],
independently, for hypersurfaces.) Conversely, Thorbergsson [190] proved that a
compact proper Dupin hypersurface embedded in Sn is taut. Pinkall [151] then
extended this result to compact submanifolds of higher codimension for which the
number of distinct principal curvatures is constant on the unit normal bundle. An open
question is whether the Dupin condition implies tautness without this assumption. A
key fact in Thorbergsson’s proof is that in the proper Dupin case, all the curvature
surfaces are spheres. In the nonproper Dupin case, the work of Ozawa [142] implies
that some of the curvature surfaces are not spheres.

A submanifoldM of Rn is said to be totally focal if every distance function Lp is
either nondegenerate or has only degenerate focal points on M . For the relationship
between isoparametric and totally focal submanifolds, see the papers of Carter and
West [22, 23, 24, 28].

Chapter 5 is devoted primarily to the local classification of proper Dupin hypersur-
faces in certain specific cases. These results were obtained by Lie sphere geometric
techniques and have not been proved by standard Euclidean methods. In Section 5.4,
we give Pinkall’s [150] local classification of proper Dupin submanifolds with two
distinct principal curvatures. These are known as the cyclides of Dupin. This is
followed by a classification of the cyclides of Dupin up to Möbius (conformal) trans-
formations that can be derived from the Lie sphere geometric classification. Finally,
in Section 5.7, we present the classification of proper Dupin hypersurfaces in R4 with
three distinct principal curvatures. This was first obtained by Pinkall [146], [149],
although the treatment here is due to Cecil and Chern [38]. In the process, we de-
velop the method of moving Lie frames which can be applied to the general study of
Legendre submanifolds. This approach has been applied sucessfully by Niebergall
[126]–[127], Cecil and Jensen [44]–[45] and by Cecil, Chi and Jensen [41] to obtain
local classifications of higher-dimensional Dupin hypersurfaces.

In particular, Cecil and Jensen [44] proved that for a connected irreducible proper
Dupin hypersurface with three principal curvatures, all of the multiplicities must be
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equal, and the hypersurface must be Lie equivalent to an open subset of an isopara-
metric hypersurface with three principal curvatures.

In the case of an isoparametric hypersurface with four principal curvatures,
Münzner showed that the multiplicities of the principal curvatures must satisfy
m1 = m2, m3 = m4, when the principal curvatures are appropriately ordered, and
that the Lie curvature � must have the constant value −1 (when the principal curva-
tures are ordered in this way). In [45, pp. 3–4], it was conjectured that an irreducible
connected proper Dupin hypersurfaceM in Sn with four principal curvatures having
multiplicities satisfying m1 = m2, m3 = m4 and constant Lie curvature must be Lie
equivalent to an open subset of an isoparametric hypersurface in Sn. In that same
paper, the conjecture was shown to be true in the case where all the multiplicities are
equal to one. Later in [41], this was generalized to show that the conjecture is true if
the multiplicities satisfy m1 = m2 ≥ 1, m3 = m4 = 1, and the Lie curvature has the
constant value � = −1. The conjecture in its full generality remains open, although
it is still thought to be true.

There are many aspects of Lie sphere geometry that are not covered in detail here.
In particular, Blaschke [10] gives a more thorough treatment of the sphere geometries
of Laguerre and Möbius and the “line-sphere transformation’’ of Lie (see Blaschke
[10, Section 54] and Klein [94, Section 70]). The line-sphere transformation is
discussed in a more modern setting by Fillmore [75], who also treats the relationship
between Lie sphere geometry and complex line geometry. A modern treatment of
Möbius differential geometry is given in the book by Hertrich–Jeromin [89] or the
papers of C.-P. Wang [194]–[196]. For submanifold theory in Laguerre geometry,
see Blaschke [10], Musso and Nicolodi [124]–[125], Li [102], or Li and Wang [103].

In this book, we concentrate on submanifolds of dimension greater than one in
real space forms. The papers of Sasaki and Suguri [167] and Pinkall [147] treat curve
theory in Lie sphere geometry.

Other work involving submanifolds in the context of Lie sphere geometry in-
cludes two papers of Miyaoka [115]–[116] that extend some of the key ideas of the Lie
sphere geometric approach to the study of contact structures and conformal structures
on more general manifolds. Ferapontov [70]–[72] studied the relationship between
Dupin and isoparametric hypersurfaces and integrable Hamiltonian systems of hydro-
dynamic type. Riveros and Tenenblat [160]–[161] used higher-dimensional Laplace
invariants to study four-dimensional Dupin hypersurfaces. Finally, the history and
significance of Lie’s early work on sphere geometry and contact transformations is
discussed in the papers of Hawkins [83] and Rowe [162].

All manifolds and maps are assumed to be smooth unless explicitly stated other-
wise. Notation generally follows Kobayashi and Nomizu [95] and Cecil and Ryan
[52]. Theorems, equations, remarks, etc., are numbered within each chapter. If a
theorem from a different chapter is cited, then the chapter is listed along with the
number of the theorem.
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Lie Sphere Geometry

In this chapter, we give Lie’s construction of the space of spheres and define the
important notions of oriented contact and parabolic pencils of spheres. This leads
ultimately to a bijective correspondence between the manifold of contact elements
on the sphere Sn and the manifold �2n−1 of projective lines on the Lie quadric.

2.1 Preliminaries

Before constructing the space of spheres, we begin with some preliminary remarks on
indefinite scalar product spaces and projective geometry. Finite-dimensional indefi-
nite scalar product spaces play a crucial role in Lie sphere geometry. The fundamental
result from linear algebra concerns the rank and signature of a bilinear form (see, for
example, Nomizu [133, p. 108], Artin [4, Chapter 3], or O’Neill [141, pp. 46–53]).

Theorem 2.1. Suppose that (, ) is a bilinear form on a real vector space V of dimen-
sion n. Then there exists a basis {e1, . . . , en} of V such that

1. (ei, ej ) = 0 for i 
= j ,
2. (ei, ei) = 1 for 1 ≤ i ≤ p,
3. (ej , ej ) = −1 for p + 1 ≤ j ≤ r ,
4. (ek, ek) = 0 for r + 1 ≤ k ≤ n.

The numbers r and p are determined solely by the bilinear form; r is called the
rank, r−p is called the index, and the ordered pair (p, r−p) is called the signature of
the bilinear form. The theorem shows that any two spaces of the same dimension with
bilinear forms of the same signature are isometrically isomorphic. A scalar product is
a nondegenerate bilinear form, i.e., a form with rank equal to the dimension of V . For
the sake of brevity, we will often refer to a scalar product as a “metric.’’ Usually, we
will be dealing with the scalar product space Rn

k with signature (n−k, k) for k = 0, 1
or 2. However, at times we will consider subspaces of Rn

k on which the bilinear form
is degenerate. When dealing with low-dimensional spaces, we will often indicate the
signature with a series of plus and minus signs and zeroes where appropriate. For
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example, the signature of R3
1 may be written (++−) instead of (2, 1). If the bilinear

form is nondegenerate, a basis with the properties listed in Theorem 2.1 is called an
orthonormal basis for V with respect to the bilinear form.

A second useful result concerning scalar products is the following. Here U⊥
denotes the orthogonal complement of the space U with respect to the given scalar
product. (See Artin [4, p. 117] or O’Neill [141, p. 49].)

Theorem 2.2. Suppose that (, ) is a scalar product on a finite-dimensional real vector
space V and that U is a subspace of V .

(a) Then U⊥⊥ = U and dimU + dimU⊥ = dim V .
(b) The form (, ) is nondegenerate on U if and only if it is nondegenerate on U⊥. If

the form is nondegenerate on U , then V is the direct sum of U and U⊥.
(c) If V is the orthogonal direct sum of two spaces U and W , then the form is

nondegenerate on U and W , and W = U⊥.

Let (x, y) be the indefinite scalar product on the Lorentz space Rn+1
1 defined by

(x, y) = −x1y1 + x2y2 + · · · + xn+1yn+1, (2.1)

where x = (x1, . . . , xn+1) and y = (y1, . . . , yn+1). We will call this scalar product
the Lorentz metric. Avector x is said to be spacelike, timelike or lightlike, respectively,
depending on whether (x, x) is positive, negative or zero. We will use this terminology
even when we are using a metric of different signature. In Lorentz space, the set of
all lightlike vectors, given by the equation

x2
1 = x2

2 + · · · + x2
n+1, (2.2)

forms a cone of revolution, called the light cone. Lightlike vectors are often called
isotropic in the literature, and the cone is called the isotropy cone. Timelike vectors
are “inside the cone’’ and spacelike vectors are “outside the cone.’’

If x is a nonzero vector in Rn+1
1 , let x⊥ denote the orthogonal complement of

x with respect to the Lorentz metric. If x is timelike, then the metric restricts to a
positive definite form on x⊥, and x⊥ intersects the light cone only at the origin. If
x is spacelike, then the metric has signature (n − 1, 1) on x⊥, and x⊥ intersects the
cone in a cone of one less dimension. If x is lightlike, then x⊥ is tangent to the cone
along the line through the origin determined by x. The metric has signature (n−1, 0)
on this n-dimensional plane.

The true setting of Lie sphere geometry is real projective space Pn, so we now
briefly review some important concepts from projective geometry. We define an
equivalence relation on Rn+1 − {0} by setting x � y if x = ty for some nonzero
real number t . We denote the equivalence class determined by a vector x by [x].
Projective space Pn is the set of such equivalence classes, and it can naturally be
identified with the space of all lines through the origin in Rn+1. The rectangular
coordinates (x1, . . . , xn+1) are called homogeneous coordinates of the point [x], and
they are only determined up to a nonzero scalar multiple. The affine space Rn can
be embedded in Pn as the complement of the hyperplane (x1 = 0) at infinity by the
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map φ : Rn → Pn given by φ(u) = [(1, u)]. A scalar product on Rn+1, such as the
Lorentz metric, determines a polar relationship between points and hyperplanes in
Pn. We will also use the notation x⊥ to denote the polar hyperplane of [x] in Pn, and
we will call [x] the pole of x⊥.

If x is a lightlike vector in Rn+1
1 , then [x] can be represented by a vector of the form

(1, u) for u ∈ Rn. Then the equation (x, x) = 0 for the light cone becomes u · u = 1
(Euclidean dot product), i.e., the equation for the unit sphere in Rn. Hence, the set
of points in Pn determined by lightlike vectors in Rn+1

1 is naturally diffeomorphic to
the sphere Sn−1.

2.2 Möbius Geometry of Unoriented Spheres

As a first step toward Lie sphere geometry, we recall the geometry of unoriented
spheres in Rn known as “Möbius’’ or “conformal’’ geometry. We will always assume
that n ≥ 2. In this section, we will only consider spheres and planes of codimension
one, and we will often omit the prefix “hyper.’’

We denote the Euclidean dot product of two vectors u and v in Rn by u · v. We
first consider stereographic projection σ : Rn → Sn − {P }, where Sn is the unit
sphere in Rn+1 given by y · y = 1, and P = (−1, 0, . . . , 0) is the south pole of Sn.
(See Figure 2.1.) The well-known formula for σ(u) is

σ(u) =
(

1 − u · u
1 + u · u,

2u

1 + u · u
)
.

P

σ(u)

u

Rn

Fig. 2.1. Stereographic projection.

We next embed Rn+1 into Pn+1 by the embedding φ mentioned in the previous
section. Thus, we have the map φσ : Rn → Pn+1 given by

φσ(u) =
[(

1,
1 − u · u
1 + u · u,

2u

1 + u · u
)]

=
[(

1 + u · u
2

,
1 − u · u

2
, u

)]
. (2.3)
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Let (z1, . . . , zn+2) be homogeneous coordinates on Pn+1 and (, ) the Lorentz metric
on the space Rn+2

1 . Then φσ(Rn) is just the set of points in Pn+1 lying on the n-
sphere � given by the equation (z, z) = 0, with the exception of the improper point
[(1,−1, 0, . . . , 0)] corresponding to the south pole P . We will refer to the points in
� other than [(1,−1, 0, . . . , 0)] as proper points, and will call � the Möbius sphere
or Möbius space. At times, it is easier to simply begin with Sn rather than Rn and
thus avoid the need for the map σ and the special point P . However, there are also
advantages for beginning in Rn.

The basic framework for the Möbius geometry of unoriented spheres is as follows.
Suppose that ξ is a spacelike vector in Rn+2

1 . Then the polar hyperplane ξ⊥ to [ξ ]
in Pn+1 intersects the sphere � in an (n− 1)-sphere Sn−1 (see Figure 2.2). Sn−1 is
the image under φσ of an (n− 1)-sphere in Rn, unless it contains the improper point
[(1,−1, 0, . . . , 0)], in which case it is the image under φσ of a hyperplane in Rn.
Hence, we have a bijective correspondence between the set of all spacelike points in
Pn+1 and the set of all hyperspheres and hyperplanes in Rn.

ξ⊥ ξ

�

Fig. 2.2. Intersection of � with ξ⊥.

It is often useful to have specific formulas for this correspondence. Consider the
sphere in Rn with center p and radius r > 0 given by the equation

(u− p) · (u− p) = r2. (2.4)

We wish to translate this into an equation involving the Lorentz metric and the cor-
responding polarity relationship on Pn+1. A direct calculation shows that equation
(2.4) is equivalent to the equation

(ξ, φσ(u)) = 0, (2.5)

where ξ is the spacelike vector,

ξ =
(

1 + p · p − r2

2
,

1 − p · p + r2

2
, p

)
, (2.6)
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and φσ(u) is given by equation (2.3). Thus, the point u is on the sphere given by
equation (2.4) if and only if φσ(u) lies on the polar hyperplane of [ξ ]. Note that the
first two coordinates of ξ satisfy ξ1 + ξ2 = 1, and that (ξ, ξ) = r2. Although ξ is
only determined up to a nonzero scalar multiple, we can conclude that η1 + η2 is not
zero for any η � ξ .

Conversely, given a spacelike point [z] with z1 + z2 nonzero, we can determine
the corresponding sphere in Rn as follows. Let ξ = z/(z1 + z2) so that ξ1 + ξ2 = 1.
Then from equation (2.6), the center of the corresponding sphere is the point p =
(ξ3, . . . , ξn+2), and the radius is the square root of (ξ, ξ).

Next suppose that η is a spacelike vector with η1 + η2 = 0. Then

(η, (1,−1, 0, . . . , 0)) = 0.

Thus, the improper point φ(P ) lies on the polar hyperplane of [η], and the point [η]
corresponds to a hyperplane in Rn. Again we can find an explicit correspondence.
Consider the hyperplane in Rn given by the equation

u ·N = h, |N | = 1. (2.7)

A direct calculation shows that (2.7) is equivalent to the equation

(η, φσ(u)) = 0, where η = (h,−h,N). (2.8)

Thus, the hyperplane (2.7) is represented in the polarity relationship by [η]. Con-
versely, let z be a spacelike point with z1 + z2 = 0. Then (z, z) = v · v, where
v = (z3, . . . , zn+2). Let η = z/|v|. Then η has the form (2.8) and [z] corresponds
to the hyperplane (2.7). Thus we have explicit formulas for the bijective correspon-
dence between the set of spacelike points in Pn+1 and the set of hyperspheres and
hyperplanes in Rn.

Of course, the fundamental invariant of Möbius geometry is the angle. The study
of angles in this setting is quite natural, since orthogonality between spheres and
planes in Rn can be expressed in terms of the Lorentz metric. Let S1 and S2 denote
the spheres in Rn with respective centers p1 and p2 and respective radii r1 and r2.
By the Pythagorean theorem, the two spheres intersect orthogonally (see Figure 2.3)
if and only if

|p1 − p2|2 = r2
1 + r2

2 . (2.9)

If these spheres correspond by equation (2.6) to the projective points [ξ1] and
[ξ2], respectively, then a calculation shows that equation (2.9) is equivalent to the
condition

(ξ1, ξ2) = 0. (2.10)

A hyperplane π in Rn is orthogonal to a hypersphere S precisely when π passes
through the center of S. If S has center p and radius r , and π is given by the equation
u ·N = h, then the condition for orthogonality is just p ·N = h. If S corresponds to
[ξ ] as in (2.6) and π corresponds to [η] as in (2.8), then this equation for orthogonality
is equivalent to (ξ, η) = 0. Finally, if two planes π1 and π2 are represented by [η1]
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p1 p2

r1 r2

Fig. 2.3. Orthogonal spheres.

and [η2] as in (2.8), then the orthogonality condition N1 ·N2 = 0 is equivalent to the
equation (η1, η2) = 0.

A Möbius transformation is a projective transformation of Pn+1 which preserves
the condition (η, η) = 0. By Theorem 3.1 of Chapter 3, p. 26, a Möbius transfor-
mation also preserves the relationship (η, ξ) = 0, and it maps spacelike points to
spacelike points. Thus it preserves orthogonality (and hence angles) between spheres
and planes in Rn. In the next chapter, we will see that the group of Möbius trans-
formations is isomorphic to O(n + 1, 1)/{±I }, where O(n + 1, 1) is the group of
orthogonal transformations of the Lorentz space Rn+2

1 .
Note that a Möbius transformation takes lightlike vectors to lightlike vectors, and

so it induces a conformal diffeomorphism of the sphere� onto itself. It is well known
that the group of conformal diffeomorphisms of the sphere is precisely the Möbius
group.

2.3 Lie Geometry of Oriented Spheres

We now turn to the construction of Lie’s geometry of oriented spheres and planes
in Rn. Let Wn+1 be the set of vectors in Rn+2

1 satisfying (ζ, ζ ) = 1. This is a
hyperboloid of revolution of one sheet in Rn+2

1 . If α is a spacelike point in Pn+1,
then there are precisely two vectors ±ζ in Wn+1 with α = [ζ ]. These two vectors
can be taken to correspond to the two orientations of the oriented sphere or plane
represented by α, although we have not yet given a prescription as to how to make
the correspondence. To do this, we need to introduce one more coordinate. First,
embed Rn+2

1 into Pn+2 by the embedding z �→ [(z, 1)]. If ζ ∈ Wn+1, then

−ζ 2
1 + ζ 2

2 + · · · + ζ 2
n+2 = 1,

so the point [(ζ, 1)] in Pn+2 lies on the quadricQn+1 in Pn+2 given in homogeneous
coordinates by the equation
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〈x, x〉 = −x2
1 + x2

2 + · · · + x2
n+2 − x2

n+3 = 0. (2.11)

The manifold Qn+1 is called the Lie quadric, and the scalar product determined by
the quadratic form in (2.11) is called the Lie metric or Lie scalar product. We will
let {e1, . . . , en+3} denote the standard orthonormal basis for the scalar product space
Rn+3

2 with metric 〈, 〉. Here e1 and en+3 are timelike and the rest are spacelike.
We shall now see how points on Qn+1 correspond to the set of oriented hyper-

spheres, oriented hyperplanes and point spheres in Rn ∪ {∞}. Suppose that x is any
point on the quadric with homogeneous coordinate xn+3 
= 0. Then x can be repre-
sented by a vector of the form (ζ, 1), where the Lorentz scalar product (ζ, ζ ) = 1.
Suppose first that ζ1 + ζ2 
= 0. Then in Möbius geometry [ζ ] represents a sphere in
Rn. If as in equation (2.6), we represent [ζ ] by a vector of the form

ξ =
(

1 + p · p − r2

2
,

1 − p · p + r2

2
, p

)
,

then (ξ, ξ) = r2. Thus ζ must be one of the vectors ±ξ/r . In Pn+2, we have

[(ζ, 1)] = [(±ξ/r, 1)] = [(ξ,±r)].
We can interpret the last coordinate as a signed radius of the sphere with center p
and unsigned radius r > 0. In order to be able to interpret this geometrically, we
adopt the convention that a positive signed radius corresponds to the orientation of the
sphere represented by the inward field of unit normals, and a negative signed radius
corresponds to the orientation given by the outward field of unit normals. Hence, the
two orientations of the sphere in Rn with center p and unsigned radius r > 0 are
represented by the two projective points,[(

1 + p · p − r2

2
,

1 − p · p + r2

2
, p,±r

)]
(2.12)

in Qn+1. Next if ζ1 + ζ2 = 0, then [ζ ] represents a hyperplane in Rn, as in equation
(2.8). For ζ = (h,−h,N), with |N | = 1, we have (ζ, ζ ) = 1. Then the two
projective points on Qn+1 induced by ζ and −ζ are

[(h,−h,N,±1)]. (2.13)

These represent the two orientations of the plane with equation u · N = h. We
make the convention that [(h,−h,N, 1)] corresponds to the orientation given by the
field of unit normals N , while the orientation given by −N corresponds to the point
[(h,−h,N,−1)] = [(−h, h,−N, 1)].

Thus far we have determined a bijective correspondence between the set of points
x in Qn+1 with xn+3 
= 0 and the set of all oriented spheres and planes in Rn.
Suppose now that xn+3 = 0, i.e., consider a point [(z, 0)], for z ∈ Rn+2

1 . Then
〈x, x〉 = (z, z) = 0, and [z] ∈ Pn+1 is simply a point of the Möbius sphere �. Thus
we have the following bijective correspondence between objects in Euclidean space
and points on the Lie quadric:



16 2 Lie Sphere Geometry

Euclidean Lie

points: u ∈ Rn
[(

1+u·u
2 , 1−u·u

2 , u, 0
)]

∞ [(1,−1, 0, 0)]
spheres: center p, signed radius r

[(
1+p·p−r2

2 ,
1−p·p+r2

2 , p, r
)]

planes: u ·N = h, unit normal N [(h,−h,N, 1)]

(2.14)

In Lie sphere geometry, points are considered to be spheres of radius zero, or
point spheres. From now on, we will use the term Lie sphere or simply “sphere’’ to
denote an oriented sphere, oriented plane or a point sphere in Rn∪{∞}. We will refer
to the coordinates on the right side of equation (2.14) as the Lie coordinates of the
corresponding point, sphere or plane. In the case of R2 and R3, respectively, these
coordinates were classically called pentaspherical and hexaspherical coordinates (see
[10]). At times it is useful to have formulas to convert Lie coordinates back into
Cartesian equations for the corresponding Euclidean object. Suppose first that [x]
is a point on the Lie quadric with x1 + x2 
= 0. Then x = ρy, for some ρ 
= 0,
where y is one of the standard forms on the right side of the table above. From the
table, we see that y1 + y2 = 1, for all proper points and all spheres. Hence if we
divide x by x1 + x2, the new vector will be in standard form, and we can read off the
corresponding Euclidean object from the table. In particular, if xn+3 = 0, then [x]
represents the point u = (u3, . . . , un+2), where

ui = xi/(x1 + x2), 3 ≤ i ≤ n+ 2. (2.15)

If xn+3 
= 0, then [x] represents the sphere with center p = (p3, . . . , pn+2) and
signed radius r given by

pi = xi/(x1 + x2), 3 ≤ i ≤ n+ 2; r = xn+3/(x1 + x2). (2.16)

Finally, suppose that x1 + x2 = 0. If xn+3 = 0, then the equation 〈x, x〉 = 0 forces
xi to be zero for 3 ≤ i ≤ n+ 2. Thus [x] = [(1,−1, 0, . . . , 0)], the improper point.
If xn+3 
= 0, we divide x by xn+3 to make the last coordinate 1. Then if we set
N = (N3, . . . , Nn+2) and h according to

Ni = xi/xn+3, 3 ≤ i ≤ n+ 2; h = x1/xn+3, (2.17)

the conditions 〈x, x〉 = 0 and x1 + x2 = 0 force N to have unit length. Thus [x] cor-
responds to the hyperplane u ·N = h, with unit normalN and h as in equation (2.17).

2.4 Geometry of Hyperspheres in Sn and Hn

In some ways it is simpler to use the sphere Sn rather than Rn as the base space for
the study of Möbius or Lie sphere geometry. This avoids the use of stereographic
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projection and the need to refer to an improper point or to distinguish between spheres
and planes. Furthermore, the correspondence in the table in equation (2.14) can be
reduced to a single formula (2.21) below.

As in Section 2.2, we consider Sn to be the unit sphere in Rn+1, and then embed
Rn+1 into Pn+1 by the canonical embedding φ. Then φ(Sn) is the Möbius sphere
�, given by the equation (z, z) = 0 in homogeneous coordinates. First we find
the Möbius equation for the unoriented hypersphere in Sn with center p ∈ Sn and
spherical radius ρ, 0 < ρ < π . This hypersphere is the intersection of Sn with the
hyperplane in Rn+1 given by the equation

p · y = cos ρ, 0 < ρ < π. (2.18)

Let [z] = φ(y) = [(1, y)]. Then

p · y = −(z, (0, p))
(z, e1)

.

Thus equation (2.18) can be rewritten as

(z, (cos ρ, p)) = 0. (2.19)

Therefore, a point y ∈ Sn is on the hyperplane determined by equation (2.18) if and
only if φ(y) lies on the polar hyperplane in Pn+1 of the point

[ξ ] = [(cos ρ, p)]. (2.20)

To obtain the two oriented spheres determined by equation (2.18) note that

(ξ, ξ) = − cos2 ρ + 1 = sin2 ρ.

Noting that sin ρ 
= 0, we let ζ = ±ξ/ sin ρ. Then the point [(ζ, 1)] is on the quadric
Qn+1, and

[(ζ, 1)] = [(ξ,± sin ρ)] = [(cos ρ, p,± sin ρ)].
We can incorporate the sign of the last coordinate into the radius and thereby arrange
that the oriented sphere S with signed radius ρ 
= 0,−π < ρ < π , and center p
corresponds to a point in Qn+1 as follows:

S ←→ [(cos ρ, p, sin ρ)]. (2.21)

The formula still makes sense if the radius ρ = 0, in which case it yields the point
sphere [(1, p, 0)]. This one formula (2.21) plays the role of all the formulas given in
equation (2.14) in the preceding section for the Euclidean case.

As in the Euclidean case, the orientation of a sphere S in Sn is determined by a
choice of unit normal field to S in Sn. Geometrically, we take the positive radius in
(2.21) to correspond to the field of unit normals which are tangent vectors to geodesics
from p to −p. Each oriented sphere can be considered in two ways, with center p
and signed radius ρ,−π < ρ < π , or with center −p and the appropriate signed
radius ρ ± π .
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Given a point [x] in the quadric Qn+1, we now determine the corresponding
hypersphere in Sn. Multiplying by −1, if necessary, we may assume that the first
homogeneous coordinate x1 of x satisfies x1 ≥ 0. If x1 > 0, then we see from (2.21)
that the center p and signed radius ρ,−π/2 < ρ < π/2, satisfy

tan ρ = xn+3/x1, p = (x2, . . . , xn+2)/(x
2
1 + x2

n+3)
1/2. (2.22)

If x1 = 0, then xn+3 
= 0, so we can divide by xn+3 to obtain a point of the form
(0, p, 1). This corresponds to the oriented hypersphere with center p and signed
radius π/2, which is a great sphere in Sn.

To treat oriented hyperspheres in hyperbolic spaceHn, we let Rn+1
1 be the Lorentz

subspace of Rn+2
1 spanned by the orthonormal basis {e1, e3, . . . , en+2}. Then Hn is

the hypersurface
{y ∈ Rn+1

1 | (y, y) = −1, y1 ≥ 1},
on which the restriction of the Lorentz metric (, ) is a positive definite metric of
constant sectional curvature −1 (see [95, Vol. II, pp. 268–271] for more detail). The
distance between two points p and q in Hn is given by

d(p, q) = cosh−1(−(p, q)).
Thus the equation for the unoriented sphere in Hn with center p and radius ρ is

(p, y) = − cosh ρ. (2.23)

As before with Sn, we first embed Rn+1
1 into Pn+1 by the map

ψ(y) = [y + e2].
Let p ∈ Hn and let z = y + e2 for y ∈ Hn. Then we have

(p, y) = (z, p)/(z, e2).

Hence equation (2.23) is equivalent to the condition that [z] = [y + e2] lies on the
polar hyperplane in Pn+1 to

[ξ ] = [p + cosh ρ e2].
Following exactly the same procedure as in the spherical case, we find that the oriented
hypersphere S inHn with centerp and signed radius ρ corresponds to a point inQn+1

as follows:
S ←→ [p + cosh ρ e2 + sinh ρ en+3]. (2.24)

There is also a stereographic projection τ with pole −e1 from Hn onto the unit disk
Dn in Rn = Span{e3, . . . , en+2} given by

τ(y1, y3, . . . , yn+2) = (y3, . . . , yn+2)/(y1 + 1). (2.25)

The metric g induced on Dn in order to make τ an isometry is the usual Poincaré
metric.

In Section 3.5, we will see that from the point of view of Klein’s Erlangen Program,
all three of these geometries, Euclidean, spherical and hyperbolic, are subgeometries
of Lie sphere geometry.
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2.5 Oriented Contact and Parabolic Pencils of Spheres

In Möbius geometry, the principal geometric quantity is the angle. In Lie sphere
geometry, the corresponding central concept is that of oriented contact of spheres.
Two oriented spheres S1 and S2 in Rn are in oriented contact if they are tangent to
each other and they have the same orientation at the point of contact. (See Figures 2.4
and 2.5 for the two possibilities.)

r1 > 0

r2 < 0

Fig. 2.4. Oriented contact of spheres, first case.

r1, r2 > 0

Fig. 2.5. Oriented contact of spheres, second case.

If p1 and p2 are the respective centers of S1 and S2, and r1 and r2 are their
respective signed radii, then the analytic condition for oriented contact is

|p1 − p2| = |r1 − r2|. (2.26)
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An oriented sphere S with center p and signed radius r is in oriented contact with an
oriented hyperplane π with unit normal N and equation u · N = h if π is tangent
to S and their orientations agree at the point of contact. Analytically, this is just the
equation

p ·N = r + h. (2.27)

Two oriented planes π1 and π2 are in oriented contact if their unit normalsN1 andN2
are the same. Two such planes can be thought of as two oriented spheres in oriented
contact at the improper point.

A proper point u in Rn is in oriented contact sphere or plane if it lies on the sphere
or plane. Finally, the improper point is in oriented contact with each plane, since it
lies on each plane.

Suppose that S1 and S2 are two Lie spheres which are represented in the standard
form given in equation (2.14) by [k1] and [k2]. One can check directly that in all
cases, the analytic condition for oriented contact is equivalent to the equation

〈k1, k2〉 = 0. (2.28)

Next we do some linear algebra to establish the important fact that the Lie quadric
contains projective lines but no linear subspaces of higher dimension. We then show
that the set of oriented spheres in Rn corresponding to the points on a line on Qn+1

forms a so-called parabolic pencil of spheres (see Figure 2.6). We also show that each
parabolic pencil contains exactly one point sphere. Furthermore, if this point sphere
is a proper pointp in Rn, then the pencil contains exactly one hyperplane π . The
pencil consists of all oriented hyperspheres in oriented contact with π at the point p.

π

Fig. 2.6. Parabolic pencil of spheres.

The fundamental result needed from linear algebra is the following. Note that a
subspace of a scalar product space is called lightlike if it consists of only lightlike
vectors.
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Theorem 2.3. Let (, ) be a scalar product of signature (n − k, k) on a real vector
space V . Then the maximal dimension of a lightlike subspace of V is the minimum
of the two numbers k and n− k.

Proof. First, note that the theorem holds for scalar products having signature(n−k, k)
if and only if it holds for scalar products of signature (k, n − k), since changing the
signs of the quantities (ei, ei) for an orthonormal basis does not change the set of
lightlike vectors.

Thus, we now assume that k ≤ n− k and do the proof by induction on the index
k. The theorem is clearly true for scalar products of index 0, since the only lightlike
vector is 0 itself. Assume now that the theorem holds for all spaces with a scalar
product of index k− 1, and let V be a scalar product space of index k ≥ 1. LetW be
a lightlike subspace of V of maximal dimension, and let v be a timelike vector in V .
Then the scalar product restricts to a scalar product of index k− 1 on the hyperplane
U = v⊥, and W ∩ U is a lightlike subspace of U . By the induction hypothesis,
dim W ∩ U ≤ k − 1 and therefore, dim W ≤ k, as desired. On the other hand,
it is easy to exhibit a lightlike subspace of V of dimension k. Let {e1, . . . , en} be
an orthonormal basis for V with {e1, . . . , ek} timelike and the rest spacelike. For
1 ≤ i ≤ k, let vi = ei + ek+i . Then the span of {v1, . . . , vk} is a lightlike subspace
of dimension k. ��
Corollary 2.4. The Lie quadric contains projective lines but no linear subspaces of
higher dimension.

Proof. This follows immediately from Theorem 2.3, since a linear subspace of Pn+2

of dimension k− 1 that lies on the quadric corresponds to a lightlike vector subspace
of dimension k in Rn+3

2 . ��
Theorem 2.3 also implies the following result concerning the orthogonal comple-

ment of a line on the quadric. This was pointed out by Pinkall [146, p. 24].

Corollary 2.5. Let � be a line on Pn+2 that lies on the quadric Qn+1.

(a) If [x] ∈ �⊥ and [x] is lightlike, then [x] ∈ �.
(b) If [x] ∈ �⊥ and [x] is not on �, then [x] is spacelike.

Proof.
(a) Suppose that [x] is a lightlike point in �⊥ but not on �. Then the two-

dimensional linear lightlike subspace spanned by [x] and � lies on the quadric, con-
tradicting Corollary 2.4.

(b) Suppose that [x] is in �⊥ but not on �. From (a) we know that [x] is either
spacelike or timelike. Suppose that [x] is timelike. Then the Lie metric 〈, 〉 has
signature (n + 1, 1) on the vector space x⊥, and x⊥ contains the two-dimensional
lightlike vector space that projects to �. This contradicts Theorem 2.3. ��

The next result establishes the relationship between the points on a line in Qn+1

and the corresponding parabolic pencil of spheres in Rn.
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Theorem 2.6.
(a) The line in Pn+2 determined by two points [k1] and [k2] of Qn+1 lies on Qn+1 if

and only if the the spheres corresponding to [k1] and [k2] are in oriented contact,
i.e., 〈k1, k2〉 = 0.

(b) If the line [k1, k2] lies onQn+1, then the parabolic pencil of spheres in Rn corre-
sponding to points on [k1, k2] is precisely the set of all spheres in oriented contact
with both [k1] and [k2].

Proof.
(a) The line [k1, k2] consists of the points of the form [αk1 + βk2], where α and

β are any two real numbers, at least one of which is not zero. Since [k1] and [k2] are
on Qn+1, we have

〈αk1 + βk2, αk1 + βk2〉 = 2αβ〈k1, k2〉.
Thus the line is contained in the quadric if and only if 〈k1, k2〉 = 0.

(b) Let [αk1 + βk2] be any point on the line. Since 〈k1, k2〉 = 0 by (a), we
easily compute that [αk1 + βk2] is orthogonal to both [k1] and [k2]. Hence, the
corresponding sphere is in oriented contact with the spheres corresponding to [k1]
and [k2]. Conversely, suppose that the sphere corresponding to a point [k] on the
quadric is in oriented contact with the spheres corresponding to [k1] and [k2]. Then
[k] is orthogonal to every point on the line [k1, k2], and so [k] is on the line [k1, k2]
by Corollary 2.5(a). ��

As we have noted in the proofs of the previous results, given any timelike point
[z] in Pn+2, the scalar product 〈, 〉 has signature (n+1, 1) on z⊥. Hence, z⊥ intersects
Qn+1 in a Möbius space. We now show that any line on the quadric intersects such
a Möbius space at exactly one point.

Corollary 2.7. Let [z] be a timelike point in Pn+2 and � a line that lies on Qn+1.
Then � intersects z⊥ at exactly one point.

Proof. Any line in projective space intersects a hyperplane in at least one point. We
simply must show that � is not contained in z⊥. But this follows from Theorem 2.3,
since 〈, 〉 has signature (n + 1, 1) on z⊥, and therefore z⊥ cannot contain the two-
dimensional lightlike vector space that projects to �. ��

As a consequence, we obtain the following corollary.

Corollary 2.8. Every parabolic pencil contains exactly one point sphere. Further-
more, if the point sphere is a proper point, then the pencil contains exactly one plane.

Proof. The point spheres are precisely the points of intersection of Qn+1 with e⊥n+3.
Thus each parabolic pencil contains exactly one point sphere by Corollary 2.7. The
hyperplanes correspond to the points in the intersection of Qn+1 with (e1 − e2)

⊥.
The line � on the quadric corresponding to the given parabolic pencil intersects this
hyperplane at exactly one point unless � is contained in the hyperplane. But � is



2.5 Oriented Contact and Parabolic Pencils of Spheres 23

contained in (e1 − e2)
⊥ if and only if the improper point [e1 − e2] is in �⊥. By

Corollary 2.5(a), this implies that the point [e1 − e2] is on �. Hence, if the point
sphere of the pencil is not the improper point, then the pencil contains exactly one
hyperplane. ��

By Corollary 2.8 and Theorem 2.6, we see that if the point sphere in a parabolic
pencil is a proper point p in Rn, then the pencil consists precisely of all spheres in
oriented contact with a certain oriented plane π at p. Thus, one can identify the
parabolic pencil with the point (p,N) in the unit tangent bundle to Rn, where N
is the unit normal to the oriented plane π . If the point sphere of the pencil is the
improper point, then the pencil must consist entirely of planes. Since these planes
are all in oriented contact, they all have the same unit normalN . Thus the pencil can
be identified with the point (∞, N) in the unit tangent bundle to Rn ∪ {∞} = Sn.

It is also useful to have this correspondence between parabolic pencils and ele-
ments of the unit tangent bundle T1S

n expressed in terms of the spherical metric on
Sn. Suppose that � is a line on the quadric. From Corollary 2.7 and equation (2.21),
we see that � intersects both e⊥1 and e⊥n+3 at exactly one point. So the corresponding
parabolic pencil contains exactly one point sphere and one great sphere, represented
respectively by the points,

[k1] = [(1, p, 0)], [k2] = [(0, ξ, 1)].
The fact that 〈k1, k2〉 = 0 is equivalent to the condition p · ξ = 0, i.e., ξ is tangent to
Sn at p. Hence the parabolic pencil of spheres corresponding to � can be identified
with the point (p, ξ) in T1S

n. The points on the line � can be parametrized as

[Kt ] = [cos t k1 + sin t k2] = [(cos t, cos t p + sin t ξ, sin t)].
From equation (2.21), we see that [Kt ] corresponds to the sphere in Sn with center

pt = cos t p + sin t ξ, (2.29)

and signed radius t . These are precisely the spheres through p in oriented contact
with the great sphere corresponding to [k2]. Their centers lie along the geodesic in
Sn with initial point p and initial velocity vector ξ .
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Lie Sphere Transformations

In this chapter, we study the sphere geometries of Lie, Möbius and Laguerre from
the point of view of Klein’s Erlangen Program. In each case, we determine the
group of transformations which preserve the fundamental geometric properties of the
space. All of these groups are quotient groups or subgroups of some orthogonal group
determined by an indefinite scalar product on a real vector space. As a result, the
theorem of Cartan and Dieudonné, proven in Section 3.2, implies that each of these
groups is generated by inversions. In Section 3.3, we give a geometric description
of Möbius inversions. This is followed by a treatment of Laguerre geometry in
Section 3.4. Finally, in Section 3.5, we show that the Lie sphere group is generated
by the union of the groups of Möbius and Laguerre. There we also describe the place
of Euclidean, spherical and hyperbolic metric geometries within the context of these
more general geometries.

3.1 The Fundamental Theorem

A Lie sphere transformation is a projective transformation of Pn+2 which takesQn+1

to itself. In terms of the geometry of Rn, a Lie sphere transformation maps Lie spheres
to Lie spheres. (Here the term “Lie sphere’’ includes oriented spheres, oriented planes
and point spheres.) Furthermore, since it is projective, a Lie sphere transformation
maps lines on Qn+1 to lines on Qn+1. Thus, it preserves oriented contact of spheres
in Rn. We will first show that the groupG of Lie sphere transformations is isomorphic
toO(n+1, 2)/{±I }, whereO(n+1, 2) is the group of orthogonal transformations of
Rn+3

2 . We will then give Pinkall’s [147] proof of the so-called “fundamental theorem
of Lie sphere geometry,’’ which states that any line preserving diffeomorphism of
Qn+1 is the restriction toQn+1 of a projective transformation, that is, a transformation
of the space of oriented spheres which preserves oriented contact must be a Lie sphere
transformation.

Recall that a linear transformation A ∈ GL(n+ 1) induces a projective transfor-
mation P(A) on Pn defined by P(A)[x] = [Ax]. The map P is a homomorphism of
GL(n + 1) onto the group PGL(n) of projective transformations of Pn. It is well
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known (see, for example, Samuel [166, p. 6]) that the kernel of P is the group of all
nonzero scalar multiples of the identity transformation I .

The fact that the groupG is isomorphic toO(n+1, 2)/{±I } follows immediately
from the following theorem. Here we let 〈, 〉 denote the scalar product on Rn

k .

Theorem 3.1. Let A be a nonsingular linear transformation on the indefinite scalar
product space Rn

k , 1 ≤ k ≤ n − 1, such that A takes lightlike vectors to lightlike
vectors.

(a) Then there is a nonzero constant λ such that 〈Av,Aw〉 = λ〈v,w〉 for all v,w
in Rn

k .
(b) Furthermore, if k 
= n− k, then λ > 0.

Proof.
(a) Since k ≥ 1 and n − k ≥ 1, there exist both timelike and spacelike vectors

in Rn
k . Suppose that v is a unit timelike vector and w is a unit spacelike vector such

that 〈v,w〉 = 0. Then v + w and v − w are both lightlike. By the hypothesis of the
theorem, A(v + w) and A(v − w) are both lightlike. Thus, we have

0 = 〈A(v + w),A(v + w)〉 = 〈Av,Av〉 + 2〈Av,Aw〉 + 〈Aw,Aw〉, (3.1)

0 = 〈A(v − w),A(v − w)〉 = 〈Av,Av〉 − 2〈Av,Aw〉 + 〈Aw,Aw〉.
If we subtract the second equation from the first, we get 〈Av,Aw〉 = 0. Substitution
of this into either of the equations above yields

−〈Av,Av〉 = 〈Aw,Aw〉 = λ, (3.2)

for some real number λ. Now suppose that {v1, . . . , vk, w1, . . . , wn−k} is an or-
thonormal basis for Rn

k with v1, . . . , vk timelike and w1, . . . , wn−k spacelike. We
have already shown that 〈Avi, Awj 〉 = 0 for all i and j . From equation (3.2)
we get that −〈Av,Av〉 = 〈Aw,Aw〉 = λ, for all i, j , since we can first hold v
constant in (3.2) and vary w, then hold w constant and vary v. It remains to be
shown that 〈Avi, Avj 〉 = 0 and 〈Awi,Awj 〉 = 0 for i 
= j . Consider the vector
(wi + wj)/

√
2. Then w is a unit spacelike vector orthogonal to v1. Hence, we have

〈Aw,Aw〉 = λ, i.e.,

2λ = 〈A(wi + wj),A(wi + wj)〉 = 〈Awi,Awi〉 + 2〈Awi,Awj 〉 + 〈Awj ,Awj 〉.
(3.3)

Since 〈Awi,Awi〉 = 〈Awj ,Awj 〉 = λ, we have 〈Awi,Awj 〉 = 0 for i 
= j .
A similar proof shows that 〈Avi, Avj 〉 = 0 for i 
= j . Therefore, the equation
〈Ax,Ay〉 = λ〈x, y〉 holds on an orthonormal basis, so it holds for all vectors.

To prove (b), note that 〈, 〉 has signature (k, n− k); so if k 
= n− k, then the Avi
must be timelike and the Awi spacelike, i.e., λ > 0. ��
Remark 3.2. In the case k = n − k, conclusion (b) does not necessarily hold. For
example, the linear map T defined by T vi = wi, T wi = vi , for 1 ≤ i ≤ k, preserves
lightlike vectors, but the corresponding λ = −1.
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From Theorem 3.1 we immediately obtain the following corollary.

Corollary 3.3.
(a) The group G of Lie sphere transformations is isomorphic to O(n+ 1, 2)/{±I }.
(b) The group H of Möbius transformations is isomorphic to O(n+ 1, 1)/{±I }.
Proof.

(a) Suppose α = P(A) is a Lie sphere transformation. By Theorem 3.1, we have
〈Av,Aw〉 = λ〈v,w〉 for all v,w in Rn+3

2 , where λ is a positive constant. Set B
equal to A/

√
λ. Then B is in O(n + 1, 2) and α = P(B). Thus, every Lie sphere

transformation can be represented by an orthogonal transformation. Conversely,
if B ∈ O(n + 1, 2), then P(B) is clearly a Lie sphere transformation. Now let
� : O(n + 1, 2) → G be the restriction of the homomorphism P to O(n + 1, 2).
Then � is surjective with kernel equal to the intersection of the kernel of P with
O(n+ 1, 2), i.e., kernel� = {±I }.

(b) This follows from Theorem 3.1 in the same manner as (a) with the Lorentz
metric being used instead of the Lie metric. ��
Remark 3.4 (on Möbius transformations in Lie sphere geometry). A Möbius trans-
formation is a transformation on the space of unoriented spheres, i.e., the space of
projective classes of spacelike vectors in Rn+2

1 . Hence, each Möbius transforma-
tion naturally induces two Lie sphere transformations on the spaceQn+1 of oriented
spheres. Specifically, ifA is inO(n+1, 1), then we can extendA to a transformation
B inO(n+ 1, 2) by setting B = A on Rn+2

1 and B(en+3) = en+3. In terms of matrix
representation with respect to the standard orthonormal basis, B has the form

B =
[
A 0
0 1

]
. (3.4)

Note that while A and −A induce the same Möbius transformation, the Lie transfor-
mation P(B) is not the same as the Lie transformation P(C) induced by the matrix

C =
[−A 0

0 1

]
�
[
A 0
0 −1

]
,

where � denotes equivalence as projective transformations. Hence, the Möbius
transformation P(A) = P(−A) induces two Lie transformations, P(B) and P(C).
Finally, note that P(B) = �P(C), where � is the Lie transformation represented in
matrix form by

� =
[
I 0
0 −1

]
�
[−I 0

0 1

]
.

From equation (2.14) of Chapter 2, p. 16, we see that � has the effect of changing
the orientation of every oriented sphere or plane. We will call � the change of
orientation transformation, although the German “Richtungswechsel’’ is certainly
more economical. Hence, the two Lie sphere transformations induced by the Möbius
transformationP(A) differ by this change of orientation factor. Thus, the group of Lie
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transformations induced from Möbius transformations is isomorphic to O(n+ 1, 1)
and is a double covering of the Möbius group H . This group consists of those Lie
transformations that map [en+3] to itself. Since such a transformation must also take
e⊥n+3 to itself, this is precisely the group of Lie transformations which take point
spheres to point spheres. When working in the context of Lie sphere geometry, we
will often refer to these transformations as “Möbius transformations.’’

We now turn to the proof of the fundamental theorem of Lie sphere geometry. Lie
[104, p. 186] proved this result in his thesis for n = 2. (See also Lie–Scheffers [105,
p. 437] or Blaschke [10, p. 211].) The following proof is due to Pinkall [147, p. 431].

Theorem 3.5. Every line preserving diffeomorphism of Qn+1 is the restriction to
Qn+1 of a Lie sphere transformation.

Proof. The key observation in this proof is that a line preserving diffeomorphism of
Qn+1 corresponds to a conformal transformation of Qn+1 endowed with its natural
pseudo-Riemannian metric of signature (n, 1). Theorem 3.5 then follows from the fact
that such a conformal transformation must be the restriction to Qn+1 of a projective
transformation of Pn+2 induced by an orthogonal transformation of Rn+3

2 . This is a
generalization of the fact that a conformal transformation of Sn must be a Möbius
transformation, since Sn is just the quadric obtained by projection of the light cone in
Rn+2

1 (see Section 2.2). In fact, given any scalar product space Rm+2
k+1 , the projective

quadric Qm
k obtained by projecting the light cone in Rm+2

k+1 has a natural pseudo-
Riemannian metric of signature (m − k, k). With this metric Qm

k is a conformally
flat pseudo-Riemannian symmetric space, called the standard projective quadric of
signature (m− k, k). (In this notation, our Qn+1 is Qn+1

1 and Sn is Qn
0.) Cahen and

Kerbrat [14, pp. 327–331] give a proof that the group of conformal transformations of
Qm
k is isomorphic toO(m−k+1, k+1)/{±I } which works for all signatures at once.

Here we will construct the standard metric for our quadricQn+1 and demonstrate that
a line preserving diffeomorphism ofQn+1 determines a conformal transformation of
Qn+1 with respect to this metric. Let V n+2 be the light cone in Rn+3

2 , and let

Mn+1 = {x ∈ Rn+3
2 | x2

1 + x2
n+3 = 1, x2

2 + · · · + x2
n+2 = 1}.

The manifold Mn+1 is the intersection of V n+2 with the hypersphere of radius
√

2
in the Euclidean metric on Rn+3. It is clearly diffeomorphic to S1 × Sn, where S1 is
the circle with equation x2

1 + x2
n+3 = 1 in the timelike plane spanned by e1 and en+3,

and Sn is the n-sphere given by the equation

x2
2 + · · · + x2

n+2 = 1,

in the Euclidean space Rn+1 spanned by {e2, . . . , en+2}. The manifold Mn+1 is a
double covering ofQn+1, and the fiber containing the point x ∈ Mn+1 is the orbit of
x under the action of the group Z2 = {±I }.

Suppose that x = (w, z) is an arbitrary point of S1 × Sn = Mn+1. Choose an
orthornormal basis {u1, . . . , un+3} of Rn+3

2 with u1 and un+3 timelike and the rest
spacelike such that u1 = w and u2 = z. Then the tangent space
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TxM
n+1 = TwS

1 × TzS
n = Span{u3, . . . , un+3}.

Thus the restriction h of 〈, 〉 to TxMn+1 has signature (n, 1). The metric h is invariant
under the action of Z2, so it induces a pseudo-Riemannian metric g of signature
(n, 1) on Qn+1. Let π be the projection x �→ [x] from Rn+3

2 to Pn+2. Then π∗g
determines a tensor field on the punctured cone V n+2 − {0} which is invariant under
central dilatations x �→ ax, a 
= 0, and coincides with h on Mn+1. This metric is

π∗g(Y, Z) = 2〈Y,Z〉/|x|2, (3.5)

where |x| is the Euclidean length ofx in Rn+3
2 , andY,Z are tangent toV n+2 atx. Thus,

one can also consider g to be induced from the metric π∗g on the punctured cone.
The metric g can be shown to be conformally flat as follows. Let

{u1, . . . , un+3}
be any orthornormal basis of Rn+3

2 with u1 and un+3 timelike. Let U be the open
subset of points [x] in Qn+1 whose homogeneous coordinates with respect to this
basis satisfy x1 + x2 
= 0. We will now show that U is conformally diffeomorphic to
the Lorentz space Rn+1

1 spanned by {u3, . . . , un+3}. By taking an appropriate scalar
multiple, we may assume that the homogeneous coordinates

x = (x1, . . . , xn+3)

of a point [x] in U satisfy x1 + x2 = 1. Let X = (x3, . . . , xn+3) and let

(X,X) = x2
3 + · · · + x2

n+2 − x2
n+3 (3.6)

be the restriction of 〈, 〉 to the Lorentz space Rn+1
1 . Then,

0 = 〈x, x〉 = −x2
1 + x2

2 + (X,X) = −x1 + x2 + (X,X),

since x1 + x2 = 1. Hence, we have x1 − x2 = (X,X), and we can solve for x1 and
x2 as

x1 = (1 + (X,X))/2, x2 = (1 − (X,X))/2. (3.7)

Thus, we have a diffeomorphism β : Rn+1
1 → U defined by β(X) = [ψ(X)], where

ψ(X) = (x1, x2, X) for x1 and x2 as in (3.7).
To show that β is conformal, we consider the mapψ : Rn+1

1 → V n+2 and use the
metric π∗g given by equation (3.5). Let Y be a tangent vector to Rn+1

1 at the point
X. From equation (3.7), we compute the differential dψ to be

dψ(Y ) = ((X, Y ),−(X, Y ), Y ).
If Z is another tangent vector to Rn+1

1 at X, then

〈dψ(Y ), dψ(Z)〉 = −(X, Y )(X,Z)+ (X, Y )(X,Z)+ (Y, Z) = (Y, Z).
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By equation (3.5) and the equation above, we have

π∗g(dψ(Y ), dψ(Z)) = 2(Y, Z)/|ψ(X)|2,
and β is conformal.

Now we want to show that the lines in U that lie on the quadric are precisely the
images under β of lightlike lines in Rn+1

1 . Consider two points in U with homoge-
neous coordinates x = (x1, x2, X) and y = (y1, y2, Y ) satisfying the equation

x1 + x2 = y1 + y2 = 1.

The line [x, y] lies on the quadric precisely when 〈x, y〉 = 0. A direct computation
using equation (3.7) shows that

〈x, y〉 = −(X − Y,X − Y )/2.

Hence, the line [x, y] lies on the quadric Qn+1 if and only if X − Y is lightlike, i.e.,
the line [X, Y ] is a lightlike line in Rn+1

1 .
Since the diffeomorphism β is conformal, the paragraph above implies that light-

like vectors in the tangent space TqQn+1 at any point q ∈ U are precisely the tangent
vectors to lines through q that lie on the quadric. The same can be said for all points
of Qn+1, since every point of the the quadric lies in an open set similar to U , for an
appropriate choice of homogeneous coordinate basis {u1, . . . , un+3}.

We now complete the proof of Theorem 3.5. Let φ be a line preserving diffeo-
morphism of Qn+1. Then its differential dφ takes lightlike vectors in the tangent
space TqQn+1 to lightlike vectors in the tangent space of Qn+1 at φ(q). Each of
these spaces is isomorphic to Rn+1

1 . By applying Theorem 3.1 to the linear map dφ,
we conclude that φ is conformal. Then by the classification of conformal transformal
transformations of (Qn+1, g) in Cahen–Kerbrat [14, pp. 327–331], φ is the restriction
toQn+1 of a projective transformation of Pn+2 takingQn+1 to itself, i.e., a Lie sphere
transformation. ��

3.2 Generation of the Lie Sphere Group by Inversions

In this section, we will show that the group G of Lie sphere transformations and
the group H of Möbius transformations are generated by inversions. This follows
from the fact that the corresponding orthogonal groups are generated by reflections in
hyperplanes. In fact, every orthogonal transformation on Rn

k is a product of at most n
reflections, a result due to Cartan and Dieudonné. Our treatment of this result follows
from E. Artin’s book [4, Chapter 3]. (See also Cartan [20, pp. 10–12].)

For the moment, let 〈, 〉 denote the scalar product of signature (n− k, k) on Rn
k .

A hyperplane π in Rn
k is called nondegenerate if the scalar product restricts to a

nondegenerate form on π . From Theorem 2.2 of Chapter 2, p. 10, we know that a
hyperplane π is nondegenerate if and only if its pole ξ is not lightlike. Now let ξ
be a unit spacelike or unit timelike vector in Rn

k . The reflection �π of Rn
k in the

hyperplane π with pole ξ is defined by the formula
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�πx = x − 2〈x, ξ〉ξ
〈ξ, ξ〉 . (3.8)

Note that we do not define reflection in degenerate hyperplanes, i.e., those which
have lightlike poles. It is clear that�π fixes every point in π and that�πξ = −ξ . A
direct computation shows that �π is in O(n− k, k) and that �2

π = I .
In the proof of the theorem of Cartan and Dieudonné, we need Lemma 3.6 below

concerning the special case of R2k
k , where the metric has signature (k, k). In that case,

let {e1, . . . , e2k} be an orthonormal basis with e1, . . . , ek spacelike and ek+1, . . . , e2k
timelike. One can naturally choose a basis

{v1, . . . , vk, w1, . . . , wk}
of lightlike vectors given by

vi = (ei + ek+i )/
√

2, wi = (ei − ek+i )/
√

2. (3.9)

Note that the scalar products of these vectors satisfy

〈vi, vj 〉 = 0, 〈wi,wj 〉 = 0, 〈vi, wj 〉 = δij , (3.10)

for all i, j .
Let V be the lightlike subspace of dimension k spanned by v1, . . . , vk . Suppose

that U is any other lightlike subspace of dimension k in R2k
k . Let α be any linear

isomorphism of V onto U . Since both spaces are lightlike, α is trivially an isometry.
By Witt’s theorem (see Artin [4, p. 121]), there is an orthogonal transformation φ of
R2k
k which extends α. The vectors φ(vi) and φ(wi) satisfy the same scalar product

relations (3.10) as the vi and wi , and U is spanned by φ(v1), . . . , φ(vk). Using this,
we can now prove the lemma.

Lemma 3.6. Suppose that an orthogonal transformation σ fixes every vector in a
lightlike subspace U of dimension k in R2k

k . Then σ has determinant one.

Proof. As we noted above, there exists a basis {v1, . . . , vk, w1, . . . , wk} of lightlike
vectors in R2k

k satisfying equation (3.10) such that U is the subspace spanned by
v1, . . . , vk . We now determine the matrix of σ with respect to this basis. We are
given that σvi = vi for 1 ≤ i ≤ k. Let

σwj =
k∑
h=1

ahj vh +
k∑

m=1

bmjwm. (3.11)

Since σ preserves scalar products, we have from equations (3.10) and (3.11),

bij = 〈vi, σwj 〉 = 〈σvi, σwj 〉 = 〈vi, wj 〉 = δij .

Since the matrix for σ with respect to the basis {v1, . . . , vk, w1, . . . , wk} has zeroes
below the diagonal and ones along the diagonal, σ has determinant one. ��
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We now prove the theorem of Cartan and Dieudonné.

Theorem 3.7. Every orthogonal transformation of Rn
k is the product of at most n

reflections in hyperplanes.

Proof. The proof is by induction on the dimension n. In the case n = 1, the only
orthogonal transformations are ±I . The identity is the product of zero reflections and
−I is a reflection if n = 1. We now assume that any orthogonal transformation on a
scalar product space of dimension n−1 is the product of at most n−1 reflections. Let
σ be a given orthogonal transformation on Rn

k . We must show that σ is the product
of at most n reflections. We need to distinguish four cases:

Case 1. There exists a nonlightlike vector v which is fixed by σ.

In this case, let π = v⊥. Since σ is orthogonal and fixes v, we have σπ = π . Let λ
be the restriction of σ to π . By the induction hypothesis, λ is the product of at most
n− 1 reflections in hyperplanes of the space π , say λ = �1 · · ·�r , where r ≤ n− 1.
Each �i extends to a reflection in a hyperplane of Rn

k by setting �i(v) = v. Then,
since σ and the product �1 · · ·�r agree on π and on v, they are equal. Thus, in this
case, σ is the product of at most n− 1 reflections.

Case 2. There is a nonlightlike vector v such that σv − v is nonlightlike.

Let π be the hyperplane (σv − v)⊥. Since σ is orthogonal, we have

〈σv + v, σv − v〉 = 〈σv, σv〉 − 〈v, v〉 = 0.

Thus, σv + v is in π , and we have

�π(σv + v) = σv + v, �π(σv − v) = v − σv, (3.12)

where �π is the reflection in the hyperplane π . Adding the two equations in (3.12)
and using the linearity of �π , we get �πσv = v, for the nonlightlike vector v. Now
by Case 1, we know that �πσ is the product of at most n− 1 reflections �1 · · ·�r .
Thus,

σ = �π�1 · · ·�r
is the product of at most n reflections.

Case 3. n = 2.

By Cases 1 and 2, we need only handle the case where the signature of the metric
is (1, 1). In that case, let {u, v} be a basis of lightlike vectors as in equation (3.9)
satisfying

〈u, u〉 = 0, 〈w,w〉 = 0, 〈u,w〉 = 1. (3.13)

Since σu is lightlike, it must be a multiple of u or w. We handle the two possibilities
separately.

(a) Suppose that σu = aw, for a 
= 0. Since σ is orthogonal, equation (3.13) implies
that σw = a−1u. Then, σ(u+aw) = aw+u, and u+aw is a fixed nonlightlike
vector. So Case 1 applies.
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(b) Suppose that σu = au, for a 
= 0. Then equation (3.13) implies that σw =
a−1w. If the number a = 1, then σ is the identity, and we are done, If a 
= 1, we
consider v = u+ w. Then v is nonlightlike, and

σv − v = (a − 1)u+ (a−1 − 1)w,

which is a nonlightlike vector. Hence, Case 2 applies. Thus the only remaining
case to be handled is the following.

Case 4. n ≥ 3; no nonlightlike vector is fixed by σ, and σv− v is lightlike for every
nonlightlike vector v.

Let u be any lightlike vector. We first show that σu − u must be lightlike. By
Theorem 2.2 of Chapter 2, p. 10, we know that dim u⊥ = n − 1. Since n ≥ 3, we
know that n − 1 is greater than n/2. Since the maximum possible dimension of a
lightlike subspace is less than or equal to n/2 by Theorem 2.3 of Chapter 2, p. 21, we
know that u⊥ contains a nonlightlike vector v. Then since 〈v, v〉 
= 0, we have

〈v + εu, v + εu〉 = 〈v, v〉 
= 0,

for any real number ε. By our assumption, σv − v is lightlike and so also is

w = σ(v + εu)− (v + εu) = σv − v + ε(σu− u),

for every ε. Thus,

〈w,w〉 = 2ε〈σv − v, σu− u〉 + ε2〈σu− u, σu− u〉 = 0, (3.14)

for all ε. If we take ε = 1 and ε = −1 in equation (3.14) and add the equations,
we get

2〈σu− u, σu− u〉 = 0,

so that σu− u is lightlike for any lightlike vector u.
Thus, we now have that σx−x is lightlike for every vector x in Rn

k . LetW be the
image of the linear transformation σ − I . Then W is a lightlike subspace of Rn

k , and
so the scalar product of any two vectors in W is zero. Now let x ∈ Rn

k and y ∈ W⊥.
Then σx − x and σy − y are in W , so

0 = 〈σx − x, σy − y〉 = 〈σx, σy〉 − 〈x, σy〉 − 〈σx − x, y〉. (3.15)

Since σx − x is in W and y is in W⊥, the last term is zero. Furthermore, since
〈σx, σy〉 equals 〈x, y〉, equation (3.15) reduces to

〈x, y − σy〉 = 0.

Since this holds for all x in the scalar product space Rn
k , we conclude that the vector

y−σy = 0, i.e., σy = y for all y ∈ W⊥. Since no nonlightlike vectors are fixed by σ ,
this implies thatW⊥ consists entirely of lightlike vectors. Now we have two lightlike
subspaces W and W⊥. We know that the sum of their dimensions is n and that each
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has dimension at most n/2 by Theorems 2.2 (p. 10) and 2.3 (p. 21) of Chapter 2.
Thus each space has dimension n/2 and the signature of the metric is (k, k) where
k = n/2. Furthermore, since σ fixes every vector in W⊥, Lemma 3.6 implies that
the determinant of σ is equal to 1.

Hence, the theorem holds for all orthogonal transformations of Rn
k , with the

possible exception of transformations with determinant 1 on R2k
k . In particular, any

orthogonal transformation of R2k
k with determinant −1 is the product of at most 2k

reflections. But the product of 2k reflections has determinant 1, so an orthogonal
transformation of R2k

k with determinant −1 is a product of less than 2k reflections.
Now, let � be any reflection in a hyperplane in R2k

k . Then �σ has determinant −1,
so it is the product �1 · · ·�r of less than 2k reflections. Therefore,

σ = ��1 · · ·�r
is the product of at most 2k reflections, as desired. ��

We now return to the context of Lie sphere geometry. The Lie sphere transforma-
tion induced by a reflection �π in O(n + 1, 2) is called a Lie inversion. Similarly,
a Möbius transformation induced by a reflection in O(n + 1, 1) is called a Möbius
inversion. An immediate consequence of Corollary 3.3 and Theorem 3.7 is the fol-
lowing.

Theorem 3.8. The Lie sphere group G and the Möbius group H are both generated
by inversions.

In the next two sections, we will give a geometric description of these inversions
and other important types of Lie sphere transformations.

3.3 Geometric Description of Inversions

In this section, we begin with a geometric description of Möbius inversions. This
is followed by a more general discussion of Lie sphere transformations, which leads
naturally to the sphere geometry of Laguerre treated in the next section.

An orthogonal transformation inO(n+ 1, 1) induces a projective transformation
on Pn+1 which maps the Möbius sphere� to itself. A Möbius inversion is the projec-
tive transformation induced by a reflection�π inO(n+1, 1). For the sake of brevity,
we will also denote this projective transformation by�π instead of P(�π). Let ξ be
a spacelike point in Pn+1 with polar hyperplane π . The hyperplane π intersects the
Möbius sphere� in a hypersphere Sn−1. The Möbius inversion�π , when interpreted
as a transformation on Rn, is just ordinary inversion in the hypersphere Sn−1. We
will now recall the details of this transformation.

Since the Möbius sphere is homogeneous, all inversions in planes with space-
like poles act in essentially the same way. Let us consider the special case where
Sn−1 is the sphere of radius r > 0 centered at the origin in Rn. Then by formula
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(2.6) of Chapter 2, p. 12, the spacelike point ξ in Pn+1 corresponding to Sn−1 has
homogeneous coordinates

ξ = (1 − r2, 1 + r2, 0)/2.

Let u be a point in Rn other than the origin. By equation (2.3) of Chapter 2, p. 11,
the point u corresponds to the point in Pn+1 with homogeneous coordinates

x = (1 + u · u, 1 − u · u, 2u)/2.

The formula for �π in homogeneous coordinates is

�πx = x − 2(x, ξ)

(ξ, ξ)
ξ, (3.16)

where (, ) is the Lorentz metric. A straightforward calculation shows that�πx is the
point in Pn+1 with homogeneous coordinates

(1 + v · v, 1 − v · v, 2v)/2,

where v = (r2/|u|2)u. Thus, the Euclidean transformation induced by�π maps u to
the point v on the ray through u from the origin satisfying the equation |u||v| = r2.
From this, it is clear that the fixed points of �π are precisely the points of the sphere
Sn−1. Viewed in the projective context, this is immediately clear from equation
(3.16), since �πx = x if and only if (x, ξ) = 0. In general, an inversion of Rn in
the hypersphere of radius r centered at a point p maps a point u 
= p to the point v
on the ray through u from p satisfying

|u− p||v − p| = r2.

Another special case is when the unit spacelike vector ξ lies in the Euclidean space
Rn spanned by {e3, . . . , en+2}. Then the “sphere’’ corresponding to [ξ ] according
to formula (2.8) of Chapter 2, p. 13, is the hyperplane V through the origin in Rn

perpendicular to ξ . In this case the Möbius inversion �π is just ordinary Euclidean
reflection in the hyperplane V .

It is also instructive to study inversion as a map from the Möbius sphere � to
itself. Suppose that ξ is a spacelike point in Pn+1 and x is a point on � which is not
on the polar hyperplane π of ξ . The line [x, ξ ] in Pn+1 intersects � in precisely two
points, x and �πx (see Figure 3.1), and �π simply exchanges these two points.

Given a spacelike point η, the sphere polar to η is taken by�π to the sphere polar
to�πη, since�π is an orthogonal transformation. Thus the sphere polar to η is taken
to itself by �π if and only if η is fixed by �π , i.e., (ξ, η) = 0. Geometrically this
means that the sphere polar to η is orthogonal to the sphere of inversion.

If ξ is a timelike point in Pn+1, then formula (3.16) still makes sense, although
the polar hyperplane π to ξ does not intersect �, and thus (x, ξ) 
= 0 for each
x ∈ �. Given a point x ∈ �, the line [x, ξ ] intersects � in precisely two points (see
Figure 3.2), and �π interchanges these two points.
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x

�πx
ξ

Fig. 3.1. Inversion �π with spacelike pole ξ .

x

�πx
ξ

Fig. 3.2. Inversion �π with timelike pole ξ .

Suppose, for example, we take ξ = e1 and represent a point on� by homogeneous
coordinates (1, y), where y is a vector in the span of {e2, . . . , en+2} satisfying the
equation y · y = 1, i.e., y ∈ Sn. Then from equation (3.16), we see that

�π(1, y) = (−1, y) � (1,−y),
and�π acts as the antipodal map on the sphere Sn. Note that the projective transfor-
mation�π equals the projective transformation induced by the product�2 · · ·�n+2,
where �j is inversion in the polar hyperplane to ej , because the corresponding or-
thogonal transformations differ by a minus sign. This is true independent of the
choice of the hyperplane π with timelike pole. Therefore, we have established the
following refinement of Theorem 3.8 for the Möbius group.

Theorem 3.9. The Möbius group H is generated by inversions in polar hyperplanes
to spacelike points in Pn+1, i.e., by inversions in spheres in �.

We now return to the setting of Lie’s geometry of oriented spheres. In general,
it is hard to give a geometric description of a Lie inversion that is not induced by a
Möbius inversion. One noteworthy special case, however, is the change of orienta-
tion transformation � (see Remark 3.4) determined by the hyperplane π orthogonal
to en+3.

We next present an alternative way to view the Lie sphere groupGby decomposing
it into certain natural subgroups. To do this, we need the concept of a linear complex
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of spheres. The linear complex of spheres determined by a point ξ in Pn+2 is the set
of all spheres represented by points x in the Lie quadricQn+1 satisfying the equation
〈x, ξ〉 = 0.

The complex is said to be elliptic if ξ is spacelike, hyperbolic if ξ is timelike, and
parabolic if ξ is lightlike. Since the Lie sphere group G acts transitively on each of
the three types of points, each linear complex of a given type looks like every other
complex of the same type.

A typical example of an elliptic complex is obtained by taking ξ = en+2. A sphere
S in Rn represented by a point x inQn+1 satisfies the equation 〈x, ξ〉 = 0 if and only
if its coordinate xn+2 = 0 in Rn, i.e., the center of S lies in the hyperplane Rn−1

with equation xn+2 = 0 in Rn. The linear complex consists of all spheres and planes
orthogonal to this plane, including the points of the plane itself as a special case. A
Lie sphere transformation T maps each sphere in the complex to another sphere in the
complex if and only if e⊥n+2 is an invariant subspace of T . Since T can be represented
by an orthogonal transformation, this is equivalent to T [en+2] = [en+2]. Thus T is
determined by its action on e⊥n+2. Let Rn+2

2 denote the vector subspace e⊥n+2 in Rn+3
2

endowed with the metric 〈, 〉 inherited from Rn+3
2 , and let O(n, 2) denote the group

of orthogonal transformations of the space Rn+2
2 . A transformation A inO(n, 2) can

be extended to Rn+3
2 by setting Aen+2 = en+2. This gives an isomorphism between

O(n, 2) and the group of Lie sphere transformations which fix the elliptic complex.
This group is a double covering of the group of Lie sphere transformations of the
Euclidean space Rn−1 orthogonal to en+2 in Rn.

A typical example of a hyperbolic complex is the case ξ = en+3. This complex
consists of all point spheres. A second example is the complex corresponding to
ξ = (−r, r, 0, . . . , 0, 1). This complex consists of all oriented spheres with signed
radius r . The group of Lie sphere transformations which map this hyperbolic complex
to itself consists of all transformations which map the projective point ξ to itself. This
group is isomorphic to the Möbius subgroup of G, as discussed in Remark 3.4.

The parabolic complex determined by a point ξ in Qn+1 consists of all spheres
in oriented contact with the sphere corresponding to ξ . A noteworthy example is the
case ξ = (1,−1, 0, . . . , 0), the improper point. This system consists of all oriented
hyperplanes in Rn. A Lie sphere transformation which fixes this complex is called
a Laguerre transformation, and the group of such Laguerre transformations is called
the Laguerre group. We will study this group in detail in the next section.

3.4 Laguerre Geometry

Each point in the intersection of the Lie quadric Qn+1 with the plane

x1 + x2 = 0

represents either a plane in Rn or the improper point. The other points in the quadric
represent actual spheres in Rn including point spheres. The homogeneous coordinates
of points in this complementary set satisy the condition x1 + x2 
= 0. The following
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elementary lemma shows that a Lie sphere transformation is determined by its action
on such points.

Lemma 3.10. A Lie sphere transformation is determined by its restriction to the set
of points [x] in Qn+1 with x1 + x2 
= 0.

Proof. To prove this, it is sufficient to exhibit a basis of lightlike vectors in Rn+3
2

satisfying x1 + x2 
= 0. One can check that {v1, . . . , vn+3} given below is such a
basis:

v1 = e2 + en+3, vi = e1 + ei, 2 ≤ i ≤ n+ 2, vn+3 = e3 − en+3. ��
We now show that the set of points in Qn+1 with x1 + x2 
= 0 is naturally

diffeomorphic to the Lorentz space Rn+1
1 spanned by {e3, . . . , en+3}. By taking the

appropriate scalar multiple, we may assume that the homogeneous coordinates of the
point [x] satisfy x1 + x2 = 1. Let

X = (x3, . . . , xn+3),

and let
(X,X) = x2

3 + · · · + x2
n+2 − x2

n+3, (3.17)

denote the restriction of 〈, 〉 to Rn+1
1 . Then,

0 = 〈x, x〉 = −x2
1 + x2

2 + (X,X) = −x1 + x2 + (X,X)

since x1 + x2 = 1. Hence we have x1 − x2 = (X,X), and we can solve for x1 and
x2 as follows:

x1 = (1 + (X,X))/2, x2 = (1 − (X,X))/2. (3.18)

Thus we have a diffeomorphism [x] �→ X between the open set U of points inQn+1

with x1 + x2 
= 0 and points X in Rn+1
1 . In the proof of Theorem 3.5, it was shown

that this diffeomorphism is conformal ifQn+1 is endowed with the standard pseudo-
Riemannian metric (see Cahen and Kerbrat [14, p. 327]). From formula (2.14) of
Chapter 2, p. 16, we see that the center p and signed radius r of the sphere determined
by X are given by

p = (x3, . . . , xn+2), r = xn+3. (3.19)

Geometrically, one obtains the sphere S determined by X as the intersection of the
plane xn+3 = 0 with the light (isotropy) cone with vertex X. The orientation of the
sphere is determined by the sign of xn+3. The mapping which takesX to the oriented
sphere obtained this way was classically called isotropy projection (see Figure 3.3
and Blaschke [10, p. 136]).

Note that the spheres corresponding to two pointsX and Y in Rn+1
1 are in oriented

contact if and only if the line determined by X and Y is lightlike (see Figure 3.4).
To see this analytically, suppose that x = (x1, x2, X) and y = (y1, y2, Y ) are the

homogeneous coordinates of two points on the quadric satisfying
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Fig. 3.3. Isotropy projection.
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Fig. 3.4. Oriented contact and isotropy projection.

〈x, x〉 = 〈y, y〉 = 0, x1 + x2 = y1 + y2 = 1.

The spheres corresponding to [x] and [y] are in oriented contact if and only if 〈x, y〉 =
0. Using equation (3.18) for x1, x2, y1, y2, a direct computation shows that

〈x, y〉 = −x1y1 + x2y2 + (X, Y ) = −(X − Y,X − Y )/2. (3.20)

Thus the spheres are in oriented contact if and only if the vector X − Y is lightlike.
From this, it is obvious that a parabolic pencil of spheres in Rn corresponds to a
lightlike line in Rn+1

1 .
It is also possible to represent oriented hyperplanes of Rn in Laguerre geometry.

The idea is to identify an oriented hyperplane π having unit normal N with the set
of all contact elements (p,N), where p is a point of π . By isotropy projection, the
parabolic pencil of spheres in oriented contact at (p,N) corresponds to a lightlike
line in Rn+1

1 . The union of all these lightlike lines is an isotropy plane, i.e., an affine
hyperplane V in Rn+1

1 whose pole with respect to the Lorentz metric is lightlike.
Such a plane meets Rn at an angle of π/4 (see Figure 3.5). Thus, we have a bijective
correspondence between oriented planes in Rn and isotropy planes in Rn+1

1 .
A fundamental geometric quantity in Laguerre geometry is the tangential distance

between two spheres. To study this, we first need to resolve the question of when two
oriented spheres in Rn have a common tangent (oriented) plane. While it is obvious
that some pairs of spheres have a common tangent plane (see Figure 3.6), it is just as
obvious that some pairs, such as concentric spheres, do not. The following lemma
answers this question.
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Fig. 3.5. Isotropy plane.

Lemma 3.11. The two oriented spheres in Rn corresponding to the points X and Y
in Rn+1

1 have a common tangent plane if and only if X − Y is lightlike or spacelike.

Proof. From the discussion above, we know that the two spheres corresponding to
X and Y have a common tangent plane if and only if there is an isotropy plane π in
Rn+1

1 that containsX and Y , i.e., there is a lightlike vector v such that (X−Y, v) = 0.
First, suppose that X − Y is timelike. Then the Lorentz metric is positive definite
on the orthogonal complement of X − Y , so there is no nonzero lightlike vector v
such that (X − Y, v) = 0, and thus there is no isotropy plane that contains X and Y .
Next if X − Y is lightlike, then the corresponding spheres are in oriented contact at
a certain contact element (p,N), and they have exactly one common tangent plane
determined by (p,N). Finally, suppose that X − Y is spacelike. Then the Lorentz
metric has signature (n−1, 1) on (X−Y )⊥. Let v be any lightlike vector orthogonal
to X − Y . Then the line [X, Y ] lies in the isotropy plane π through X with pole v,
so the spheres determined by X and Y have a common tangent plane corresponding
to the intersection of π with Rn. This shows that the set of common tangent planes
to two spheres is in bijective correspondence with the set of projective classes of
lightlike vectors in the projective space Pn−1 determined by the n-plane (X − Y )⊥.
As we saw in Section 2.1, this set is naturally diffeomorphic to an (n−2)-sphere. ��

Suppose that X = (p1, r1) and Y = (p2, r2) are two points representing spheres
S1 and S2 which have a common tangent plane (see Figure 3.6). By symmetry, it
is clear that all common tangent segments to the two spheres have the same Eu-
clidean length. This length d is called the tangential distance between S1 and S2. By
constructing a right triangle as in Figure 3.6, we see that

d2 + |r1 − r2|2 = |p1 − p2|2,
and so,

d2 = |p1 − p2|2 − |r1 − r2|2 = (X − Y,X − Y ). (3.21)
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Fig. 3.6. Tangential distance between spheres.

Hence, the tangential distance is just the square root of the nonnegative quantity
(X − Y,X − Y ). Of course, the tangential distance is zero precisely when the two
spheres are in oriented contact.

A Lie sphere transformation that maps the improper point to itself is a Laguerre
transformation. Since oriented contact must be preserved, Laguerre transformations
can also be characterized as those Lie sphere transformations that take planes to planes
(as noted in Section 3.3). Consequently, a Laguerre transformation maps the open set
U determined by the condition x1 + x2 
= 0 onto itself. Through the correspondence
between U and Rn+1

1 given via equation (3.18), a Laguerre transformation induces
a transformation of Rn+1

1 onto itself. We will now show that this must be an affine
transformation.

Suppose that α = P(σ) is the Laguerre transformation determined by a transfor-
mation σ ∈ O(n + 1, 2). As a transformation of Rn+3

2 , σ takes the affine plane π
given by x1 + x2 = 1 to another affine plane in Rn+3

2 . If σπ were not parallel to π ,
then σπ would intersect the plane x1 + x2 = 0, contradicting the assumption that α
maps U to U . Thus σπ is given by the equation x1 + x2 = c, for some c 
= 0. If
A = σ/c, then A induces the same Lie sphere transformation α as σ , but A takes the
plane π to itself. Thus we now represent α by the transformation A, which is not in
O(n+ 1, 2) unless c = ±1. Suppose that the transformation A is represented by the
matrix

A = [aij ], 1 ≤ i, j ≤ n+ 3,

with respect to the standard basis of Rn+3
2 . Since α takes the improper point to itself,

we have
A(1,−1, 0, . . . , 0) = λ(1,−1, 0, . . . , 0),

for some λ 
= 0. From matrix multiplication and the equation above, we get

ai1 = ai2, 3 ≤ i ≤ n+ 3. (3.22)

Suppose now that x = (x1, . . . , xn+3) with x1 + x2 = 1, and let

Ax = y = (y1, . . . , yn+3).
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By our choice of A, we know that y1 + y2 = 1 also. Thus x and y are determined by
X = (x3, . . . , xn+3) and Y = (y3, . . . , yn+3) using formula (3.18). Since ai1 = ai2
and x1 + x2 = 1, we have

yi = ai1x1 + ai2x2 +
n+3∑
j=3

aij xj = ai1 +
n+3∑
j=3

aij xj . (3.23)

Thus, Y is obtained from X by the affine transformation T given by

Y = TX = BX + C, (3.24)

where B is the invertible linear transformation of Rn+1
1 represented by the matrix

[aij ], 3 ≤ i, j ≤ n + 3, and C is the vector (a31, . . . , a(n+3)1). The fact that this
transformation must preserve oriented contact of spheres implies further that T must
preserve the relationship

(X − Z,X − Z) = 0. (3.25)

The discussion above suggests the possibility of simply beginning in the space Rn+1
1 ,

as in Blaschke [10, p. 136]. From that point of view, an affine transformation
TX = BX + C of Rn+1

1 which preserves the relationship (3.25) is called an affine
Laguerre transformation. If the vector C is zero, then T is called a linear Laguerre
transformation. Of course, the linear part B must be invertible by definition of an
affine transformation.

Remark 3.12. Blaschke [10, p. 141] referred to the group of affine Laguerre transfor-
mations as the “extended Laguerre group.’’ He called subgroup of transformations
with the property that the linear part B is in O(n, 1) the “restricted Laguerre group’’
or simply the “Laguerre group.’’ From equation (3.25), we see that these transfor-
mations can also be characterized as affine Laguerre transformations that preserve
tangential distances between spheres. This restricted Laguerre group is sometimes
used as the basis for Laguerre geometry (see Blaschke [10, pp. 268–272], Li [102]).

We have seen that a Lie sphere transformation that takes the improper point to
itself induces an affine Laguerre transformation. Conversely, we will show that an
affine Laguerre transformation extends in a unique way to a Lie sphere transformation.
Before that, however, we want to establish some important properties of the group
of Laguerre transformations. Theorem 3.1 and the assumption that equation (3.25) is
preserved yield the following result concerning the linear part of an affine Laguerre
transformation.

Theorem 3.13. Suppose that TX = BX + C is an affine Laguerre transformation.
Then B = µD, where D ∈ O(n, 1) and µ > 0.

Proof. Suppose thatX andZ are any two points in Rn+1
1 such thatX−Z is lightlike.

Then, since T preserves equation (3.25), we have

0 = ((BX + C)− (BZ + C), (BX + C)− (BZ + C)) = (B(X − Z), B(X − Z)).
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Thus the linear transformation B takes lightlike vectors to lightlike vectors. By
Theorem 3.1 and our standing assumption that n ≥ 2, we know that there exists
a positive number λ such that (Bv, Bw) = λ(v,w), for all v,w in Rn+1

1 . Then
D = λ−1/2B is orthogonal, and we have B = µD for µ = λ1/2. ��

We now want to give a geometric interpretation of this decomposition ofB. First,
it is immediate from equation (3.21) and Theorem 3.13 that the transformations in
O(n, 1) are precisely those linear transformations which preserve tangential distances
between spheres. Secondly, consider the linear transformation Sµ = µI , where
µ > 0 and I is the identity transformation on Rn+1

1 . This transformation takes the
point (p, r) to (µp,µr). When interpreted as a map on the space of spheres, it takes
a sphere with center p and signed radius r to the sphere with center µp and signed
radiusµr . Thus Sµ is one of the two affine Laguerre transformations induced from the
Euclidean central dilatation p �→ µp, for p ∈ Rn. The transformation Sµ preserves
the sign of the radius and hence the orientation of each sphere in Rn. The other affine
Laguerre transformation induced from the same central dilatation is �Sµ, where �
is the change of orientation transformation. Thus we have the following geometric
version of Theorem 3.13.

Corollary 3.14. Every linear Laguerre transformation B can be written in the form
B = SµD, where Sµ is the orientation preserving Laguerre transformation induced
by a central dilatation of Rn, andD preserves tangential distances between spheres.

Next we consider the effect of a Laguerre translation, TX = X+C, on the space
of spheres. Suppose first that C = (v, 0) for v ∈ Rn. Then we have

T (p, r) = (p + v, r),

so T translates the center of every sphere by the vector v while preserving the signed
radius. We see that T is just the orientation preserving affine Laguerre transformation
induced from the Euclidean translation p �→ p + v. We denote T by τv .

Now consider the case where C = (0, t), t ∈ R. Then T (p, r) = (p, r + t), so
T adds t to the signed radius of every sphere while keeping the center fixed. T is
called parallel transformation by t and will be denoted Pt . Note that Pt is a Laguerre
transformation that is not a Möbius transformation. It takes point spheres to spheres
with signed radius t and takes spheres of radius −t to point spheres. Thus, the group
of Laguerre translations is a commutative subgroup of the group of affine Laguerre
transformations, and we have shown that it decomposes as follows.

Theorem 3.15. Any Laguerre translation T can be written in the form

T = Ptτv,

where Pt is a parallel transformation, and τv is the orientation preserving Laguerre
translation induced by Euclidean translation by the vector v.
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In studying the role of inversions in the group of affine Laguerre transformations,
we must consider inversions in planes in Rn+1

1 which do not contain the origin. Let
π be an affine plane in Rn+1

1 whose pole ξ is not lightlike. Then the inversion�π of
Rn+1

1 in π is defined by the formula

�πX = X − 2(X − P, ξ)

(ξ, ξ)
ξ, (3.26)

where P is any point on the plane π . We will call �π a Laguerre inversion. It is
easy to see that the group of affine Laguerre transformations is generated by Laguerre
inversions along with transformation of the form Sµ induced by central dilatations.
First, we know from Theorem 3.13 that any linear Laguerre transformation is the
product of some Sµ with an orthogonal transformation D. An orthogonal transfor-
mation D is a product of Laguerre inversions by Theorem 3.7. As for translations, it
is well known that Euclidean translation by a vector v is a product of two Euclidean
reflections �2�1 in parallel planes π1 and π2 orthogonal to v such that v/2 is the
vector from any given point P on π1 to its closest pointQ on π2. (See [165, p. 23] for
more detail.) The Laguerre translation τv is the product of the Laguerre inversions
induced by these two Euclidean reflections.

To express a parallel transformation Pt as the product of two inversions, we first
note that the change of orientation transformation � is a Laguerre inversion in the
plane π1 through the origin with pole en+3. If �2 is the Laguerre inversion in the
plane π2 through the point (0, t/2) with pole en+3, then Pt is the product �2�.

Finally, we want to show that every affine Laguerre transformationextends to a
Lie sphere transformation. Such an extension is necessarily unique by Lemma 3.10.
First, recall that if α is the Lie sphere transformation extending an affine Laguerre
transformation TX = BX + C, then α has a unique representative A in GL(n+ 3)
which takes the plane x1 + x2 = 1 to itself. The matrix [aij ] forA with respect to the
standard basis is largely determined by B and C through equation (3.24), i.e.,

[B] = [aij ], 3 ≤ i, j ≤ n+ 3, C = (a31, . . . , a(n+3)1). (3.27)

We now show how to determine the rest of A.
First consider the case where B is a linear Laguerre transformation. The Lie

extension of B must take the improper point [e1 − e2] to itself and the point [e1 + e2]
corresponding to the origin in Rn+1

1 to itself. This means that the transformation A
satisfies

A(e1 − e2) = a(e1 − e2), A(e1 + e2) = b(e1 + e2), (3.28)

for some nonzero scalars a and b. From equation (3.28) and the linearity of A, we
obtain

Ae1 = ce1 + de2, Ae2 = de1 + ce2, (3.29)

where c = (a+b)/2 and d = (b−a)/2. Thus, the span R2
1 of e1 and e2 is an invariant

subspace of A. Since A is a scalar multiple of an orthogonal transformation, the
orthogonal complement Rn+1

1 of R2
1 is also invariant under A. Therefore, the matrix

A has the form
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A =
[
J 0
0 B

]
where J =

[
c d

d c

]
. (3.30)

By Corollary 3.14, every linear Laguerre transformation is of the form SµD, where
Sµ is induced from a central dilatation of Rn and D ∈ O(n, 1). We now show how
to extend each of these two types of transformations. First, consider the case of a
linear Laguerre transformation determined by D ∈ O(n, 1). The Lie extension of D
is obtained by taking c = 1, d = 0 and B = D in equation (3.30). To check this, let
X be an arbitrary point in Rn+1

1 . By equation (3.18), X corresponds to the point in
Qn+1 with homogeneous coordinates

x = (1 + (X,X), 1 − (X,X), 2X)/2. (3.31)

The point DX in Rn+1
1 corresponds to the point in Qn+1 with homogeneous coordi-

nates
y = (1 + (DX,DX), 1 − (DX,DX), 2DX)/2.

However, since (DX,DX) = (X,X), we have

y = (1 + (X,X), 1 − (X,X), 2DX)/2.

It is now clear that y = Ax, where A is in the form of equation (3.30) with c =
1, d = 0 and B = D. Note that this matrix is in O(n+ 1, 2).

Next consider the linear Laguerre transformation Sµ = µI on Rn+1
1 . Let A have

the form of equation (3.30) with B = µI . Let X ∈ Rn+1
1 and let x be as in equation

(3.31). By matrix multiplication, the first two coordinates of y = Ax are given by

y1 = ((c + d)+ (c − d)(X,X))/2, y2 = ((c + d)+ (d − c)(X,X))/2. (3.32)

On the other hand, the point µX corresponds to the point inQn+1 with homogeneous
coordinates

(1 + µ2(X,X), 1 − µ2(X,X), 2µX)/2. (3.33)

Equating y1 and y2 with the first two coordinates in equation (3.33) yields

c = (1 + µ2)/2, d = (1 − µ2)/2. (3.34)

The matrix A in equation (3.30) with these values of c and d and B = µI is the
extension ofSµ. Note that the numbers c and d in equation (3.34) satisfy c2−d2 = µ2.
Since µ > 0, the number c/µ is positive, and so there exists a real number t such that

c/µ = cosh t, d/µ = sinh t. (3.35)

From equations (3.34) and (3.35) one can determine that t = − logµ. If we divide
the matrix A by µ, we obtain the following orthogonal matrix which also represents
the Lie sphere transformation extending Sµ,[

K 0
0 I

]
where K =

[
cosh t sinh t
sinh t cosh t

]
. (3.36)
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Finally, we turn to the problem of extending the parallel transformationPt . The linear
part B of Pt is the identity I , while the translation part is the vector C = (0, t). By
equation (3.27), this determines much of the matrixA of the extension of Pt . Further,
since the improper point is mapped to itself,

A(1,−1, 0, . . . , 0) = a(1,−1, 0, . . . , 0), (3.37)

for some a 
= 0. Since Pt takes the point (0, 0) in Rn+1
1 to (0, t), the transformation

A must satisfy

A(1, 1, 0, . . . , 0) = b(1 − t2, 1 + t2, 0, 2t)/2, (3.38)

for some b 
= 0. By adding equations (3.37) and (3.38), we can determineAe1. Since
a(n+3)1 = t by equation (3.27), b must equal 2. From the results so far, we know that
the subspace,

V = Span{e1, e2, en+3},
is invariant under A. Therefore V ⊥ is also invariant. This and the fact that B = I

imply that Aei = ei , for 3 ≤ i ≤ n + 2. Since A magnifies all vector lengths by
the same amount, this implies that A is orthogonal. From these orthogonal relations,
one can determine that a = 1 and ultimately that A has the form below. For future
reference, we will now denote this transformation by Pt instead of A, so we have
shown

Pt =

⎡
⎢⎢⎣

1 − (t2/2) −t2/2 0 . . . 0 −t
t2/2 1 + (t2/2) 0 . . . 0 t

0 0 I 0
t t 0 . . . 0 1

⎤
⎥⎥⎦ . (3.39)

3.5 Subgeometries of Lie Sphere Geometry

We close this chapter by examining some important subgeometries of Lie sphere ge-
ometry from the point of view of Klein’s Erlangen Program. These are the geometries
of Möbius and Laguerre, and the Euclidean, spherical and hyperbolic metric geome-
tries. By making use of the concept of a Legendre submanifold, to be introduced
in the next chapter, one can study submanifold theory in any of these subgeometries
within the context of Lie sphere geometry.

The subgroup of Möbius transformations consists of those Lie sphere transfor-
mations that map point spheres to point spheres. These are precisely the Lie sphere
transformations that map the point [en+3] to itself. As we saw in Remark 3.4, this
Möbius group is isomorphic to O(n+ 1, 1).

The subgroup of Laguerre transformations consists of those Lie sphere trans-
formations that map hyperplanes to hyperplanes in Rn. These are the Lie sphere
transformations that map the improper point [e1 − e2] to itself. In the preceding
section, we saw that each Laguerre transformation corresponds to an affine Laguerre
transformation of the space Rn+1

1 spanned by {e3, . . . , en+3}.
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As before let Rn denote the Euclidean space spanned by the vectors {e3, . . . , en+2}.
Recall that a similarity transformation of Rn is a mapping φ from Rn to itself, such
that for all p and q in Rn, the Euclidean distance d(p, q) is transformed as follows:

d(φp, φq) = κd(p, q),

for some constant κ > 0. Every similarity transformation can be written as a central
dilatation followed by an isometry of Rn. The group of Lie sphere transformations
induced by similarity transformations is clearly a subgroup of both the Laguerre group
and the Möbius group. The next theorem shows that it is precisely the intersection of
these two subgroups.

Theorem 3.16.
(a) The intersection of the Laguerre group and the Möbius group is the group of Lie

sphere transformations induced by similarity transformations of Rn.

(b) The groupG of Lie sphere transformations is generated by the union of the groups
of Laguerre and Möbius.

Proof.
(a) By the results of the last section, the Laguerre group is isomorphic to the

group of affine Laguerre transformations on Rn+1
1 . An affine Laguerre transformation

TX = BX + C is also a Möbius transformation if and only if

T en+3 = ±en+3.

Since T (0) = C, this immediately implies that C = (v, 0), for some vector v ∈
Rn. Next by Corollary 3.14, the linear part B of T is of the form SµD, where
Sµ is induced from a central dilatation of Rn and D is in O(n, 1). Since Sµ is a
Möbius transformation, T is a Möbius transformation precisely whenD is a Möbius
transformation, i.e., Den+3 = ±en+3. This means that the matrix forD with respect
to the standard basis of Rn+1

1 has the form

D =
[
A 0
0 ±1

]
, A ∈ O(n). (3.40)

Thus,D is one of the two Laguerre transformations induced by the linear isometryA
of Rn, andB is a similarity transformation. Then T is also a similarity transformation,
and (a) is proven.

(b) Let α be a Lie sphere transformation. If α[e1 − e2] = [e1 − e2], then α is a
Laguerre transformation. Next suppose that α[e1 − e2] is a point [x] in Qn+1 with
x1 + x2 = 0. Then α[e1 − e2] corresponds to a plane π in Rn. Let I1 be an inversion
in a sphere whose center is not on the plane π . Then [y] = I1[x] is a point in Qn+1

with y1 +y2 
= 0, i.e., [y] corresponds to a sphere in Rn. Letp and r denote the center
and signed radius of this sphere. If α[e1 − e2] does not correspond to a plane, then
the step above is not needed. In that case, we let I1 be the identity transformation.

Next, the parallel transformation P−r takes the point [y] to the point [z] with
zn+3 = 0 corresponding to the point sphere p in Rn. Finally, an inversion I2 in a
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sphere centered atp takes [z] to the improper point [e1−e2]. Since the transformation
I2P−r I1α takes [e1 − e2] to itself, it is a Laguerre transformation ψ . Since each
inversion is its own inverse and the inverse of P−r is Pr , we have α = I1PrI2ψ , a
product of Laguerre and Möbius transformations. ��

From the proof of part (a) of Theorem 3.16, we have the following immediate
corollary.

Corollary 3.17. The group of Lie sphere transformations induced from isometries of
Rn is isomorphic to the set of affine Laguerre transformations TX = DX+C, where
D has the form (3.40) and C = (v, 0), for v ∈ Rn.

Two other important subgeometries of Möbius geometry are the geometries of
the sphere Sn and hyperbolic spaceHn (see Section 2.4). Let Sn be the unit sphere in
the Euclidean space Rn+1 spanned by {e2, . . . , en+2}. The group of isometries of Sn

is the orthogonal group O(n + 1) of linear transformations that preserve the metric
on Rn+1. An isometry A of Sn induces a Möbius transformation whose matrix with
respect to the standard basis {e1, . . . , en+2} of Rn+2

1 is[
1 0
0 A

]
. (3.41)

The group of isometries of Sn is clearly isomorphic to the subgroup of Möbius trans-
formations of this form. Of course, each Möbius transformation induces two Lie
sphere transformations differing by the change of orientation transformation �.

As in Section 2.4, we represent hyperbolic space Hn by the set of points y in
Lorentz space Rn+1

1 spanned by {e1, e3, . . . , en+2} satisfying (y, y) = −1, where
y1 ≥ 1. (Note that this is a different Lorentz space than the one used in Laguerre
geometry.) Hn is one of the two components of the subset of Rn+1

1 determined by
the equation (y, y) = −1. The group of isometries ofHn is a subgroup of index 2 in
the orthogonal groupO(n, 1) of linear isometries of Rn+1

1 , since precisely one of the
two orthogonal transformations A and −A takes the component Hn to itself. There
are two ways to extend an isometry A of Hn to an orthogonal transformation B of

Rn+2
1 = Span{e1, . . . , en+2};

namely, one can define Be2 to be e2 or −e2. These two extensions induce different
Möbius transformations, since they do not differ by a sign. On the other hand, the
extension determined by settingBe2 = −e2 is projectively equivalent to the extension
C of −A satisfying Ce2 = e2. Hence, the group of Möbius transformations induced
from isometries of Hn is isomorphic to O(n, 1) itself. As before, each of these
transformations induces two Lie sphere transformations.

For both the spherical and hyperbolic metrics, there is a parallel transformationPt
that adds t to the signed radius of each sphere while keeping the center fixed. As we
saw in Section 2.4, the sphere in Sn with center p and signed radius ρ is represented
by the point [(cos ρ, p, sin ρ)] in Qn+1. One easily checks that spherical parallel
transformation Pt is accomplished by the following transformation in O(n+ 1, 2):
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Pte1 = cos t e1 + sin t en+3,

Pten+3 = − sin t e1 + cos t en+3, (3.42)

Ptei = ei, 2 ≤ i ≤ n+ 2.

In Hn the sphere with center p ∈ Hn and signed radius ρ corresponds to the point
[p + cosh ρ e2 + sinh ρ en+3] in Qn+1. Thus hyperbolic parallel transformation is
accomplished by the following transformation:

Ptei = ei, i = 1, 3, . . . , n+ 2.

Pt e2 = cosh t e2 + sinh t en+3, (3.43)

Pten+3 = sinh t e2 + cosh t en+3.

The following theorem demonstrates the important role played by parallel transfor-
mations in generating the Lie sphere group (see Cecil–Chern [37]).

Theorem 3.18. Any Lie sphere transformation α can be written as

α = φPtψ,

where φ and ψ are Möbius transformations and Pt is some Euclidean, spherical or
hyperbolic parallel transformation.

Proof. Represent α by a transformation A ∈ O(n + 1, 2). If Aen+3 = ±en+3,
then α is a Möbius transformation. If not, then Aen+3 is some unit timelike vector
v linearly independent from en+3. The plane [en+3, v] in Rn+3

2 can have signature
(−,−), (−,+) or (−, 0). In the case where the plane has signature (−,−), we can
write

v = − sin t u1 + cos t en+3,

where u1 is a unit timelike vector orthogonal to en+3, and 0 < t < π . Let φ be a
Möbius transformation such that φ−1u1 = e1. Then from equation (3.42), we see
that P−t φ−1v = en+3. Hence,

P−t φ−1αen+3 = en+3,

i.e., P−t φ−1α is a Möbius transformation ψ . Thus, α = φPtψ , as desired.
The other two cases are similar. If the plane [en+3, v] has signature (−, 0), then

we can write
v = −tu1 + tu2 + en+3,

where u1 and u2 are unit timelike and spacelike vectors, respectively, orthogonal to
en+3 and to each other. If φ is a Möbius transformation such that φ−1u1 = e1 and
φ−1u2 = e2, then P−t φα is a Möbius transformation ψ , where Pt is the Euclidean
parallel transformation given in equation (3.39). As before, we get α = φPtψ .
Finally, if the plane [en+3, v] has signature (−,+), then

v = sinh t u2 + cosh t en+3,

for a unit spacelike vector u2 orthogonal to en+3. Let φ be a Möbius transformation
such that φ−1u2 = e2, and conclude that α = φPtψ for the hyperbolic parallel
transformation Pt in equation (3.43). ��
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Legendre Submanifolds

In this chapter, we develop the framework necessary to study submanifolds within
the context of Lie sphere geometry. The manifold �2n−1 of projective lines on the
Lie quadric Qn+1 has a contact structure, i.e., a globally defined 1-form ω such that
ω ∧ (dω)n−1 
= 0 on �2n−1. This gives rise to a codimension one distribution D
on �2n−1 that has integral submanifolds of dimension n − 1, but none of higher
dimension. These integral submanifolds are called Legendre submanifolds. Any
submanifold of a real space-form Rn, Sn or Hn naturally induces a Legendre sub-
manifold, and thus Lie sphere geometry can be used to analyze submanifolds in these
spaces. This has been particularly effective in the classification of Dupin submani-
folds, which are defined in Section 4.4. In Section 4.5, we define the Lie curvatures
of a Legendre submanifold. These are natural Lie invariants which have proved to
be valuable in the study of Dupin submanifolds but are defined on the larger class
of Legendre submanifolds. We then give a Lie geometric characterization of those
Legendre submanifolds which are Lie equivalent to an isoparametric hypersurface in
a sphere (Theorem 4.19). In Section 4.6, we prove that tautness is invariant under
Lie sphere transformations. In Section 4.7, we discuss the construction of Ferus,
Karcher, and Münzner [73] of isoparametric hypersurfaces with four principal cur-
vatures, based on representations of Clifford algebras. Finally, in Section 4.8, we
discuss the counterexamples of Pinkall–Thorbergsson and Miyaoka–Ozawa to the
conjecture that a compact proper Dupin hypersurface in a sphere must be Lie equiv-
alent to an isoparametric hypersurface. For a treatment of submanifold theory in
Möbius geometry, see Blaschke [10], C.-P. Wang [194]–[196], or Hertrich–Jeromin
[89], and in Laguerre geometry, see Blaschke [10], Musso and Nicolodi [124]–[125],
Li [102], or Li and Wang [103].

4.1 Contact Structure on �2n−1

In this section, we demonstrate explicitly that the manifold�2n−1 of projective lines
on the Lie quadric Qn+1 is a contact manifold. The reader is referred to Arnold [3,
p. 349] or Blair [9] for a more complete treatment of contact manifolds in general.
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As in earlier chapters, let {e1, . . . , en+3} denote the standard orthonormal basis
for Rn+3

2 with e1 and en+3 timelike. We consider Sn to be the unit sphere in the
Euclidean space Rn+1 spanned by {e2, . . . , en+2}. A contact element on Sn is a pair
(x, ξ), where x ∈ Sn and ξ is a unit tangent vector to Sn at x. Thus, the space
of contact elements is the unit tangent bundle T1S

n. We consider T1S
n to be the

(2n− 1)-dimensional submanifold of Sn × Sn ⊂ Rn+1 × Rn+1 given by

T1S
n = {(x, ξ) | |x| = 1, |ξ | = 1, x · ξ = 0}. (4.1)

In general, a (2n− 1)-dimensional manifold V 2n−1 is said to be a contact manifold
if it carries a global 1-form ω such that

ω ∧ (dω)n−1 
= 0 (4.2)

at all points of V 2n−1. Such a form ω is called a contact form. It is known (see,
for example, [9, p. 10]) that the unit tangent bundle T1M of any n-dimensional
Riemannian manifoldM is a (2n− 1)-dimensional contact manifold. A contact form
ω defines a codimension one distribution D on V 2n−1,

Dp = {Y ∈ TpV 2n−1 | ω(Y ) = 0}, (4.3)

for p ∈ V 2n−1, called the contact distribution. This distribution is as far from being
integrable as possible, in that there exist integral submanifolds of D of dimension
n− 1 but none of higher dimension (see Theorem 4.1 below). A contact distribution
determines the corresponding contact form up to multiplication by a nonvanishing
smooth function.

In our particular case, a tangent vector to T1S
n at a point (x, ξ) can be written in

the form (X,Z) where
X · x = 0, Z · ξ = 0. (4.4)

Differentiation of the condition x · ξ = 0 implies that (X,Z) must also satisfy

X · ξ + Z · x = 0. (4.5)

We will show that the form ω defined by

ω(X,Z) = X · ξ, (4.6)

is a contact form on T1S
n. Thus, at a point (x, ξ), the distribution D is the (2n− 2)-

dimensional space of vectors (X,Z) satisfyingX·ξ = 0, as well as the equations (4.4)
and (4.5). Of course, the equationX · ξ = 0 together with equation (4.5) implies that

Z · x = 0, (4.7)

for vectors (X,Z) in D. To see that ω satisfies the condition (4.2), we will identify
T1S

n with the manifold�2n−1 of projective lines on the Lie quadricQn+1 and com-
pute dω using the method of moving frames. The results in this calculation will turn
out to be useful in our general study of submanifolds.
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We establish a bijective correspondence between the points of T1S
n and the lines

on Qn+1 by the map

(x, ξ) �→ [Y1(x, ξ), Yn+3(x, ξ)], (4.8)

where
Y1(x, ξ) = (1, x, 0), Yn+3(x, ξ) = (0, ξ, 1). (4.9)

The points on a line on Qn+1 correspond to a parabolic pencil of spheres in Sn. By
formula (2.21) of Chapter 2, p. 17, the point [Y1(x, ξ)] corresponds to the unique point
sphere in the pencil determined by the line [Y1(x, ξ), Yn+3(x, ξ)], and Yn+3(x, ξ)

corresponds to the unique great sphere in the pencil. Since every line on the quadric
contains exactly one point sphere and one great sphere by Corollary 2.7 of Chapter 2,
p. 22, the correspondence in (4.8) is bijective. We use the correspondence (4.8) to
put a differentiable structure on the manifold �2n−1 in such a way that the map in
(4.8) becomes a diffeomorphism.

We now introduce the method of moving frames in the context of Lie sphere
geometry, as in Cecil–Chern [37]. The reader is also referred to Cartan [15], Griffiths
[78], Jensen [93] or Spivak [171, Vol. 2, Chapter 7] for an exposition of the general
method. Since we want to define frames on the manifold �2n−1, it is better to use
frames for which some of the vectors are lightlike, rather than orthonormal frames.
To facilitate the exposition, we will use the following range of indices in this section:

1 ≤ a, b, c ≤ n+ 3, 3 ≤ i, j, k ≤ n+ 1. (4.10)

ALie frame is an ordered set of vectors {Y1, . . . , Yn+3} in Rn+3
2 satisfying the relations

〈Ya, Yb〉 = gab, (4.11)

for

[gab] =
⎡
⎣J 0 0

0 In−1 0
0 0 J

⎤
⎦ , (4.12)

where In−1 is the (n− 1)× (n− 1) identity matrix and

J =
[

0 1
1 0

]
. (4.13)

If (y1, . . . , yn+3) are homogeneous coordinates on Pn+2 with respect to a Lie frame,
then the Lie metric has the form

〈y, y〉 = 2(y1y2 + yn+2yn+3)+ y2
3 + · · · + y2

n+1. (4.14)

The space of all Lie frames can be identified with the groupO(n+ 1, 2) of which
the Lie sphere group G, being isomorphic to O(n+ 1, 2)/{±I }, is a quotient group.
In this space, we introduce the Maurer–Cartan forms ωba by the equation

dYa =
∑

ωbaYb, (4.15)
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and we adopt the convention that the sum is always over the repeated index. Differ-
entiating equation (4.11), we get

ωab + ωba = 0, (4.16)

where
ωab =

∑
gbcω

c
a. (4.17)

Equation (4.16) says that the following matrix is skew-symmetric,

[ωab] =

⎡
⎢⎢⎢⎢⎢⎣

ω2
1 ω1

1 ωi1 ωn+3
1 ωn+2

1
ω2

2 ω1
2 ωi2 ωn+3

2 ωn+2
2

ω2
j ω1

j ωij ωn+3
j ωn+2

j

ω2
n+2 ω

1
n+2 ω

i
n+2 ω

n+3
n+2 ω

n+2
n+2

ω2
n+3 ω

1
n+3 ω

i
n+3 ω

n+3
n+3 ω

n+2
n+3

⎤
⎥⎥⎥⎥⎥⎦ . (4.18)

Taking the exterior derivative of equation (4.15) yields the Maurer–Cartan equa-
tions,

dωba =
∑

ωca ∧ ωbc . (4.19)

We now produce a contact form on T1S
n in the context of moving frames. We want

to choose a local frame {Y1, . . . , Yn+3} on T1S
n with Y1 and Yn+3 given by equation

(4.9). When we transfer this frame to �2n−1, it will have the property that for each
point λ ∈ �2n−1, the line [Y1, Yn+3] of the frame λ is the line on the quadric Qn+1

corresponding to λ.
On a sufficiently small open subset U in T1S

n, we can find smooth mappings,

vi : U → Rn+1, 3 ≤ i ≤ n+ 1,

such that at each point (x, ξ) ∈ U , the vectors v3(x, ξ), . . . , vn+1(x, ξ) are unit
vectors orthogonal to each other and to x and ξ . By equations (4.4) and (4.5), we see
that the vectors

{(vi, 0), (0, vi), (ξ,−x)}, 3 ≤ i ≤ n+ 1, (4.20)

form a basis to the tangent space to T1S
n at (x, ξ). We now define a Lie frame on U

as follows:

Y1(x, ξ) = (1, x, 0),

Y2(x, ξ) = (−1/2, x/2, 0),

Yi(x, ξ) = (0, vi(x, ξ), 0), 3 ≤ i ≤ n+ 1, (4.21)

Yn+2(x, ξ) = (0, ξ/2,−1/2)

Yn+3(x, ξ) = (0, ξ, 1).

We want to determine certain of the Maurer–Cartan forms ωba by computing dYa on
the basis given in (4.20). In particular, we compute the derivatives dY1 and dYn+3
and find
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dY1(vi, 0) = (0, vi, 0) = Yi,

dY1(0, vi) = (0, 0, 0), (4.22)

dY1(ξ,−x) = (0, ξ, 0) = Yn+2 + (1/2)Yn+3,

and

dYn+3(vi, 0) = (0, 0, 0),

dYn+3(0, vi) = (0, vi, 0) = Yi, (4.23)

dYn+3(ξ,−x) = (0,−x, 0) = (−1/2)Y1 − Y2.

Comparing these equations with the equation

dYa =
∑

ωbaYb,

we see that the 1-forms,

{ωi1, ωin+3, ω
n+2
1 }, 3 ≤ i ≤ n+ 1, (4.24)

form the dual basis to the basis given in (4.20) for the tangent space to T1S
n at (x, ξ).

Since (ξ,−x) has length
√

2, we have

ωn+2
1 (X,Z) = ((X,Z) · (ξ,−x))/2 = (X · ξ − Z · x)/2,

for a tangent vector (X,Z) to T1S
n at (x, ξ). Using equation (4.5),

X · ξ + Z · x = 0,

we see that
ωn+2

1 (X,Z) = X · ξ, (4.25)

soωn+2
1 is precisely the formω in equation (4.6). We now want to show thatωn+2

1 sat-
isfies condition (4.2). This is a straightforward calculation using the Maurer–Cartan
equation (4.19) for dωn+2

1 and the skew-symmetry relations (4.18). By equation
(4.19), we have

dωn+2
1 =

∑
ωc1 ∧ ωn+2

c .

The skew-symmetry relations (4.18) imply that ω2
1 = 0 and ωn+2

n+3 = 0. Furthermore,

in computing (dωn+2
1 )n−1, we can ignore any term involving ωn+2

1 , since we will
eventually take the wedge product with ωn+2

1 . Thus in computing the wedge product
dωn+2

1 ∧ dωn+2
1 , we need only to consider(∑

dωi1 ∧ dωn+2
i

)
∧
(∑

dω
j

1 ∧ dωn+2
j

)
.

If i 
= j , we have a term of the form

ωi1∧ωn+2
i ∧ωj1∧ωn+2

j = ωi1∧(−ωin+3)∧ωj1∧(−ωjn+3) = ωi1∧ωin+3∧ωj1∧ωjn+3 
= 0,
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where the sign changes are due to the skew-symmetry relations (4.18). The last term
is nonzero since each of the factors is in the basis given in (4.24). Thus we have

dωn+2
1 ∧ dωn+2

1 = 2
∑
i<j

ωi1 ∧ ωin+3 ∧ ωj1 ∧ ωjn+3 (mod ωn+2
1 ). (4.26)

One continues this process by taking the wedge product of (4.26) with dωn+2
1 . This

time there are three sign changes in each term as a result of the skew-symmetry
relations (4.18), and we get

(dωn+2
1 )3 = (−1)3(3!)

∑
i<j<k

ωi1 ∧ ωin+3 ∧ ωj1 ∧ ωjn+3 ∧ ωk1 ∧ ωkn+3 (mod ωn+2
1 ).

Continuing this process, one eventually obtains

ωn+2
1 ∧ (dωn+2

1 )n−1 = ωn+2
1 ∧

(∑
ωi1 ∧ ωn+2

i

)n−1
(4.27)

= (−1)n−1(n− 1)! ωn+2
1 ∧ ω3

1 ∧ ω3
n+3 ∧ · · · ∧ ωn+1

1 ∧ ωn+1
n+3 
= 0.

The last form is nonzero because the set (4.24) is a basis for the cotangent space to
T1S

n at (x, ξ). Finally, note that the form

ωn+2
1 = 〈dY1, Yn+3〉, (4.28)

is globally defined on T1S
n, since Y1 and Yn+3 are globally defined by equation (4.21),

even though the rest of the Lie frame is only defined on the open set U .
As we noted above, we can use the diffeomorphism given in (4.8) to transfer this

Lie frame and contact form ωn+2
1 to the manifold �2n−1 of lines on the Lie quadric.

Now suppose that {Z1, . . . , Zn+3} is an arbitrary Lie frame on the open set U with
the property that the line [Z1, Zn+3] equals the line [Y1, Yn+3] at all points of U , i.e.,

Z1 = αY1 + βYn+3, Zn+3 = γ Y1 + δYn+3, (4.29)

for smooth functions α, β, γ, δ with αδ − βγ 
= 0 on U . Let {θba } be the Maurer–
Cartan forms for this Lie frame. Then using the scalar product relations (4.11), we get

θn+2
1 = 〈dZ1, Zn+3〉 = 〈d(αY1 + βYn+3), γ Y1 + δYn+3〉

= αδ〈dY1, Yn+3〉 + βγ 〈dYn+3, Y1〉 = αδωn+2
1 + βγω2

n+3 (4.30)

= (αδ − βγ )ωn+2
1 .

Thus, θn+2
1 is also a contact form on T1S

n.

4.2 Definition of Legendre Submanifolds

In the last section, we showed that T1S
n (and hence�2n−1) is a contact manifold. We

begin this section by proving a basic result concerning contact manifolds in general
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(Theorem 4.1). Let V 2n−1 be a contact manifold with contact form ω. Let D be the
corresponding contact distribution defined by

Dp = {Y ∈ TpV 2n−1 | ω(Y ) = 0},
forp ∈ V 2n−1. An immersionφ : Wk → V 2n−1 of a smooth k-dimensional manifold
Wk into V 2n−1 is called an integral submanifold of the distributionD if φ∗ω = 0 on
Wk , i.e., for each tangent vector Y at each point w ∈ W , the vector dφ(Y ) is in the
distribution D at the point φ(w). (See Blair [9, p. 36].)

Theorem 4.1. Let V 2n−1 be a contact manifold with contact form ω. Then there exist
integral submanifolds of the contact distribution D of dimension n − 1, but none of
higher dimension.

Proof. This is a local result, and the key tool in the local study of contact manifolds in
Darboux’s theorem (see, for example, Arnold [3, p. 362] or Sternberg [176, p. 141]),
which states that for every point of a contact manifold V 2n−1, there is a local co-
ordinate neighborhood U with coordinates (xi, yi, z), 1 ≤ i ≤ n − 1, on which the
contact form satisfies

ω = dz−
n−1∑
i=1

yidxi .

Now, given any point in U with coordinates (x0
i , y

0
i , z

0), the slice defined by the
equations

xi = x0
i , z = z0, 1 ≤ i ≤ n− 1,

clearly defines an (n−1)-dimensional integral submanifold ofD containing the given
point.

Conversely, suppose thatWk is an immersed k-dimensional integral submanifold
ofD with k > n−1. Since this is a local result, we may considerWk to be embedded
in V 2n−1. Let X1, . . . , Xk be linearly independent vector fields tangent to Wk on
some open set � in Wk . Let Xk+1, . . . , X2n−1 be tangent vectors to V 2n−1 at a
point w ∈ � such that {X1, . . . , X2n−1} is a basis for TwV 2n−1. Since the tangent
distribution to Wk is integrable, the Lie bracket [Xi,Xj ] is also tangent to Wk , for
1 ≤ i, j ≤ k. Furthermore, since the tangent distribution to Wk is contained in the
distribution D, we have

ω(Xi) = 0, ω([Xi,Xj ]) = 0,

and thus,

dω(Xi,Xj ) = Xiω(Xj )−Xjω(Xi)− ω([Xi,Xj ]) = 0,

for 1 ≤ i, j ≤ k, on �. Since k > n− 1, this implies that at the point w, we have

ω ∧ (dω)n−1(X1, . . . , X2n−1) = 0,

contradicting the assumption that ω is a contact form on V 2n−1. ��
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An immersed (n−1)-dimensional integral submanifold of the contact distribution
D is called a Legendre submanifold. We now return to our specific case of the contact
manifold T1S

n. We first want to formulate necessary and sufficient conditions for a
smooth map µ : Mn−1 → T1S

n to be a Legendre submanifold. We consider T1S
n as

a submanifold of Sn × Sn as in equation (4.1). Thus we can write µ = (f, ξ), where
f and ξ are both smooth maps from Mn−1 to Sn.

Theorem 4.2. A smooth mapµ = (f, ξ) from an (n−1)-dimensional manifoldMn−1

into T1S
n is a Legendre submanifold if and only if the following three conditions are

satisfied.

(1) Scalar product conditions: f · f = 1, ξ · ξ = 1, f · ξ = 0.
(2) Immersion condition: There is no nonzero tangent vector X at any point x ∈

Mn−1 such that df (X) and dξ(X) are both equal to zero.
(3) Contact condition: df · ξ = 0.

Proof. By equation (4.1), the scalar product conditions are precisely the conditions
necessary for the image of the map µ = (f, ξ) to be contained in T1S

n. Next, since

dµ(X) = (df (X), dξ(X)),

the second condition is precisely what is needed for µ to be an immersion. Finally,
from equation (4.6) we have

ω(dµ(X)) = df (X) · ξ(x),
for each X ∈ TxMn−1. Hence the condition µ∗ω = 0 on Mn−1 is equivalent to the
third condition above. ��

We now want to translate these conditions into the projective setting, and find
necessary and sufficient conditions for a smooth map λ : Mn−1 → �2n−1 to be a
Legendre submanifold. We again make use of the diffeomorphism defined in equation
(4.8) between T1S

n and �2n−1. For each x ∈ Mn−1, we know that λ(x) is a line
on the quadric Qn+1. This line contains exactly one point [Y1(x)] corresponding to
a point sphere in Sn and one point [Yn+3(x)] corresponding to a great sphere in Sn.
The map [Y1] from Mn−1 to Qn+1 is called the Möbius projection or point sphere
map of λ, and likewise, the map [Yn+3] is called the great sphere map.

The homogeneous coordinates of these points with respect to the standard basis
are given by

Y1(x) = (1, f (x), 0), Yn+3(x) = (0, ξ(x), 1), (4.31)

where f and ξ are both smooth maps fromMn−1 to Sn defined by formula (4.31). The
map f is called the spherical projection of λ, and ξ is called the spherical field of unit
normals. The maps f and ξ depend on the choice of orthonormal basis {e1, . . . , en+2}
for the orthogonal complement of en+3. In this way, λ determines a map µ =
(f, ξ) fromMn−1 to T1S

n, and because of the diffeomorphism (4.8), λ is a Legendre
submanifold if and only if µ satisfies the conditions of Theorem 4.2. However, it is
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useful to have conditions for when λ determines a Legendre submanifold that do not
depend on the special parametrization of λ by [Y1, Yn+3]. In fact, in most applications
of Lie sphere geometry to submanifolds of Sn or Rn, it is better to use a Lie frame
{Z1, . . . , Zn+3} withλ = [Z1, Zn+3], whereZ1 andZn+3 are not the point sphere and
great sphere maps. The following projective formulation of the conditions needed for
a Legendre submanifold was given by Pinkall [150], where he referred to a Legendre
submanifold as a “Lie geometric hypersurface.’’ The three conditions correspond,
respectively, to the three conditions in Theorem 4.2.

Theorem 4.3. Let λ : Mn−1 → �2n−1 be a smooth map with λ = [Z1, Zn+3], where
Z1 and Zn+3 are smooth maps fromMn−1 into Rn+3

2 . Then λ determines a Legendre
submanifold if and only if Z1 and Zn+3 satisfy the following conditions:

(1) Scalar product conditions: For each x ∈ Mn−1, the vectors Z1(x) and Zn+3(x)

are linearly independent and

〈Z1, Z1〉 = 0, 〈Zn+3, Zn+3〉 = 0, 〈Z1, Zn+3〉 = 0.

(2) Immersion condition: There is no nonzero tangent vector X at any point x ∈
Mn−1 such that dZ1(X) and dZn+3(X) are both in Span{Z1(x), Zn+3(x)}.

(3) Contact condition: 〈dZ1, Zn+3〉 = 0.

These conditions are invariant under a reparametrization λ = [W1,Wn+3], where
W1 = αZ1 + βZn+3 and Wn+3 = γZ1 + δZn+3, for smooth functions α, β, γ, δ on
Mn−1 with αδ − βγ 
= 0.

Proof. The proof is accomplished in two steps. First, we know that the map λ
induces two maps Y1 and Yn+3 as equation (4.31), which in turn determine f and
ξ . We show that the pair {Y1, Yn+3} satisfies conditions (1)–(3) above if and only if
the map µ = (f, ξ) satisfies the conditions in Theorem 4.2. Secondly, we show that
the conditions (1)–(3) above are invariant under a transformation to {W1,Wn+3} as
above. In particular, the conditions are satisfied by an arbitrary pair {Z1, Zn+3} if
and only if they are satisfied by {Y1, Yn+3}.

First, consider Y1 = (1, f, 0), Yn+3 = (0, ξ, 1). Then,

〈Y1, Y1〉 = |f |2 − 1, 〈Yn+3, Yn+3〉 = |ξ |2 − 1, 〈Y1, Yn+3〉 = f · ξ.
Thus, condition (1) for the pair {Y1, Yn+3} is equivalent to the scalar product condition
for the pair (f, ξ) inTheorem 4.2. Next, suppose thatX is a nonzero vector inTxMn−1.
Then

dY1(X) = (0, df (X), 0), dYn+3(X) = (0, dξ(X), 0). (4.32)

Hence, dY1(X) anddYn+3(X) are in Span{Y1(x), Yn+3(x)} if and only if they are zero,
i.e., df (X) = 0 and dξ(X) = 0. Therefore, the pair {Y1, Yn+3} satisfies condition
(2) if and only if the pair (f, ξ) satisfies the immersion condition of Theorem 4.2.
Finally, from equation (4.32), we have

〈dY1(X), Yn+3(x)〉 = df (X) · ξ(x),
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so the pair {Y1, Yn+3} satisfies condition (3) if and only if (f, ξ) satisfies the contact
condition of Theorem 4.2.

Now suppose that a pair {Z1, Zn+3} satisfies conditions (1)–(3) and that {W1,

Wn+3} is given as in the statement of the theorem. It follows from Theorem 2.6
of Chapter 2, p. 22, that condition (1) is precisely the condition that [Z1(x)]
and [Zn+3(x)] be two distinct points on the quadric Qn+1 such that the line
[Z1(x), Zn+3(x)] lies on Qn+1. This clearly holds for the pair {W1,Wn+3} if and
only if it holds for {Z1, Zn+3}, since [W1,Wn+3] = [Z1, Zn+3]. Next, we compute

dW1 = αdZ1 + βdZn+3 + (dα)Z1 + (dβ)Zn+3, (4.33)

dWn+3 = γ dZ1 + δdZn+3 + (dγ )Z1 + (dδ)Zn+3.

The condition αδ − βγ 
= 0 allows us to solve for dZ1 and dZn+3 in terms of dW1
and dWn+3, mod {Z1, Zn+3}. From this, it is clear that condition (2) holds for the
pair {W1,Wn+3} if and only if it holds for the pair {Z1, Zn+3}. Finally, note that the
scalar product condition 〈Z1, Zn+3〉 = 0 implies that

〈dZn+3, Z1〉 = −〈dZ1, Zn+3〉.
Using this and the scalar product relations (1), we compute

〈dW1,Wn+3〉 = 〈αdZ1 + βdZn+3 + (dα)Z1 + (dβ)Zn+3, γ dZ1 + δdZn+3〉
= αδ〈dZ1, Zn+3〉 + βγ 〈dZn+3, Z1〉 (4.34)

= (αδ − βγ )〈dZ1, Zn+3〉.
Thus, {W1,Wn+3} satisfies condition (3) precisely when {Z1, Zn+3} satisfies condi-
tion (3). ��

4.3 The Legendre Map

All oriented hypersurfaces in the sphere Sn, Euclidean space Rn or hyperbolic space
Hn naturally induce Legendre submanifolds of �2n−1, as do all submanifolds of
codimension m > 1 in these spaces. In this section, we study these examples and
see, conversely, how a Legendre submanifold naturally induces a smooth map into
Sn which may have singularities.

First, suppose that f : Mn−1 → Sn is an immersed oriented hypersurface with
field of unit normals ξ : Mn−1 → Sn. The induced Legendre submanifold is given
by the map λ : Mn−1 → �2n−1 defined by

λ(x) = [Y1(x), Yn+3(x)],
where

Y1(x) = (1, f (x), 0), Yn+3(x) = (0, ξ(x), 1). (4.35)

The map λ is called the Legendre map induced by the immersion f with field of
unit normals ξ . We will also refer to λ as the Legendre submanifold induced by the
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pair (f, ξ). It is easy to check that the pair {Y1, Yn+3} satisfies the conditions of
Theorem 4.3. Condition (1) is immediate since both f and ξ are maps into Sn, and
ξ(x) is tangent to Sn at f (x) for each x in Mn−1. Condition (2) is satisfied since

dY1(X) = (0, df (X), 0),

for any vector X ∈ TxM
n−1. Since f is an immersion, df (X) 
= 0 for a nonzero

vector X, and thus dY1(X) is not in Span{Y1(x), Yn+3(x)}. Finally, condition (3) is
satisfied since

〈dY1(X), Yn+3(x)〉 = df (X) · ξ(x) = 0,

because ξ is a field of unit normals to f .
Next, we handle the case of a submanifold φ : V → Sn of codimension m + 1

greater than one. Let Bn−1 be the unit normal bundle of the submanifold φ. Then
Bn−1 can be considered to be the submanifold of V × Sn given by

Bn−1 = {(x, ξ)|φ(x) · ξ = 0, dφ(X) · ξ = 0, for all X ∈ TxV }.
The Legendre submanifold induced byφ(V ) is the mapλ : Bn−1 → �2n−1 defined by

λ(x, ξ) = [Y1(x, ξ), Yn+3(x, ξ)], (4.36)

where
Y1(x, ξ) = (1, φ(x), 0), Yn+3(x, ξ) = (0, ξ, 1). (4.37)

Geometrically, λ(x, ξ) is the line on the quadricQn+1 corresponding to the parabolic
pencil of spheres in Sn in oriented contact at the contact element (φ(x), ξ) ∈ T1S

n.
As in the case of a hypersurface, condition (1) is easily checked. However, condition
(2) is somewhat different. To compute the differentials of Y1 and Yn+3 at a given point
(x, ξ), we first construct a local trivialization of Bn−1 in a neighborhood of (x, ξ).
Let {ξ0, . . . , ξm} be an orthonormal frame at x with ξ0 = ξ . Let W be a normal
coordinate neighborhood of x in V , as defined in Kobayashi–Nomizu [95, Vol. 1,
p. 148], and extend ξ0, . . . , ξm to orthonormal normal vector fields on W by parallel
translation with respect to the normal connection along geodesics in V through x.
For any point w ∈ W and unit normal η to φ(V ) at w, we can write

η = (1 −
m∑
i=1

t2i )
1/2ξ0 + t1ξ1 + · · · + tmξm,

where 0 ≤ |ti | ≤ 1, for all i, and t21 + · · · + t2m ≤ 1. The tangent space to Bn−1 at the
given point (x, ξ) can be considered to be

TxV × Span{∂/∂t1, . . . , ∂/∂tm} = Tx × Rm. (4.38)

Since ξ0(x) = ξ , and ξ0 is parallel with respect to the normal connection, we have
for X ∈ TxV ,

dξ0(X) = dφ(−AξX),
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where Aξ is the shape operator determined by ξ . Thus, we have

dY1(X, 0) = (0, dφ(X), 0), (4.39)

dYn+3(X, 0) = (0, dξ0(X), 0) = (0, dφ(−AξX), 0).

Next we compute from equation (4.37),

dY1(0, Z) = (0, 0, 0), dYn+3(0, Z) = (0, Z, 0). (4.40)

From equations (4.39) and (4.40), we see that there is no nonzero vector (X,Z) such
that dY1(X,Z) and dYn+3(X,Z) are both in Span{Y1, Yn+3}, and so condition (2) is
satisfied. Finally, condition (3) holds since

〈dY1(X,Z), Yn+3(x, ξ)〉 = dφ(X) · ξ = 0.

The situation for submanifolds of Rn or Hn is similar. First, suppose that F :
Mn−1 → Rn is an oriented hypersurface with field of unit normals η : Mn−1 → Rn.
As usual, we identify Rn with the subspace of Rn+3

2 spanned by {e3, . . . , en+2}. The
Legendre submanifold induced by (F, η) is the map λ : Mn−1 → �2n−1 defined by
λ = [Y1, Yn+3], where

Y1 = (1 + F · F, 1 − F · F, 2F, 0)/2, Yn+3 = (F · η,−(F · η), η, 1). (4.41)

By equation (2.14) of Chapter 2, p. 16, [Y1(x)] corresponds to the point sphere and
[Yn+3(x)] corresponds to the hyperplane in the parabolic pencil determined by the
line λ(x) for each x ∈ Mn−1. The reader can easily verify conditions (1)–(3) of
Theorem 4.3 in a manner similar to the spherical case. In the case of a submanifold
ψ : V → Rn of codimension greater than one, the induced Legendre submanifold is
the map λ from the unit normal bundle Bn−1 to �2n−1 defined by

λ(x, η) = [Y1(x, η), Yn+3(x, η)],
where

Y1(x, η) = (1 + ψ(x) · ψ(x), 1 − ψ(x) · ψ(x), 2ψ(x), 0)/2, (4.42)

Yn+3(x, η) = (ψ(x) · η,−(ψ(x) · η), η, 1).

The verification that the pair {Y1, Yn+3} satisfies conditions (1)–(3) is similar to that
for submanifolds of Sn of codimension greater than one.

Finally, as in Section 2.4, we consider Hn to be the submanifold of the Lorentz
space Rn+1

1 spanned by {e1, e3, . . . , en+2} defined as follows:

Hn = {y ∈ Rn+1
1 |(y, y) = −1, y1 ≥ 1},

where (, ) is the Lorentz metric on Rn+1
1 obtained by restricting the Lie metric. Let

h : Mn−1 → Hn be an oriented hypersurface with field of unit normals ζ : Mn−1 →
Rn+1

1 . The Legendre submanifold induced by (h, ζ ) is given by the map
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λ : Mn−1 → �2n−1,

defined by λ = [Y1, Yn+3], where

Y1(x) = h(x)+ e2, Yn+3(x) = ζ(x)+ en+3. (4.43)

Note that (h, h) = −1, so 〈Y1, Y1〉 = 0, while (ζ, ζ ) = 1, so 〈Yn+3, Yn+3〉 = 0. The
reader can easily check that the conditions (1)–(3) are satisfied. Finally, if γ : V →
Hn is an immersed submanifold of codimension greater than one, then the Legendre
submanifold λ : Bn−1 → �2n−1 is again defined on the unit normal bundle Bn−1 of
the submanifold γ (V ) in the obvious way.

Now suppose that λ : Mn−1 → �2n−1 is an arbitrary Legendre submanifold. As
we have seen, it is always possible to parametrize λ by the point sphere map [Y1] and
the great sphere map [Yn+3] given by

Y1 = (1, f, 0), Yn+3 = (0, ξ, 1). (4.44)

This defines two maps f and ξ from Mn−1 to Sn, which we called the spherical
projection and spherical field of unit normals, respectively, in Section 4.2. Both f
and ξ are smooth maps, but neither need be an immersion or even have constant
rank. (See Example 4.4 below.) The Legendre submanifold induced by an oriented
hypersurface inSn is the special case where the spherical projectionf is an immersion,
i.e., f has constant rank n − 1 on Mn−1. In the case of the Legendre submanifold
induced by a submanifold φ : V k → Sn, the spherical projection f : Bn−1 → Sn

defined by f (x, ξ) = φ(x) has constant rank k.
If the range of the point sphere map [Y1] does not contain the improper point

[(1,−1, 0, . . . , 0)], then λ also determines a Euclidean projection,

F : Mn−1 → Rn,

and a Euclidean field of unit normals,

η : Mn−1 → Rn.

These are defined by the equation λ = [Z1, Zn+3], where

Z1 = (1 + F · F, 1 − F · F, 2F, 0)/2, Zn+3 = (F · η,−(F · η), η, 1). (4.45)

Here [Z1(x)] corresponds to the unique point sphere in the parabolic pencil deter-
mined by λ(x), and [Zn+3(x)] corresponds to the unique plane in this pencil. As in
the spherical case, the smooth maps F and η need not have constant rank. Finally,
if the range of the Euclidean projection F lies inside some disk � in Rn, then one
can define a hyperbolic projection and hyperbolic field of unit normals by placing a
hyperbolic metric on �.

Example 4.4 (a Euclidean projection that is not an immersion). An example where
the Euclidean (or spherical) projection does not have constant rank is illustrated by
the cyclide of Dupin in Figure 4.1. Here the corresponding Legendre submanifold
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is a map λ : T 2 → �5, where T 2 is a two-dimensional torus. The Euclidean
projection F : T 2 → R3 maps the circle S1 containing the points A,B,C and D to
the pointP . However, the map λ into the space of lines on the quadric (corresponding
to contact elements) is an immersion. The four arrows in Figure 4.1 represent the
contact elements corresponding under the map λ to the four points indicated on the
circleS1. Actually, examples of Legendre submanifolds whose Euclidean or spherical
projection is not an immersion are plentiful, as will be seen in the next section.

F
A C

B

D

P

A

B

C

D

Fig. 4.1. A Euclidean projection F with a singularity.

4.4 Curvature Spheres and Parallel Submanifolds

To motivate the definition of a curvature sphere, we consider the case of an oriented
hypersurface f : Mn−1 → Sn with field of unit normals ξ : Mn−1 → Sn. The
shape operator of f at a point x ∈ Mn−1 is the symmetric linear transformation
A : TxMn−1 → TxM

n−1 defined by the equation

df (AX) = −dξ(X), X ∈ TxMn−1. (4.46)

The eigenvalues of A are called the principal curvatures, and the corresponding
eigenvectors are called the principal vectors. We next recall the notion of a focal
point of an immersion. For each real number t , define a map

ft : Mn−1 → Sn,

by
ft = cos t f + sin t ξ. (4.47)

For each x ∈ Mn−1, the point ft (x) lies an oriented distance t along the normal
geodesic to f (Mn−1) at f (x). A point p = ft (x) is called a focal point of multiplicity
m > 0 of f at x if the nullity of dft is equal to m at x. Geometrically, one thinks
of focal points as points where nearby normal geodesics intersect. It is well known
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that the location of focal points is related to the principal curvatures. Specifically, if
X ∈ TxMn−1, then by equation (4.46) we have

dft (X) = cos t df (X)+ sin t dξ(X) = df (cos t X − sin t AX). (4.48)

Thus, dft (X) equals zero for X 
= 0 if and only if cot t is a principal curvature of f
at x, and X is a corresponding principal vector. Hence, p = ft (x) is a focal point of
f at x of multiplicity m if and only if cot t is a principal curvature of multiplicity m
at x. Note that each principal curvature

κ = cot t, 0 < t < π,

produces two distinct antipodal focal points on the normal geodesic with parameter
values t and t+π . The oriented hypersphere centered at a focal pointp and in oriented
contact withf (Mn−1) atf (x) is called a curvature sphere off atx. The two antipodal
focal points determined by κ are the two centers of the corresponding curvature
sphere. Thus, the correspondence between principal curvatures and curvature spheres
is bijective. The multiplicity of the curvature sphere is by definition equal to the
multiplicity of the corresponding principal curvature.

We now consider these ideas as they apply to the Legendre submanifold induced
by the oriented hypersurface determined by f and ξ . As in equation (4.35), we have
λ = [Y1, Yn+3], where

Y1 = (1, f, 0), Yn+3 = (0, ξ, 1). (4.49)

For each x ∈ Mn−1, the points on the line λ(x) can be parametrized as

[Kt(x)] = [cos t Y1(x)+ sin t Yn+3(x)] = [(cos t, ft (x), sin t)], (4.50)

where ft is given in equation (4.47). By equation (2.21) of Chapter 2, p. 17, the
point [Kt(x)] in Qn+1 corresponds to the oriented sphere in Sn with center ft (x)
and signed radius t . This sphere is in oriented contact with the oriented hypersurface
f (Mn−1) at f (x). Given a tangent vector X ∈ TxMn−1, we have

dKt(X) = (0, dft (X), 0). (4.51)

Thus, dKt(X) = (0, 0, 0) if and only if dft (X) = 0, i.e., p = ft (x) is a focal point
of f at x. Hence, we have shown the following.

Lemma 4.5. The point [Kt(x)] in Qn+1 corresponds to a curvature sphere of the
hypersurface f at x if and only if dKt(X) = (0, 0, 0) for some nonzero vector
X ∈ TxMn−1.

This characterization of curvature spheres depends on the parametrization of λ
given by {Y1, Yn+3} as in equation (4.49), and it has only been defined in the case
where the spherical projection f is an immersion. Since it is often desirable to use a
different parametrization of λ, we would like a definition of curvature sphere which
is independent of the parametrization of λ. We would also like a definition that is
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valid for an arbitrary Legendre submanifold. This definition is given in the following
paragraph.

Let λ : Mn−1 → �2n−1 be a Legendre submanifold parametrized by the pair
{Z1, Zn+3}, as in Theorem 4.3. Let x ∈ Mn−1 and r, s ∈ R with (r, s) 
= (0, 0). The
sphere,

[K] = [rZ1(x)+ sZn+3(x)],
is called a curvature sphere of λ at x if there exists a nonzero vector X in TxMn−1

such that
r dZ1(X)+ s dZn+3(X) ∈ Span{Z1(x), Zn+3(x)}. (4.52)

The vector X is called a principal vector corresponding to the curvature sphere [K].
By equation (4.33), this definition is invariant under a change of parametrization of the
form considered in Theorem 4.3. Furthermore, if we take the special parametrization
Z1 = Y1, Zn+3 = Yn+3 given in equation (4.49), then condition (4.52) holds if and
only if r dY1(X) + s dYn+3(X) actually equals (0, 0, 0). Thus, this definition is a
generalization of the condition in Lemma 4.5.

From equation (4.52), it is clear that the set of principal vectors corresponding
to a given curvature sphere [K] at x is a subspace of TxMn−1. This set is called
the principal space corresponding to the curvature sphere [K]. Its dimension is the
multiplicity of [K].
Remark 4.6. The definition of curvature sphere can be developed in the context of Lie
sphere geometry without any reference to submanifolds of Sn (see Cecil–Chern [37]
for details). In that case, one begins with a Legendre submanifoldλ : Mn−1 → �2n−1

and considers a curve γ (t) lying inMn−1. The set of points inQn+1 lying on the set
of lines λ(γ (t)) forms a ruled surface in Qn+1. One then considers conditions for
this ruled surface to be developable. This leads to a system of linear equations whose
roots determine the curvature spheres at each point along the curve.

We next want to show that the notion of curvature sphere is invariant under
Lie sphere transformations. Let λ : Mn−1 → �2n−1 be a Legendre submanifold
parametrized byλ = [Z1, Zn+3]. Supposeβ = P(B) is the Lie sphere transformation
induced by an orthogonal transformation B in the group O(n + 1, 2). Since B is
orthogonal, it is easy to check that the maps, W1 = BZ1, Wn+3 = BZn+3, satisfy
the conditions (1)–(3) of Theorem 4.3. We will denote the Legendre submanifold
defined by {W1,Wn+3} by

βλ : Mn−1 → �2n−1.

The Legendre submanifolds λ and βλ are said to be Lie equivalent. In terms of
Euclidean geometry, suppose that V and W are two immersed submanifolds of Rn

(or of Sn or Hn). We say that V and W are Lie equivalent if their induced Legendre
submanifolds are Lie equivalent.

Consider λ and β as above, so that λ = [Z1, Zn+3] and βλ = [W1,Wn+3]. Note
that for a tangent vector X ∈ TxMn−1 and for real numbers (r, s) 
= (0, 0), we have

r dW1(X)+ s dWn+3(X) = B(r dZ1(X)+ s dZn+3(X)), (4.53)
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since B is linear. Thus, we see that

r dW1(X)+ s dWn+3(X) ∈ Span{W1(x),Wn+3(x)}
if and only if

r dZ1(X)+ s dZn+3(X) ∈ Span{Z1(x), Zn+3(x)}.
This immediately implies the following theorem.

Theorem 4.7. Let λ : Mn−1 → �2n−1 be a Legendre submanifold and β a Lie sphere
transformation. The point [K] on the line λ(x) is a curvature sphere of λ at x if and
only if the point β[K] is a curvature sphere of the Legendre submanifold βλ at x.
Furthermore, the principal spaces corresponding to [K] and β[K] are identical.

An important special case is when the Lie sphere transformation is a spherical
parallel transformation Pt , as given in Section 3.5,

Pte1 = cos t e1 + sin t en+3,

Pten+3 = − sin t e1 + cos t en+3, (4.54)

Ptei = ei, 2 ≤ i ≤ n+ 2.

Recall that Pt has the effect of adding t to the signed radius of each sphere in Sn while
keeping the center fixed.

Suppose that λ : Mn−1 → �2n−1 is a Legendre submanifold parametrized by
the point sphere and great sphere maps {Y1, Yn+3}, as in equation (4.49). Then
Ptλ = [W1,Wn+3], where

W1 = PtY1 = (cos t, f, sin t), Wn+3 = PtYn+3 = (− sin t, ξ, cos t). (4.55)

Note that W1 and Wn+3 are not the point sphere and great sphere maps for Ptλ.
Solving for the point sphere map Z1 and the great sphere map Zn+3 of Ptλ, we find

Z1 = cos t W1 − sin t Wn+3 = (1, cos t f − sin t ξ, 0), (4.56)

Zn+3 = sin t W1 + cos t Wn+3 = (0, sin t f + cos t ξ, 1).

From this, we see that Ptλ has spherical projection and spherical unit normal field
given, respectively, by

f−t = cos t f − sin t ξ = cos(−t)f + sin(−t)ξ, (4.57)

ξ−t = sin t f + cos t ξ = − sin(−t)f + cos(−t)ξ.
The minus sign occurs because Pt takes a sphere with center f−t (x) and radius −t
to the point sphere f−t (x). We call Ptλ a parallel submanifold of λ. Formula (4.57)
shows the close correspondence between these parallel submanifolds and the parallel
hypersurfacesft tof , in the case wheref is an immersed hypersurface. The spherical
projectionft has singularities at the focal points of f , but the parallel submanifoldPtλ
is still a smooth submanifold of �2n−1. The following theorem, due to Pinkall [150,
p. 428], shows that the number of these singularities is bounded for each x ∈ Mn−1.
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Theorem 4.8. Let λ : Mn−1 → �2n−1 be a Legendre submanifold with spherical
projection f and spherical unit normal field ξ . Then for each x ∈ Mn−1, the
parallel map,

ft = cos t f + sin t ξ,

fails to be an immersion at x for at most n− 1 values of t ∈ [0, π).
Here [0, π) is the appropriate interval because of the phenomenon mentioned

earlier that each principal curvature of an immersion produces two distinct antipodal
focal points in the interval [0, 2π). Before proving Pinkall’s theorem, we state some
important consequences which are obtained by passing to a parallel submanifold, if
necessary, and then applying well-known results concerning immersed hypersurfaces
in Sn.

Corollary 4.9. Let λ : Mn−1 → �2n−1 be a Legendre submanifold. Then

(a) at each point x ∈ Mn−1, there are at most n − 1 distinct curvature spheres
K1, . . . , Kg ,

(b) the principal vectors corresponding to a curvature sphereKi form a subspace Ti
of the tangent space TxMn−1,

(c) the tangent space TxMn−1 = T1 ⊕ · · · ⊕ Tg ,
(d) if the dimension of a given Ti is constant on an open subset U of Mn−1, then the

principal distribution Ti is integrable on U ,
(e) if dim Ti = m > 1 on an open subset U of Mn−1, then the curvature sphere map

Ki is constant along the leaves of the principal foliation Ti .

Proof. In the case where the spherical projection f of λ is an immersion, the corollary
follows from known results concerning hypersurfaces in Sn and the correspondence
between the curvature spheres ofλ and the principal curvatures off . Specifically, (a)–
(c) follow from elementary linear algebra applied to the (symmetric) shape operator
A of the immersion f . As to (d) and (e), Ryan [163, p. 371] showed that the principal
curvature functions on an immersed hypersurface are continuous. Nomizu [134]
then showed that any continuous principal curvature function κi which has constant
multiplicity on an open subsetU inMn−1 is smooth, as is its corresponding principal
distribution (see also, Singley [170]). If the multiplicity mi of κi equals one on U ,
then Ti is integrable by the theory of ordinary differential equations. If mi > 1,
then the integrability of Ti , and the fact that κi is constant along the leaves of Ti are
consequences of Codazzi’s equation (Ryan [163], see also Cecil–Ryan [52, p. 139],
and Reckziegel [157]–[159]).

Note that (a)–(c) are pointwise statements, while (d)–(e) hold on an open set
U if they can be shown to hold in a neighborhood of each point of U . Now let x
be an arbitrary point of Mn−1. If the spherical projection f is not an immersion
at x, then by Theorem 4.8, we can find a parallel transformation P−t such that the
spherical projection ft of the Legendre submanifold P−t λ is an immersion at x, and
hence on a neighborhood of x. By Theorem 4.7, the corollary also holds for λ in this
neighborhood of x. Since x is an arbitrary point, the corollary is proved. ��



4.4 Curvature Spheres and Parallel Submanifolds 69

Let λ : Mn−1 → �2n−1 be an arbitrary Legendre submanifold. A connected
submanifold S of Mn−1 is called a curvature surface if at each x ∈ S, the tangent
space TxS is equal to some principal space Ti . For example, if dim Ti is constant on
an open subset U of Mn−1, then each leaf of the principal foliation Ti is a curvature
surface on U . Curvature surfaces are plentiful, since the results of Reckziegel [158]
and Singley [170] imply that there is an open dense subset � of Mn−1 on which the
multiplicities of the curvature spheres are locally constant. On �, each leaf of each
principal foliation is a curvature surface.

It is also possible to have a curvature surface S which is not a leaf of a princi-
pal foliation, because the multiplicity of the corresponding curvature sphere is not
constant on a neighborhood of S, as in the following example.

Example 4.10 (a curvature surface which is not a leaf of a principal foliation). Let
T 2 be a torus of revolution in R3, and embed R3 into R4 = R3 × R. Let η be a field
of unit normals to T 2 in R3. Let M3 be a tube of sufficiently small radius ε > 0
around T 2 in R4, so thatM3 is a compact smooth embedded hypersurface in R4. The
normal space to T 2 in R4 at a point x ∈ T 2 is spanned by η(x) and e4 = (0, 0, 0, 1).
The shape operator Aη of T 2 has two distinct principal curvatures at each point of
T 2, while the shape operator Ae4 of T 2 is identically zero. Thus the shape operator
Aζ for the normal

ζ = cos θ η(x)+ sin θ e4,

at a point x ∈ T 2, is given by

Aζ = cos θ Aη(x).

From the formulas for the principal curvatures of a tube (see Cecil–Ryan [52,
p. 131]), one finds that at all points of M3 where x4 
= ±ε, there are three distinct
principal curvatures of multiplicity one, which are constant along their corresponding
lines of curvature (curvature surfaces of dimension one). However, on the two tori,
T 2 × {±ε}, the principal curvature κ = 0 has multiplicity two. These two tori are
curvature surfaces for this principal curvature, since the principal space corresponding
to κ is tangent to each torus at every point. The Legendre submanifold λ induced by
this embedding of M3 in R4 has the same properties.

Part (e) of Corollary 4.9 has the following generalization, the proof of which is ob-
tained by invoking the theorem of Ryan [163] mentioned in the proof of Corollary 4.9,
with obvious minor modifications.

Corollary 4.11. Suppose that S is a curvature surface of dimension m > 1 in a
Legendre submanifold. Then the corresponding curvature sphere is constant along S.

A hypersurface f : Mn−1 → Sn is called a Dupin hypersurface if along each
curvature surface, the corresponding principal curvature is constant. We generalize
this to the context of Lie sphere geometry by defining a Dupin submanifold to be a
Legendre submanifold with the property that along each curvature surface, the cor-
responding curvature sphere is constant. Of course, Legendre submanifolds induced
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by Dupin hypersurfaces in Sn are Dupin in the sense defined here. But our definition
is more general, because the spherical projection of a Dupin submanifold need not
be an immersion. Corollary 4.11 shows that the only curvature surfaces which must
be considered in checking the Dupin property are those of dimension one. A Dupin
submanifold,

λ : Mn−1 → �2n−1,

is said to be proper Dupin if the number of distinct curvature spheres is constant on
Mn−1. The Legendre submanifold induced by the torus T 2 in Example 4.10 above is
a proper Dupin submanifold. On the other hand, the Legendre submanifold induced
by the tube M3 over T 2 is Dupin, but not proper Dupin, since the number of distinct
curvature spheres is not constant onM3. By Theorem 4.7 both the Dupin and proper
Dupin conditions are invariant under Lie sphere transformations. Because of this, Lie
sphere geometry has proved to be a useful setting for the study of Dupinsubmanifolds.

We now begin the proof of Pinkall’s theorem, Theorem 4.8. Let λ : Mn−1 →
�2n−1 be a Legendre submanifold with spherical projection f and spherical unit
normal field ξ . Given x ∈ Mn−1, the differential df is a linear map on TxMn−1 that
satisfies

df (X) · f (x) = 0, df (X) · ξ(x) = 0,

for all X ∈ TxM
n−1. The second equation above holds because λ is a Legendre

submanifold. The differential dξ satisfies

dξ(X) · f (x) = 0, dξ(X) · ξ(x) = 0,

with the first equation due to the contact condition and the fact that f · ξ = 0. Thus,
df and dξ are both linear maps from TxM

n−1 to the vector space

Wn−1
x = (Span{f (x), ξ(x)})⊥.

The first step in the proof of Theorem 4.8 is the following lemma.

Lemma 4.12. Let λ : Mn−1 → �2n−1 be a Legendre submanifold with spherical
projection f and spherical unit normal field ξ . Let x be any point ofMn−1. Then for
any two vectors X, Y in TxMn−1, we have

df (X) · dξ(Y ) = df (Y ) · dξ(X).
Proof. Extend X and Y to vector fields in a neighborhood of x such that the Lie
bracket [X, Y ] = 0. First we differentiate the equation f · ξ = 0 and obtain

0 = X(f · ξ) = Xf · ξ + f ·Xξ.
This, along with the contact condition Xf · ξ = 0, implies that f ·Xξ = 0. We now
differentiate this in the direction of Y to obtain

Yf ·Xξ + f · YXξ = 0. (4.58)

Interchanging the roles of X and Y , we also have
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Xf · Yξ + f ·XYξ = 0. (4.59)

Since XY = YX, we can subtract equation (4.59) from equation (4.58) and obtain
Xf · Yξ = Yf ·Xξ , i.e., df (X) · dξ(Y ) = df (Y ) · dξ(X). ��

Theorem 4.8 now follows from Lemma 4.13 below with

S = df : TxMn−1 → Wn−1
x , T = dξ : TxMn−1 → Wn−1

x .

The linear maps S and T satisfy requirement (a) of Lemma 4.13 because of
Lemma 4.12, and they satisfy requirement (b) of Lemma 4.13 by the immersion
condition in Theorem 4.2. Then by Lemma 4.13, at each x ∈ Mn−1, the map

dft = cos t df + sin t dξ

fails to be a bijection for at most n − 1 values of t in the interval [0, π). Thus
Theorem 4.8 is proved. We now prove the key lemma.

Lemma 4.13. Let V and W be real vector spaces of dimension n − 1, and suppose
that W has a positive definite scalar product (denoted by ·). Suppose that S and T
are linear transformations from V to W that satisfy the following conditions:

(a) SX · T Y = SY · TX for all X, Y ∈ V .
(b) kernel S ∩ kernel T = {0}.
Then there are at most (n− 1 − dim kernel S) values of a ∈ R for which the linear
transformation aS + T fails to be a bijection.

Proof. Let V ∗ = V/ kernel S and W ∗ = Image S. Then V ∗ and W ∗ both have
the same dimension, m = (n − 1 − dim kernel S). For X ∈ V , let X∗ denote the
image of X under the canonical projection to V ∗. For Y ∈ W , let Y ∗ denote the
orthogonal projection of Y onto W ∗. Suppose that Z is in kernel S. Then for any Y
in V , condition (a) implies that

T Z · SY = T Y · SZ = 0.

Thus T Z is orthogonal to every vector in W ∗. Therefore, the mapping,

T ∗ : V ∗ → W ∗, T ∗X∗ = (T X)∗,

is well defined. Similarly, the mapping S∗ : V ∗ → W ∗ given by S∗X∗ = (SX)∗
is well defined. Moreover, the map S∗ is bijective, since its kernel is {0}, and V ∗
and W ∗ have the same dimension. We can use the bijection S∗ to define a positive
definite scalar product (, ) on V ∗ as follows:

(X∗, Y ∗) = S∗X∗ · S∗Y ∗.

Now define a linear transformationL : V ∗ → V ∗ byL = S∗−1T ∗. Then for allX, Y
in V , we have
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SX · T Y = SX · (T Y )∗ = S∗X∗ · T ∗Y ∗ = S∗X∗ · S∗(S∗−1T ∗Y ∗)
= (X∗, S∗−1T ∗Y ∗) = (X∗, LY ∗).

Reversing the roles of X and Y , we have

SY · TX = (Y ∗, LX∗).

Thus, L is self-adjoint by (a). Furthermore, for all X ∈ V , we have

TX · TX ≥ (T X)∗ · (T X)∗ = T ∗X∗ · T ∗X∗ (4.60)

= S∗S∗−1T ∗X∗ · S∗S∗−1T ∗X∗ = (LX∗, LX∗) = (X∗, L2X∗).

Now for X ∈ V and a ∈ R, we have that X is in kernel (aS + T ) if and only if

(aSX + TX) · (aSX + TX) = 0.

Using equation (4.60), we get

(aSX + TX) · (aSX + TX) = a2SX · SX + 2aSX · TX + TX · TX
≥ a2(X∗, X∗)+ 2a(X∗, LX∗)+ (X∗, L2X∗)
= ((aI + L)X∗, (aI + L)X∗) ≥ 0,

where I is the identity on V ∗. Hence, X is in kernel (aS + T ) if and only if X∗ is in
kernel (aI +L). Since (aI +L) is a symmetric transformation on a positive definite
inner product space of dimension m, it fails to be a bijection for at most m values of
a. For all other values of a, the vectorX is in kernel (aS + T ) if and only ifX∗ = 0,
i.e., X is in kernel S. In that case, the equation,

(aS + T )X = 0,

implies that TX = 0, i.e., X is in kernel T . Then condition (b) implies that X = 0,
and thus aS + T is a bijection. ��

4.5 Lie Curvatures and Isoparametric Hypersurfaces

In this section,we introduce certain natural Lie invariants of Legendre submanifolds
which have been useful in the study of Dupin and isoparametric hypersurfaces.

Let λ : Mn−1 → �2n−1 be an arbitrary Legendre submanifold. As before, we
can write λ = [Y1, Yn+3] with

Y1 = (1, f, 0), Yn+3 = (0, ξ, 1), (4.61)

where f and ξ are the spherical projection and spherical field of unit normals, re-
spectively. At each point x ∈ Mn−1, the points on the line λ(x) can be written in
the form
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µY1(x)+ Yn+3(x), (4.62)

i.e., takeµ as an inhomogeneous coordinate along the projective line λ(x). Of course,
Y1 corresponds to µ = ∞. The next two theorems give the relationship between the
coordinates of the curvature spheres of λ and the principal curvatures of f , in the
case where f has constant rank. In the first theorem, we assume that the spherical
projection f is an immersion on Mn−1. By Theorem 4.8, we know that this can
always be achieved locally by passing to a parallel submanifold.

Theorem 4.14. Let λ : Mn−1 → �2n−1 be a Legendre submanifold whose spherical
projection f : Mn−1 → Sn is an immersion. Let Y1 and Yn+3 be the point sphere
and great sphere maps of λ as in equation (4.61). Then the curvature spheres of λ at
a point x ∈ Mn−1 are

[Ki] = [κiY1 + Yn+3], 1 ≤ i ≤ g,

whereκ1, . . . , κg are the distinct principal curvatures atx of the oriented hypersurface
f with field of unit normals ξ . The multiplicity of the curvature sphere [Ki] equals
the multiplicity of the principal curvature κi .

Proof. Let X be a nonzero vector in TxMn−1. Then for any real number µ,

d(µY1 + Yn+3)(X) = (0, µ df (X)+ dξ(X), 0).

This vector is in Span{Y1(x), Yn+3(x)} if and only if

µ df (X)+ dξ(X) = 0,

i.e., µ is a principal curvature of f with corresponding principal vector X.

A second noteworthy case is when the point sphere map Y1 is a curvature sphere
of constant multiplicity m on Mn−1. By Corollary 4.9, the corresponding principal
distribution is a foliation, and the curvature sphere map [Y1] is constant along the
leaves of this foliation. Thus the map [Y1] factors through an immersion [W1] from
the space of leaves V of this foliation into Qn+1. We can write

W1 = (1, φ, 0),

where φ : V → Sn is an immersed submanifold of codimensionm+1. The manifold
Mn−1 is locally diffeomorphic to an open subset of the unit normal bundle Bn−1 of
the submanifold φ, and λ is essentially the Legendre submanifold induced by φ(V ),
as defined in Section 4.3. The following theorem relates the curvature spheres of λ
to the principal curvatures of φ. Recall that the point sphere and great sphere maps
for λ are given as in equation (4.37) by

Y1(x, ξ) = (1, φ(x), 0), Yn+3(x, ξ) = (0, ξ, 1). (4.63)
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Theorem 4.15. Let λ : Bn−1 → �2n−1 be the Legendre submanifold induced by an
immersed submanifold φ(V ) in Sn of codimension m + 1. Let Y1 and Yn+3 be the
point sphere and great sphere maps of λ as in equation (4.63). Then the curvature
spheres of λ at a point (x, ξ) ∈ Bn−1 are

[Ki] = [κiY1 + Yn+3], 1 ≤ i ≤ g,

where κ1, . . . , κg−1 are the distinct principal curvatures of the shape operator Aξ ,
and κg = ∞. For 1 ≤ i ≤ g− 1, the multiplicity of the curvature sphere [Ki] equals
the multiplicity of the principal curvature κi , while the multiplicity of [Kg] is m.

Proof. To find the curvature spheres of λ, we use the local trivialization of Bn−1

given in Section 4.3, and the decomposition of the tangent space to Bn−1 at (x, ξ) as
follows:

TxV × Span{∂/∂t1, . . . , ∂/∂tm} = TxV × Rm,

as in equation (4.38). First, note that dY1(0, Z) equals 0 for any Z ∈ Rm, since Y1
depends only on x. Hence, Y1 is a curvature sphere, as expected. Furthermore, since

dY1(X, 0) = (0, dφ(X), 0)

is never in Span{Y1(x, ξ), Yn+3(x, ξ)} for a nonzeroX ∈ TxV , the multiplicity of the
curvature sphere Y1 is m. If we let [Kg] = [κgY1 + Yn+3] be this curvature sphere,
then we must take κg = ∞ to get [Y1]. Using equation (4.39), we find the other
curvature spheres at (x, ξ) by computing

d(µY1 + Yn+3)(X, 0) = (0, dφ(µX − AξX), 0).

From this it is clear that [µY1 + Yn+3] is a curvature sphere with principal vector
(X, 0) if and only if µ is a principal curvature of Aξ with corresponding principal
vector X.

Given these two theorems, we define a principal curvature of a Legendre sub-
manifold λ : Mn−1 → �2n−1 at a point x ∈ Mn−1 to be a value κ in the set R ∪{∞}
such that [κY1(x)+ Yn+3(x)] is a curvature sphere of λ at x, where Y1 and Yn+3 are
as in equation (4.61).

Remark 4.16. See Reckziegel [158] for a Riemannian treatment of the notion of prin-
cipal curvatures and curvature surfaces in the case of an immersed submanifold
φ : V → Sn of codimension greater than one. In that case, Reckziegel defines a cur-
vature surface to be a connected submanifold S ⊂ V for which there is a parallel (with
respect to the normal connection) section of the unit normal bundle η : S → Bn−1

such that for each x ∈ S, the tangent space TxS is equal to some eigenspace of Aη(x).
The corresponding principal curvature κ : S → R is then a smooth function on S.
Pinkall [151] calls a submanifold φ(V ) of codimension greater than one “Dupin’’ if
along each curvature surface (in the sense of Reckziegel), the corresponding princi-
pal curvature is constant. One can show that Pinkall’s definition is equivalent to our
definition of a Dupin submanifold in the case where λ : Bn−1 → �2n−1 is the Leg-
endre submanifold induced by an immersed submanifold φ(V ) in Sn of codimension
greater than one.
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The principal curvatures of a Legendre submanifold are not Lie invariant and
depend on the special parametrization for λ given in equation (4.61). However, R.
Miyaoka [113] pointed out that the cross-ratios of the principal curvatures are Lie
invariant. In order to formulate Miyaoka’s theorem, we need to introduce some
notation. Suppose that β is a Lie sphere transformation. The Legendre submanifold
βλ has point sphere and great sphere maps given, respectively, by

Z1 = (1, h, 0), Zn+3 = (0, ζ, 1),

where h and ζ are the spherical projection and spherical field of unit normals for βλ.
Suppose that

[Ki] = [κiY1 + Yn+3], 1 ≤ i ≤ g,

are the distinct curvature spheres of λ at a point x ∈ Mn−1. By Theorem 4.7, the
points β[Ki], 1 ≤ i ≤ g, are the distinct curvature spheres of βλ at x. We can write

β[Ki] = [γiZ1 + Zn+3], 1 ≤ i ≤ g.

These γi are the principal curvatures of βλ at x.
For four distinct numbers a, b, c, d in R ∪ {∞}, we adopt the notation

[a, b; c, d] = (a − b)(d − c)

(a − c)(d − b)
(4.64)

for the cross-ratio of a, b, c, d. We use the usual conventions involving operations
with ∞. For example, if d = ∞, then the expression (d − c)/(d − b) evaluates to
one, and the cross-ratio [a, b; c, d] equals (a − b)/(a − c).

Miyaoka’s theorem can now be stated as follows.

Theorem 4.17. Let λ : Mn−1 → �2n−1 be a Legendre submanifold and β a Lie
sphere transformation. Suppose that κ1, . . . , κg, g ≥ 4, are the distinct principal
curvatures of λ at a point x ∈ Mn−1, and γ1, . . . , γg are the corresponding principal
curvatures of βλ at x. Then for any choice of four numbers h, i, j, k from the set
{1, . . . , g}, we have

[κh, κi; κj , κk] = [γh, γi; γj , γk]. (4.65)

Proof. The left side of equation (4.65) is the cross-ratio, in the sense of projective
geometry, of the four points [Kh], [Ki], [Kj ], [Kk] on the projective line λ(x). The
right side of equation (4.65) is the cross-ratio of the images of these four points
under β. The theorem now follows from the fact that the projective transformation
β preserves the cross-ratio of four points on a line. ��

The cross-ratios of the principal curvatures of λ are called the Lie curvatures of
λ. A set of related invariants for the Möbius group is obtained as follows. First,
recall that a Möbius transformation is a Lie sphere transformation that takes point
spheres to point spheres. Hence the transformation β in Theorem 4.17 is a Möbius
transformation if and only if β[Y1] = [Z1]. This leads to the following corollary of
Theorem 4.17.
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Corollary 4.18. Let λ : Mn−1 → �2n−1 be a Legendre submanifold and β a Möbius
transformation. Then for any three distinct principal curvatures κh, κi, κj of λ at a
point x ∈ Mn−1, none of which equals ∞, we have

�(κh, κi, κj ) = (κh − κi)/(κh − κj ) = (γh − γi)/(γh − γj ), (4.66)

where γh, γi and γj are the corresponding principal curvatures of βλ at the point x.

Proof. First, note that we are using equation (4.66) to define the quantity �. Now
since β is a Möbius transformation, the point [Y1], corresponding to µ = ∞, is taken
by β to the pointZ1 with coordinate γ = ∞. Since β preserves cross-ratios, we have

[κh, κi; κj ,∞] = [γh, γi; γj ,∞].
The corollary now follows since the cross-ratio on the left in the equation above
equals the left side of equation (4.66), and the cross-ratio on the right above equals
the right side of equation (4.66). ��

Aratio� of the form (4.66) is called a Möbius curvature of λ. Lie and Möbius cur-
vatures have been useful in characterizing Legendre submanifolds that are Lie equiv-
alent to Legendre submanifolds induced by isoparametric hypersurfaces in spheres.

Recall that an immersed hypersurface in a real space-form, Rn, Sn or Hn, is
said to be isoparametric if it has constant principal curvatures. As noted in the
introduction, an isoparametric hypersurface M in Rn can have at most two distinct
principal curvatures, and M must be an open subset of a hyperplane, hypersphere or
a spherical cylinder Sk × Rn−k−1. (Levi–Civita [101] for n = 3 and B. Segre [169]
for arbitrary n.)

In a series of four papers, Cartan [16]–[19] studied isoparametric hypersurfaces
in the other space-forms In Hn, he showed that an isoparametric hypersurface can
have at most two distinct principal curvatures, and it is either totally umbilic or else
a standard product Sk ×Hn−k−1 in Hn (see also Ryan [164, pp. 252–253]).

In the sphere Sn, however, Cartan found examples of isoparametric hypersurfaces
in Sn with 1, 2, 3 or 4 distinct principal curvatures, and he classified isoparametric
hypersurfaces with g ≤ 3 principal curvatures. Cartan’s theory was further developed
by Münzner [123], who showed among other things that the number g of distinct
principal curvatures of an isoparametric hypersurface must be 1, 2, 3, 4 or 6. The
major results in the theory of isoparametric hypersurfaces in spheres are described in
detail in the introduction. (See also the survey article by Thorbergsson [192].)

Münzner’s work shows that any connected isoparametric hypersurface in Sn can
be extended to a compact, connected isoparametric hypersurface in a unique way.
The following is a local Lie geometric characterization of those Legendre submani-
folds that are Lie equivalent to a Legendre submanifold induced by an isoparametric
hypersurface in Sn (see Cecil [33]). Recall that a line in Pn+2 is called timelike if it
contains only timelike points. This means that an orthonormal basis for the 2-plane
in Rn+3

2 determined by the timelike line consists of two timelike vectors. An example
is the line [e1, en+3].
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Theorem 4.19. Let λ : Mn−1 → �2n−1 be a Legendre submanifold with g distinct
curvature spheres [K1], . . . , [Kg] at each point. Then λ is Lie equivalent to the
Legendre submanifold induced by an isoparametric hypersurface in Sn if and only if
there exist g points [P1], . . . , [Pg] on a timelike line in Pn+2 such that

〈Ki, Pi〉 = 0, 1 ≤ i ≤ g.

Proof. If λ is the Legendre submanifold induced by an isoparametric hypersurface in
Sn, then all the spheres in a family [Ki] have the same radius ρi , where 0 < ρi < π .
By formula (2.21) of Chapter 2, p. 17, this is equivalent to the condition 〈Ki, Pi〉 = 0,
where

Pi = sin ρi e1 − cos ρi en+3, 1 ≤ i ≤ g, (4.67)

are g points on the timelike line [e1, en+3]. Since a Lie sphere transformation pre-
serves curvature spheres, timelike lines and the polarity relationship, the same is true
for any image of λ under a Lie sphere transformation.

Conversely, suppose that there exist g points [P1], . . . , [Pg] on a timelike line �
such that

〈Ki, Pi〉 = 0, 1 ≤ i ≤ g.

Let β be a Lie sphere transformation that maps � to the line [e1, en+3]. Then the
curvature spheres β[Ki] of βλ are respectively orthogonal to the points [Qi] = β[Pi]
on the line [e1, en+3]. This means that the spheres corresponding to β[Ki] have
constant radius onMn−1. By applying a parallel transformation, if necessary, we can
arrange that none of these curvature spheres has radius zero. Then βλ is the Legendre
submanifold induced by an isoparametric hypersurface in Sn. ��
Remark 4.20. In the case where λ is Lie equivalent to the Legendre submanifold
induced by an isoparametric hypersurface in Sn, one can say more about the position
of the points [P1], . . . , [Pg] on the timelike line �. Münzner showed that the radii ρi
of the curvature spheres of an isoparametric hypersurface must be of the form

ρi = ρ1 + (i − 1)
π

g
, 1 ≤ i ≤ g, (4.68)

for some ρ1 ∈ (0, π/g). Hence, after Lie sphere transformation, the [Pi] must have
the form (4.67) for ρi as in equation (4.68).

Since the principal curvatures are constant on an isoparametric hypersurface, the
Lie curvatures are also constant. By Münzner’s work, the distinct principal curvatures
κi, 1 ≤ i ≤ g, of an isoparametric hypersurface must have the form

κi = cot ρi, (4.69)

for ρi as in equation (4.68). Thus the Lie curvatures of an isoparametric hypersurface
can be determined. We can order the principal curvatures so that

κ1 < · · · < κg. (4.70)
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In the case g = 4, this leads to a unique Lie curvature � defined by

� = [κ1, κ2; κ3, κ4] = (κ1 − κ2)(κ4 − κ3)/(κ1 − κ3)(κ4 − κ2). (4.71)

The ordering of the principal curvatures implies that � must satisfy 0 < � < 1.
Using equations (4.69) and (4.71), one can compute that � = 1/2 on any isopara-
metric hypersurface, i.e., the four curvature spheres form a harmonic set in the sense
of projective geometry (see, for example, [166, p. 59]). There is, however, a simpler
way to compute�. One applies Theorem 4.15 to the Legendre submanifold induced
by one of the focal submanifolds of the isoparametric hypersurface. By the work of
Münzner, each isoparametric hypersurface Mn−1 embedded in Sn has two distinct
focal submanifolds, each of codimension greater than one. The hypersurface Mn−1

is a tube of constant radius over each of these focal submanifolds. Therefore, the
Legendre submanifold induced byMn−1 is obtained from the Legendre submanifold
induced by either focal submanifold by parallel transformation. Thus, the Legendre
submanifold induced by Mn−1 has the same Lie curvature as the Legendre subman-
ifold induced by either focal submanifold. Let φ : V → Sn be one of the focal
submanifolds. By the same calculation that yields equation (4.68), Münzner showed
that if ξ is any unit normal to φ(V ) at any point, then the shape operatorAξ has three
distinct principal curvatures,

κ1 = −1, κ2 = 0, κ3 = 1.

By Theorem 4.15, the Legendre submanifold induced by φ has a fourth principal
curvature κ4 = ∞. Thus, the Lie curvature of this Legendre submanifold is

� = (−1 − 0)(∞ − 1)/(−1 − 1)(∞ − 0) = 1/2.

We can determine the Lie curvatures of an isoparametric hypersurface Mn−1 in Sn

with g = 6 principal curvatures in the same way. Let φ(V ) be one of the focal
submanifolds of Mn−1. By Münzner’s formula (4.68), the Legendre submanifold
induced by φ(V ) has six constant principal curvatures,

κ1 = −√
3, κ2 = −1/

√
3, κ3 = 0, κ4 = 1/

√
3, κ5 = √

3, κ6 = ∞.

The corresponding six curvature spheres are situated symmetrically, as in Figure 4.2.
There are only three geometrically distinct configurations which can obtained by
choosing four of the six curvature spheres. These give the cross-ratios:

[κ3, κ4; κ5, κ6] = 1/3, [κ2, κ3; κ5, κ6] = 1/4, [κ2, κ3; κ4, κ6] = 1/2.

Of course, if a certain cross-ratio has the value �, then one can obtain the values

{�, 1/�, 1 −�, 1/(1 −�), (� − 1)/�,�/(� − 1)}, (4.72)

by permuting the order of the spheres (see, for example, Samuel [166, p. 58]).
Returning to the case g = 4, one can ask what is the strength of the assumption

� = 1/2 on Mn−1. Since � is only one function of the principal curvatures, one
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Fig. 4.2. Curvature spheres on a projective line, g = 6.

would not expect this assumption to classify Legendre submanifolds up to Lie equiv-
alence. However, if one makes additional assumptions, e.g., the Dupin condition,
then results can be obtained.

Miyaoka [113] proved that the assumption that � is constant on a compact con-
nected proper Dupin hypersurfaceMn−1 inSn with four principal curvatures, together
with an additional assumption regarding intersections of leaves of the various princi-
pal foliations, implies that Mn−1 is Lie equivalent to an isoparametric hypersurface.
Note Thorbergsson [190] showed that for a compact proper Dupin hypersurface in
Sn with four principal curvatures, the multiplicities of the principal curvatures must
satisfy m1 = m2, m3 = m4, when the principal curvatures are appropriately ordered
(see also Stolz [177]).

Cecil, Chi and Jensen [41] used a different approach than Miyaoka to prove that
ifMn−1 is a compact connected proper Dupin hypersurface in Sn with four principal
curvatures and constant Lie curvature, whose multiplicities satisfy m1 = m2 ≥ 1,
m3 = m4 = 1, then Mn−1 is Lie equivalent to an isoparametric hypersurface. Thus,
Miyaoka’s additional assumption is not needed in that case. It remains an open
question whether Miyaoka’s additional assumption can be removed in the case where
m3 = m4 is also allowed to be greater than one, although this has been conjectured
to be true by Cecil and Jensen [45, pp. 3–4].

In the same paper [41], Cecil, Chi and Jensen also obtained a local result by
showing that if a connected proper Dupin submanifold,

λ : Mn−1 → �2n−1,

has four distinct principal curvatures with multiplicities,

m1 = m2 ≥ 1, m3 = m4 = 1, (4.73)

and constant Lie curvature � = −1, and λ is irreducible (in the sense of Pinkall
[150], see Section 5.1), then λ is Lie equivalent to the Legendre submanifold induced
by an isoparametric hypersurface in Sn. (Note that if the principal curvatures of
an isoparametric hypersurface with four principal curvatures are ordered so that the
multiplicities satisfy m1 = m2, m3 = m4, then the Lie curvature equals −1 instead
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of 1/2, see equation (4.72)). Again the conjecture of Cecil and Jensen [45, pp. 3–4]
states that this result also holds if m3 = m4 is allowed to be greater than one.

We now return to the ordering of the principal curvatures given in equation (4.70),
so that the Lie curvature � = 1/2 for an isoparametric hypersurface with four prin-
cipal curvatures.

The following example of Cecil [33] shows that some additional hypotheses be-
sides � = 1/2 are needed to be able to conclude that a proper Dupin hypersurface
with four principal curvatures is Lie equivalent to an isoparametric hypersurface.
This example is a noncompact proper Dupin submanifold with g = 4 distinct prin-
cipal curvatures and constant Lie curvature � = 1/2, which is not Lie equivalent
to an open subset of an isoparametric hypersurface with four principal curvatures in
Sn. This example cannot be made compact without destroying the property that the
number g of distinct curvatures spheres equals four at each point.

Let φ : V → Sn−m be an embedded Dupin hypersurface in Sn−m with field of
unit normals ξ , such that φ has three distinct principal curvatures,

µ1 < µ2 < µ3,

at each point ofV . Embed Sn−m as a totally geodesic submanifold of Sn, and letBn−1

be the unit normal bundle of the submanifold φ(V ) in Sn. Let λ : Bn−1 → �2n−1 be
the Legendre submanifold induced by the submanifold φ(V ) in Sn. Any unit normal
η to φ(V ) at a point x ∈ V can be written in the form

η = cos θ ξ(x)+ sin θ ζ,

where ζ is a unit normal to Sn−m in Sn. Since the shape operator Aζ = 0, we have

Aη = cos θ Aξ .

Thus the principal curvatures of Aη are

κi = cos θ µi, 1 ≤ i ≤ 3. (4.74)

If η · ξ = cos θ 
= 0, then Aη has three distinct principal curvatures. However, if
η · ξ = 0, then Aη = 0. Let U be the open subset of Bn−1 on which cos θ > 0, and
let α denote the restriction of λ to U . By Theorem 4.15, α has four distinct curvature
spheres at each point of U . Since φ(V ) is Dupin in Sn−m, it is easy to show that α is
Dupin (see the tube construction in Section 5.2 for the details). Furthermore, since
κ4 = ∞, the Lie curvature� of α at a point (x, η) of U equals the Möbius curvature
�(κ1, κ2, κ3). Using equation (4.74), we compute

� = �(κ1, κ2, κ3) = κ1 − κ2

κ1 − κ3
= µ1 − µ2

µ1 − µ3
= �(µ1, µ2, µ3). (4.75)

Now suppose that φ(V ) is a minimal isoparametric hypersurface in Sn−m with three
distinct principal curvatures. By Münzner’s formula (4.68), these principal curvatures
must have the values
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µ1 = −√
3, µ2 = 0, µ3 = √

3.

On the open subsetU ofBn−1 described above, the Lie curvature ofα has the constant
value 1/2 by equation (4.75). To construct an immersed proper Dupin hypersurface
with four principal curvatures and constant Lie curvature � = 1/2 in Sn, we simply
take the open subset φt (U) of the tube of radius t around φ(V ) in Sn.

It is not hard to see that this example is not Lie equivalent to an open subset of an
isoparametric hypersurface in Sn with four distinct principal curvatures. Note that
the point sphere map [Y1] of α is a curvature sphere of multiplicity m which lies in
the linear subspace of codimensionm+1 in Pn+2 orthogonal to the space spanned by
en+3 and by those vectors ζ normal to Sn−m in Sn. This geometric fact implies that
for such a vector ζ , there are only two distinct curvature spheres on each of the lines
λ(x, ζ ), sinceAζ = 0 (see Theorem 4.15). On the other hand, if γ : Mn−1 → �2n−1

is the Legendre submanifold induced by an isoparametric hypersurface in Sn with four
distinct principal curvatures, then there are four distinct curvature spheres on each
line γ (x), for x ∈ Mn−1. Thus, no curvature sphere of γ lies in a linear subspace
of codimension greater than one in Pn+2, and so γ is not Lie equivalent to α. This
change in the number of distinct curvature spheres at points of the form (x, ζ ) is
precisely why α cannot be extended to a compact proper Dupin submanifold with
g = 4.

With regard to Theorem 4.19, α comes as close as possible to satisfying the re-
quirements for being Lie equivalent to an isoparametric hypersurface without actually
fulfilling them. The principal curvatures κ2 = 0 and κ4 = ∞ are constant on U . If a
third principal curvature were also constant, then the constancy of� would imply that
all four principal curvatures were constant, and α would be the Legendre submanifold
induced by an isoparametric hypersurface.

Using this same method, it is easy to construct noncompact proper Dupin hy-
persurfaces in Sn with g = 4 and � = c, for any constant 0 < c < 1. If φ(V )
is an isoparametric hypersurface in Sn−m with three distinct principal curvatures,
then Münzner’s formula (4.68) implies that these principal curvatures must have the
values

µ1 = cot

(
θ + 2π

3

)
, µ2 = cot

(
θ + π

3

)
, µ3 = cot θ, 0 < θ <

π

3
.

(4.76)
Furthermore, any value of θ in (0, π/3) can be realized by some hypersurface in a
parallel family of isoparametric hypersurfaces. A direct calculation using equations
(4.75) and (4.76) shows that the Lie curvature � of α satisfies

� = �(κ1, κ2, κ3) = κ1 − κ2

κ1 − κ3
= µ1 − µ2

µ1 − µ3
= 1

2
+

√
3

2
tan

(
θ − π

6

)
,

on U . This can assume any value c in the interval (0, 1) by an appropriate choice
of θ in (0, π/3). An open subset of a tube over φ(V ) in Sn is a proper Dupin
hypersurface with g = 4 and � = � = c. Note that � has different values on
different hypersurfaces in the parallel family of isoparametric hypersurfaces. Thus
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these hypersurfaces are not Möbius equivalent to each other by Corollary 4.18. This is
consistent with the fact that a parallel transformation is not a Möbius transformation.

4.6 Lie Invariance of Tautness

In this section, we prove that tautness is invariant under Lie sphere transformations.
A proof of this result was first given in [37]. However, the proof that we give here
is due to Álvarez Paiva [2], who used functions whose level sets form a parabolic
pencil of spheres rather than the usual distance functions to formulate tautness. This
leads to a very natural proof of the Lie invariance of tautness.

First, we briefly review the definition and basic facts concerning taut immersions
into real space forms. The reader is referred to Cecil–Ryan [52, Chapter 2] or the
survey article [36] in the book [39] for more detail and additional references. For
a generalization of tautness to submanifolds of arbitrary Riemannian manifolds, see
Terng and Thorbergsson [189].

Let φ : V → Rn be an immersion of a compact, connected manifold V into Rn

with dim V < n. For p ∈ Rn, the Euclidean distance function, Lp : V → R, is
defined by the formula

Lp(x) = |p − φ(x)|2.
If p is not a focal point of the submanifold φ, thenLp is a nondegenerate function (or
a Morse function), i.e., all of its critical points are nondegenerate (see Milnor [110,
pp. 32–38]). By the Morse inequalities, the number µ(Lp) of critical points of a
nondegenerate distance function on V satisfies

µ(Lp) ≥ β(V ; F),

the sum of the F-Betti numbers of V for any field F. The immersion φ is said to be
taut if there exists a field F such that every nondegenerate Euclidean distance function
has β(V ; F) critical points on V . If it is necessary to distinguish the field F, we will
say that φ is F-taut. The field F = Z2 has been satisfactory for most considerations
thus far, and we will use Z2 as the field in this section.

Tautness was first studied by Banchoff [6], who determined all taut two-dimen-
sional surfaces in Euclidean space. Carter and West [21] introduced the term “taut
immersion,’’ and proved many basic results in the field. Among these is the fact that
a taut immersion must be an embedding, since if p ∈ Rn were a double point, then
the function Lp would have two absolute minima instead of just one, as required by
tautness.

Tautness is invariant under Möbius transformations of Rn∪{∞}. Further, an em-
bedding φ : V → Rn of a compact manifold V is taut if and only if the embedding
σφ : V → Sn has the property that every nondegenerate spherical distance function
dp(q) = cos−1(p · q) has β(V ; F) critical points on V , where σ : Rn → Sn−{P } is
stereographic projection (see Section 2.2). Since a spherical distance function dp is
essentially a Euclidean height function �p(q) = p · q, for p, q ∈ Sn, the embedding
φ is taut if and only if the spherical embedding σφ is tight, i.e., every nondegenerate
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height function �p has β(V ; F) critical points on V . It is often simpler to use height
functions rather than spherical distance functions when studying tautness for subman-
ifolds of Sn. (For a survey of results on tight submanifolds, see Kuiper [97]–[98],
Banchoff and Kühnel [7] or Cecil–Ryan [52, Chapter 1]. For taut submanifolds of
hyperbolic space, see Cecil [30], and Cecil and Ryan [48]–[49].)

In this proof of the Lie invariance of tautness, it is more convenient to consider
embeddings into Sn rather than Rn. The remarks in the paragraph above show that
the two theories are essentially equivalent for embeddings of compact manifolds V .

Kuiper [96] gave a reformulation of critical point theory in terms of an injectivity
condition on homology which has turned out to be very fruitful in the theory of tight
and taut immersions. Let f be a nondegenerate function on a manifold V . We define
the sublevel set

Vr(f ) = {x ∈ V | f (x) ≤ r}, r ∈ R. (4.77)

The next theorem, which follows immediately from Morse–Cairns [122, Theorem 2.2,
p. 260] (see also Cecil–Ryan [52, Theorem 2.1 of Chapter 1]), was a key to Kuiper’s
formulation of these conditions.

Theorem 4.21. Let f be a nondegenerate function on a compact, connected manifold
V . For a given field F, the numberµ(f ) of critical points of f equals the sumβ(V ; F)
of the F-Betti numbers of V if and only if the map on homology,

H∗(Vr(f ); F) → H∗(V ; F), (4.78)

induced by the inclusion Vr(f ) ⊂ V is injective for all r ∈ R.

Of course, for an embedding φ : V → Sn and a height function �p, the set
Vr(�p), is equal to φ−1(B), where B is the closed ball in Sn obtained by intersecting
Sn with the half-space in Rn+1 determined by the inequality �p(q) ≤ r . Kuiper [99]
used the continuity property of Z2-Čech homology to formulate tautness in terms of
φ−1(B), for all closed balls B in Sn, not just those centered at nonfocal points of φ.
Thus, Kuiper proved the following theorem (see also Cecil–Ryan [52, Theorem 1.12
of Chapter 2, p. 118]).

Theorem 4.22. Let φ : V → Sn be an embedding of a compact, connected manifold
V into Sn. Then φ is Z2-taut if and only if for every closed ball B in Sn, the induced
homomorphism H∗(φ−1(B)) → H∗(V ) in Z2-Čech homology is injective.

The key to the approach of Álvarez Paiva [2] is to formulate tautness in terms of
functions whose level sets form a parabolic pencil of unoriented spheres instead of
using the usual height functions �p. Specifically, given a contact element (p, ξ) ∈
T1S

n, we want to define a function

r(p,ξ) : Sn − {p} → (0, π),

whose level sets are unoriented spheres in the parabolic pencil of unoriented spheres
determined by (p, ξ). (We will often denote r(p,ξ) simply by r when the context is
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clear.) Every point x in Sn − {p} lies on precisely one sphere Sx in the pencil as the
spherical radius r of the spheres in the pencil varies from 0 to π . The radius r(p,ξ)(x)
of Sx is defined implicitly by the equation

cos r = x · (cos r p + sin r ξ). (4.79)

This equation says that x lies in the unoriented sphere Sx in the pencil with center

q = cos r p + sin r ξ, (4.80)

and spherical radius r ∈ (0, π) (see Figure 4.3). This defines a smooth function

r(p,ξ) : Sn − {p} → (0, π).

Note that the contact element (p,−ξ) determines the same pencil of unoriented
spheres and the function r(p,−ξ) = π − r(p,ξ). Some sample values of the function
r(p,ξ) are

r(p,ξ)(ξ) = π/4, r(p,ξ)(−p) = π/2, r(p,ξ)(−ξ) = 3π/4.

Sx

p

q

x

ξ

Fig. 4.3. The sphere Sx in the parabolic pencil determined by (p, ξ).

In this section, we are dealing with immersions φ : V → Sn, where V is a k-
dimensional manifold with k < n. If x ∈ V , we say that the sphere Sx and φ(V ) are
tangent at φ(x) if

dφ(TxV ) ⊂ Tφ(x)Sx,

where dφ is the differential of φ.
The following lemma describes the critical point behavior of a function of the

form r(p,ξ) on an immersed submanifold φ : V → Sn.

Lemma 4.23. Let φ : V → Sn be an immersion of a connected manifold V with
dim V < n into Sn, and let (p, ξ) ∈ T1S

n such that p /∈ φ(V ).
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(a) A point x0 ∈ V is a critical point of the function r(p,ξ) if and only if the sphere
Sx0 containing φ(x0) in the parabolic pencil of unoriented spheres determined by
(p, ξ) and the submanifold φ(V ) are tangent at φ(x0).

(b) If r(p,ξ) has a critical point at x0 ∈ V , then this critical point is degenerate if and
only if the sphere Sx0 is a curvature sphere of φ(V ) at x0.

Proof.
(a) For any point x0 ∈ V , there exists a sufficiently small neighborhood U of

x0 such that the restriction of φ to U is an embedding. We will identify U with its
embedded image φ(U) ⊂ Sn and omit the reference to the embedding φ. For brevity,
we will denote the function r(p,ξ) simply as r .

LetX be a smooth vector field tangent to V in such a neighborhoodU of x0. Then
on U we compute the derivative

X(cos r) = − sin r X(r), (4.81)

and sin r 
= 0 for r ∈ (0, π), so we see that the functions cos r and r have the same
critical points on U . Using this and equation (4.79), we see that

X(r) = 0 ⇔ X(cos r) = 0 ⇔ X(x · (cos r p + sin r ξ)) = 0. (4.82)

Then we compute

X(x · (cos rp + sin rξ)) = X · (cos rp + sin rξ)+ x · (X(cos r)p +X(sin r)ξ).
(4.83)

If X(r) = 0, then X(cos r) = X(sin r) = 0, and we have from equation (4.83) that

X · (cos r p + sin r ξ) = 0. (4.84)

Thus, if the function r = r(p,ξ) has a critical point at x0, we have

X · q = 0, (4.85)

for all X ∈ Tx0V , where q = cos r p + sin r ξ is the center of the sphere Sx0 in
the parabolic pencil determined by (p, ξ) containing the point x0. The normal space
to the sphere Sx0 in Rn+1 at the point x0 is spanned by the vectors x0 and q. So
equation (4.85), together with the fact that X · x0 = 0 for X ∈ Tx0V , implies that the
tangent space Tx0V is contained in the tangent space Tx0Sx0 , i.e., the sphere Sx0 and
the submanifold φ(V ) are tangent at the point φ (x0).

Conversely, if the tangent space Tx0V is contained in the tangent space Tx0Sx0 ,
then X(r) = 0 for all X ∈ Tx0V , because Sx0 − {p} is a level set of the function r in
Sn. Thus, r has a critical point at x0.

(b) We now want to compute the Hessian of the function r at a critical point
x0 ∈ V . Let X and Y be smooth vector fields tangent to V on the neighborhood U
of x0 in V that was used in part (a). Then the value H(X, Y ) of the Hessian of r at
x0 equals YX(r) at x0. We first note that
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YX(cos r) = Y (− sin r X(r)) = Y (− sin r)X(r)− sin r YX(r). (4.86)

At the critical point x0, we have X(r) = 0, and thus

YX(cos r) = − sin r YX(r). (4.87)

On the other hand, by differentiating equation (4.79), we get

X(cos r) = X · (cos r p + sin r ξ)+ x · (X(cos r)p +X(sin r)ξ). (4.88)

Then by differentiating equation (4.88), we have

YX(cos r) = DYX · (cos r p + sin r ξ)+X · (Y (cos r)p + Y (sin r)ξ) (4.89)

+ Y · (X(cos r)p +X(sin r)ξ)+ x · (YX(cos r)p + YX(sin r)ξ),

where D is the Euclidean covariant derivative on Rn+1. At the critical point x0,
we have

X(cos r) = X(sin r) = Y (cos r) = Y (sin r) = 0, (4.90)

and so equation (4.89) becomes

YX(cos r) = DYX · (cos r p+ sin r ξ)+ x0 · (YX(cos r)p+ YX(sin r)ξ). (4.91)

We now examine the two terms on the right side of equation (4.91) separately. Note
that at the critical point x0, the vector q = cos r p + sin r ξ lies in the normal space
to φ(V ) at x0, and so

q = cos r x0 + sin r N, (4.92)

where N is a unit normal vector to φ(V ) at x0. Thus we can write the covariant
derivative DYX as

DYX = ∇YX + α(X, Y )− (X · Y )x0, (4.93)

where ∇ is the Levi–Civita connection on φ(V ) induced from D, α is the second
fundamental form of φ(V ) in Sn, and the term −(X ·Y )x0 is the second fundamental
form of the sphere Sn as a hypersurface in Rn+1. Then using equation (4.92) we
obtain

DYX · q = (∇YX + α(X, Y )− (X · Y )x0) · q (4.94)

= α(X, Y ) · (cos r x0 + sin r N)− (X · Y )x0 · (cos r x0 + sin r N)

= sin r ANX · Y − cos r X · Y,
since ∇YX is orthogonal to q, α(X, Y ) · x0 = 0, N · x0 = 0, and

α(X, Y ) ·N = ANX · Y,
where AN is the shape operator determined by the unit normal N to φ(V ) at x0.

Next we consider the second term on the right side of equation (4.91),
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x0 · (YX(cos r)p + YX(sin r)ξ). (4.95)

Note that at the critical point x0 we have X(r) = Y (r) = 0, and so

YX(cos r) = Y (− sin r X(r)) = Y (− sin r)X(r)− sin r YX(r) (4.96)

= − sin r YX(r),

and similarly
YX(sin r) = cos r YX(r). (4.97)

Thus we have

YX(cos r)p + YX(sin r)ξ = − sin r YX(r)p + cos r YX(r)ξ (4.98)

= YX(r)(− sin r p + cos r ξ).

So the term in equation (4.95) above is

x0 · (YX(cos r)p + YX(sin r)ξ) = YX(r)(x0 · (− sin r p + cos r ξ)). (4.99)

From equations (4.91), (4.94) and (4.99), we have

YX(cos r) = sin rANX · Y − cos rX · Y + YX(r)(x0 · (− sin r p + cos r ξ)).
(4.100)

Using equations (4.87) and (4.100), we get

(− sin r − (x0 · (− sin r p + cos r ξ)))YX(r) = sin rANX · Y − cos rX · Y.
(4.101)

Denote the coefficient of YX(r) in equation (4.101) by

C = − sin r − (x0 · (− sin r p + cos r ξ)). (4.102)

Note that the vector
v = − sin r p + cos r ξ (4.103)

is tangent at the point q to the geodesic in Sn from p with initial tangent vector ξ (see
Figure 4.4).

On the sphere Sx0 centered at q, the function x · v takes its minimum value at p
where it is equal to − sin r . Thus

x0 · (− sin r p + cos r ξ) > − sin r, (4.104)

since x0 ∈ Sx0 and x0 
= p. So the term

sin r + x0 · (− sin r p + cos r ξ) > 0, (4.105)

and the coefficient C in equation (4.102) is negative. Thus we have from equation
(4.101),
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Sx0

p

q

x0

ξ

v

Fig. 4.4. The vector v tangent to the geodesic at q.

YX(r) = (1/C)(sin r (ANX · Y )− cos r (X · Y )) (4.106)

= (1/C)(sin r AN − cos r I )X · Y.
Thus the Hessian H(X, Y ) of r at x0 is degenerate if and only if there is a nonzero
vector X ∈ Tx0V such that

(sin r AN − cos r I )X = 0, (4.107)

that is,
ANX = cot r X. (4.108)

This equation holds if and only if cot r is an eigenvalue of AN with corresponding
principal vector X, i.e., the point q = cos r x0 + sin r N is a focal point of φ(V ) at
x0, and the corresponding sphere Sx0 is a curvature sphere of φ(V ) at x0. ��

Next we show that except for (p, ξ) in a set of measure zero in T1S
n, the function

r(p,ξ) is a Morse function on φ(V ). This is accomplished by using Sard’s theorem
in a manner similar to the usual proof that a generic distance function is a Morse
function on φ(V ) (see, for example, Milnor [110, pp. 32–38]). More specifically,
from Lemma 4.23 we know that the function r(p,ξ), for p /∈ φ(V ), is a Morse
function on φ(V ) unless the parabolic pencil of unoriented spheres determined by
(p, ξ) contains a curvature sphere of φ(V ). We now show that the set of (p, ξ) in
T1S

n such that the parabolic pencil determined by (p, ξ) contains a curvature sphere
of φ(V ) has measure zero in T1S

n.
Let Bn−1 denote the unit normal bundle of the submanifold φ(V ) in Sn. Note

that in the case where φ(V ) is a hypersurface, Bn−1 is a two-sheeted covering of V .
We first recall the normal exponential map

q : Bn−1 × (0, π) → Sn,

defined as follows. For a point (x,N) in Bn−1 and r ∈ (0, π), we define
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q((x,N), r) = cos r x + sin r N. (4.109)

Next we define a (2n− 1)-dimensional manifold W 2n−1 by

W 2n−1 = {((x,N), r, η) ∈ Bn−1 × (0, π)× Sn | η · q((x,N), r) = 0}. (4.110)

The manifold W 2n−1 is a fiber bundle over Bn−1 × (0, π) with fiber diffeomorphic
to Sn−1. For each point ((x,N), r) ∈ Bn−1 × (0, π), the fiber consists of all unit
vectors η in Rn+1 that are tangent to Sn at the point q((x,N), r).

We define a map
F : W 2n−1 → T1S

n (4.111)

by
F((x,N), r, η) = (cos r q + sin r η, sin r q − cos r η), (4.112)

where q = q((x,N), r) is defined in equation (4.109). We will now show that if
the parabolic pencil of unoriented spheres determined by (p, ξ) ∈ T1S

n contains a
curvature sphere of φ(V ), then (p, ξ) is a critical value of F . Since the set of critical
values of F has measure zero by Sard’s theorem (see, for example, Milnor [110,
p. 33]), this will give the desired conclusion.

Lemma 4.24. Let φ : V → Sn be an immersion of a connected manifold V with
dim V < n into Sn, and let Bn−1 be the unit normal bundle of φ(V ). Define

F : W 2n−1 → T1S
n,

as in equation (4.112). If the parabolic pencil of unoriented spheres determined by
(p, ξ) in T1S

n contains a curvature sphere of φ(V ), then (p, ξ) is a critical value of
F . Thus, the set of such (p, ξ) has measure zero in T1S

n.

Proof. Suppose that (p, ξ) ∈ T1S
n is such that the sphere S with center

q0 = cos r0 p + sin r0 ξ, (4.113)

and radius r0 ∈ (0, π) is a curvature sphere of φ(V ) at x0 ∈ V . Then there is a unit
normal N0 to φ(V ) at φ(x0) such that

q0 = cos r0 x0 + sin r0 N0, (4.114)

and cot r0 is an eigenvalue of the shape operator AN0 with corresponding nonzero
principal vector X such that

AN0X = cot r0 X. (4.115)

(Here, as before, we suppress the notation for the immersion φ and write x0 instead
of φ(x0) in equation (4.114).) Note that if we take

η0 = sin r0 p − cos r0 ξ,
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then using equation (4.113), we get η0 · q0 = 0, and

p = cos r0 q0 + sin r0 η0, ξ = sin r0 q0 − cos r0 η0,

so that from equation (4.114), we have

(p, ξ) = F((x0, N0), r0, η0).

We now want to show that ((x0, N0), r0, η0) is a critical point ofF , and thus (p, ξ)
is a critical value of F . To compute the differential dF at ((x0, N0), r0, η0), we need
to put local coordinates on a neighborhood of this point in W 2n−1. First, we choose
local coordinates on the unit normal bundle Bn−1 in a neighborhood of the point
(x0, N0) in Bn−1 in the following way. Suppose that V has dimension k ≤ n − 1.
Let U be a local coordinate neighborhood of x0 in V with coordinates (u1, . . . , uk)

such that x0 has coordinates (0, . . . , 0). Choose orthonormal normal vector fields,

N0, N1, . . . , Nn−1−k,

onU such that the vector fieldN0 agrees with the given vectorN0 atx0, and ∇⊥
XN0 = 0

at x0, where ∇⊥ is the connection in the normal bundle to φ(V ), forX as in equation
(4.115). If x ∈ U and N is a unit normal vector to φ(V ) at φ(x) with N · N0 > 0,
then we can write

N =
(

1 −
n−1−k∑
i=1

s2
i

)1/2

N0 + s1N1 + · · · + sn−1−kNn−1−k,
n−1−k∑
i=1

s2
i < 1.

(4.116)

Thus (u1, . . . , uk, s1, . . . , sn−1−k) are local coordinates on an open set O in the
unit normal bundle Bn−1 over the open set U ⊂ V , and (x0, N0) has coordinates
(0, . . . , 0). (In the case where V has codimension one in Sn, just use the coordinates
(u1, . . . , un−1) from U , since Bn−1 is a 2-sheeted covering of U .) Therefore, any
tangent vector to Bn−1 at a point (x,N) can be written in the form (Y,W), where
Y ∈ TxV and W is a linear combination of {∂/∂s1, . . . , ∂/∂sn−1−k}.

Next we wish to get local coordinates on the Sn−1-fiber near the vector η0 at
q0. Let {E1, . . . , En} be a local orthonormal frame of tangent vectors to Sn in a
neighborhood of the point q0 defined in equation (4.113) such that En(q0) = η0.
Then we define for ((x,N), r) near ((x0, N0), r0) in Bn−1 × (0, π),

η((x,N), r, (t1, . . . , tn−1)) = t1E1(q)+ · · · +
(

1 −
n−1∑
i=1

t2i

)1/2

En(q), (4.117)

where q = q((x,N), r) is defined in equation (4.109), and
∑n−1
i=1 t

2
i < 1. Thus we

have local coordinates,

(u1, . . . , uk, s1, . . . , sn−1−k, r, t1, . . . , tn−1),
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on a neighborhood of the point ((x0, N0), r0, η0) in W 2n−1, and the point ((x0, N0),

r0, η0) has coordinates (0, . . . , 0, r0, 0, . . . , 0).
We now want to calculate the differential dF of the vector ((X, 0), 0, 0) tan-

gent to W 2n−1 at the point ((x0, N0), r0, η0). We begin by computing the differen-
tial dq((X, 0), 0) at the point ((x0, N0), r0), where q is given by equation (4.109).
Let γ (t) be a curve in U with γ (0) = x0 and initial tangent vector γ ′(0) = X.
Then (γ (t), N0(γ (t)) is a curve in Bn−1 with initial tangent vector (X, 0). So at
((x0, N0), r0), we have that dq((X, 0), 0) is the initial tangent vector to the curve

cos r0 γ (t)+ sin r0 N0(γ (t)), (4.118)

and so
dq((X, 0), 0) = cos r0 X + sin r0 DXN0. (4.119)

Since X ·N0 = 0, we have DXN0 = ∇̃XN0, where ∇̃ is the Levi–Civita connection
on Sn, and we know that

∇̃XN0 = −AN0X + ∇⊥
XN0. (4.120)

We have chosen N0 so that ∇⊥
XN0 = 0, so by equation (4.115), we have

∇̃XN0 = −AN0X = − cot r0 X. (4.121)

Thus by equations (4.119) and (4.121), we have

dq((X, 0), 0) = cos r0 X + sin r0(− cot r0 X) = 0. (4.122)

Next we want to compute the differential dη((X, 0), 0, 0) at ((x0, N0), r0, η0), for η
as defined in equation (4.117). Note that the coordinates (t1, . . . , tn−1) are (0, . . . , 0)
at ((x0, N0), r0, η0), since En(q0) = η0.

From equations (4.117) and (4.122), we see that

dη((X, 0), 0, 0) = dEn(dq((X, 0), 0)) = 0, (4.123)

at the point ((x0, N0), r0, η0), since dq((X, 0), 0) = 0. Thus from equations (4.122)
and (4.123), we have

dF((X, 0), 0, 0) = (cos r0 dq((X, 0), 0)+ sin r0 dη((X, 0), 0, 0), (4.124)

sin r0 dq((X, 0), 0)− cos r0 dη((X, 0), 0, 0)) = (0, 0).

Thus ((x0, N0), r0, η0) is a critical point of F , and the contact element (p, ξ) =
F((x0, N0), r0, η0) is a critical value of F . This shows that every contact element
whose corresponding parabolic pencil contains a curvature sphere ofφ(V ) is a critical
value of F . By Sard’s theorem, the set of critical values of the map F has measure
zero in T1S

n, and so the set of contact elements (p, ξ) in T1S
n whose parabolic pencil

contains a curvature sphere of φ(V ) has measure zero. ��
As a consequence of Lemmas 4.23 and 4.24, we have the following corollary.
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Corollary 4.25. Let φ : V → Sn be an immersion of a connected manifold V with
dim V < n into Sn. For almost all (p, ξ) ∈ T1S

n, the function r(p,ξ) is a Morse
function on V .

Proof. By Lemma 4.23, the function r(p,ξ) is a Morse function on V if and only if
p /∈ φ(V ) and the parabolic pencil of unoriented spheres determined by (p, ξ) does
not contain a curvature sphere of φ(V ). The set of (p, ξ) such that p ∈ φ(V ) has
measure zero, since φ(V ) is a submanifold of codimension at least one in Sn. The
set of (p, ξ) such that the parabolic pencil determined by (p, ξ) contains a curvature
sphere of φ(V ) has measure zero by Lemma 4.24. Thus, except for (p, ξ) in the set
of measure zero obtained by taking the union of these two sets, the function r(p,ξ) is
a Morse function on V . ��

We are now ready to give a definition of tautness for Legendre submanifolds in
Lie sphere geometry. Recall the diffeomorphism from T1S

n to the space �2n−1 of
lines on the Lie quadric Qn+1 given by equations (4.8) and (4.9),

(p, ξ) �→ [(1, p, 0), (0, ξ, 1)] = � ∈ �2n−1. (4.125)

Under this correspondence, an oriented sphere S in Sn belongs to the parabolic pencil
of oriented spheres determined by (p, ξ) ∈ T1S

n if and only if the point [k] in Qn+1

corresponding to S lies on the line �. Thus, the parabolic pencil of oriented spheres
determined by a contact element (p, ξ) contains a curvature sphere S of a Legendre
submanifold λ : Bn−1 → �2n−1 if and only if the corresponding line � contains
the point [k] corresponding to S. We now define the notion of tautness for compact
Legendre submanifolds as follows. Here by “almost every,’’ we mean except for a
set of measure zero.

Definition 4.26. A compact, connected Legendre submanifold

λ : Bn−1 → �2n−1

is said to be Lie-taut if for almost every line � on the Lie quadric Qn+1, the number
of points x ∈ Bn−1 such that λ(x) intersects � is β(Bn−1; Z2)/2, i.e., one-half the
sum of the Z2-Betti numbers of Bn−1.

Equivalently, this definition says that for almost every contact element (p, ξ) in
T1S

n, the number of points x ∈ Bn−1 such that the contact element corresponding
to λ(x) is in oriented contact with some sphere in the parabolic pencil of oriented
spheres determined by (p, ξ) is β(Bn−1; Z2)/2.

The property of Lie-tautness is clearly invariant under Lie sphere transformations,
i.e., if λ : Bn−1 → �2n−1 is Lie-taut and α is a Lie sphere transformation, then the
Legendre submanifold αλ : Bn−1 → �2n−1 is also Lie-taut. This follows from the
fact that the line λ(x) intersects a line � if and only if the line α(λ(x)) intersects
the line α(�), and α maps the complement of a set of measure zero in �2n−1 to the
complement of a set of measure zero in �2n−1.
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Remark 4.27. The factor of one-half in the definition comes from the fact that Lie
sphere geometry deals with oriented contact and not just unoriented tangency, as is
made clear in the proof of the following theorem. Note here that if φ : V → Sn is an
embedding of a compact, connected manifold V into Sn and Bn−1 is the unit normal
bundle of φ(V ), then the Legendre lift of φ is defined to be the Legendre submanifold
λ : Bn−1 → �2n−1 given by

λ(x,N) = [(1, φ(x), 0), (0, N, 1)], (4.126)

where N is a unit normal vector to φ(V ) at φ(x). If V has dimension n − 1, then
Bn−1 is a two-sheeted covering of V . If V has dimension less than n− 1, then Bn−1

is diffeomorphic to a tubeWn−1 of sufficiently small radius over φ(V ) so thatWn−1

is an embedded hypersurface in Sn. In either case,

β(Bn−1; Z2) = 2β(V ; Z2).

This is obvious in the case where V has dimension n−1, and it was proved by Pinkall
[151] in the case where V has dimension less than n− 1.

Since Lie-tautness is invariant under Lie sphere transformations, the following
theorem establishes that tautness is Lie invariant. Recall that a taut immersion φ :
V → Sn must in fact be an embedding.

Theorem 4.28. Let φ : V → Sn be an embedding of a compact, connected manifold
V with dim V < n into Sn. Then φ(V ) is a taut submanifold in Sn if and only if the
Legendre lift λ : Bn−1 → �2n−1 of φ is Lie-taut.

Proof. Suppose that φ(V ) is a taut submanifold in Sn, and let

λ : Bn−1 → �2n−1

be the Legendre lift of φ. Let (p, ξ) ∈ T1S
n such that p /∈ φ(V ) and such that

the parabolic pencil of unoriented spheres determined by (p, ξ) does not contain a
curvature sphere of φ(V ). By Lemma 4.24, the set of such (p, ξ) is the complement
of a set of measure zero in T1S

n. For such (p, ξ), the function r(p,ξ) is a Morse
function on V , and the sublevel set

Vs(r(p,ξ)) = {x ∈ V | r(p,ξ)(x) ≤ s} = φ(V ) ∩ B, 0 < s < π, (4.127)

is the intersection of φ(V )with a closed ballB ⊂ Sn. By tautness and Theorem 4.22,
the map on Z2-Čech homology,

H∗(Vs(r(p,ξ))) = H∗(φ−1(B)) → H∗(V ), (4.128)

is injective for every s ∈ R, and so by Theorem 4.21, the function r(p,ξ) has β(V ; Z2)

critical points on V .
By Lemma 4.23, a point x ∈ V is a critical point of r(p,ξ) if and only if the

unoriented sphere Sx in the parabolic pencil determined by (p, ξ) containing x is
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tangent to φ(V ) at φ(x). At each such point x, exactly one contact element (x,N) ∈
Bn−1 is in oriented contact with the oriented sphere S̃x through x in the parabolic
pencil of oriented spheres determined by (p, ξ). Thus, the number of critical points
of r(p,ξ) on V equals the number of points (x,N) ∈ Bn−1 such that (x,N) is in
oriented contact with an oriented sphere in the parabolic pencil of oriented spheres
determined by (p, ξ).

Thus there are
β(V ; Z2) = β(Bn−1; Z2)/2

points (x,N) ∈ Bn−1 such that (x,N) is in oriented contact with an oriented sphere
in the parabolic pencil of oriented spheres determined by (p, ξ). This means that
there are β(Bn−1; Z2)/2 points (x,N) ∈ Bn−1 such that the line λ(x,N) intersects
the line � on Qn+1 corresponding to the contact element (p, ξ). Since this true for
almost every (p, ξ) ∈ T1S

n, the Legendre lift λ of φ is Lie-taut.
Conversely, suppose that the Legendre lift λ : Bn−1 → �2n−1 of φ is Lie-

taut. Then for all (p, ξ) ∈ T1S
n except for a set Z of measure zero, the number of

points (x,N) ∈ Bn−1 that are in oriented contact with some sphere in the parabolic
pencil of oriented spheres determined by (p, ξ) is β(Bn−1; Z2)/2 = β(V ; Z2). This
means that the corresponding function r(p,ξ) has β(V ; Z2) critical points on V . By
Theorem 4.21, this implies that for a closed ball B ⊂ Sn such that φ−1(B) =
Vs(r(p,ξ)) for (p, ξ) /∈ Z and s ∈ R, the map on homology,

H∗(φ−1(B)) → H∗(V ), (4.129)

is injective. On the other hand, if B is a closed ball corresponding to a sublevel set
of r(p,ξ) for (p, ξ) ∈ Z, then since Z has measure zero, one can produce a nested
sequence,

{Bi}, i = 1, 2, 3, . . . ,

of closed balls (coming from r(p,ξ) for (p, ξ) /∈ Z) satisfying

φ−1(Bi) ⊃ φ−1(Bi+1) ⊃ · · · ⊃ ∩∞
j=1φ

−1(Bj ) = φ−1(B), (4.130)

for i = 1, 2, 3, . . . , such that the homomorphism in Z2-homology,

H∗(φ−1(Bi)) → H∗(V ) is injective for i = 1, 2, 3, . . . . (4.131)

If equations (4.130) and (4.131) are satisfied, then the map

H∗(φ−1(Bi)) → H∗(φ−1(Bj )) is injective for all i > j. (4.132)

The continuity property of Čech homology (see Eilenberg–Steenrod [65, p. 261])
says that

H∗(φ−1(B)) = ←
lim
i→∞ H∗(φ−1(Bi)).

Equation (4.132) and Eilenberg–Steenrod’s [65, Theorem 3.4, p. 216] on inverse
limits imply that the map
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H∗(φ−1(B)) → H∗(φ−1(Bi))

is injective for each i. Thus, from equation (4.131), we get that the map

H∗(φ−1(B)) → H∗(V )

is also injective. Since this holds for all closed balls B in Sn, the embedding φ(V ) is
taut by Theorem 4.22. (See Kuiper [98] or Cecil–Ryan [52, Theorem 5.4, pp. 25–26]
for an example of this type of Čech homology argument.) ��

Another formulation of the Lie invariance of tautness is the following corollary.

Corollary 4.29. Let φ : V → Sn and ψ : V → Sn be two embeddings of a com-
pact, connected manifold V with dim V < n into Sn, such that their corresponding
Legendre lifts are Lie equivalent. Then φ is taut if and only if ψ is taut.

Proof. Since the Legendre lifts of φ andψ are Lie equivalent, the unit normal bundles
of φ(V ) and ψ(V ) must be diffeomorphic, and we will denote them both by Bn−1.
Now let λ : Bn−1 → �2n−1 and µ : Bn−1 → �2n−1 be the Legendre lifts of φ and
ψ , respectively. By Theorem 4.28, φ is taut if and only if λ is Lie-taut, and ψ is taut
if and only if µ is Lie-taut. Further, since λ and µ are Lie equivalent, λ is Lie-taut if
and only if µ is Lie-taut, so it follows that φ is taut if and only if ψ is taut. ��

As we noted in the introduction, every taut submanifold of a real space-form is
Dupin, although not necessarily proper Dupin. (Pinkall [151], and Miyaoka [112],
independently, for hypersurfaces. See also Cecil–Ryan [52, p. 195].) Thorbergsson
[190] showed that a compact proper Dupin hypersurface embedded in Rn is taut.
Pinkall [151] then extended this result to compact submanifolds of higher codimen-
sion for which the number of distinct principal curvatures is constant on the unit
normal bundle. An important open question is whether Dupin implies taut without
the assumption that the number of distinct principal curvatures is constant on the unit
normal bundle.

It is well known that the compact focal submanifolds of a taut hypersurface in
Rn need not be taut. For example, one focal submanifold of a nonround cyclide of
Dupin in R3 is an ellipse. This is tight but not taut. More generally, Buyske [13]
used Lie sphere geometric techniques to show that if a hypersurface Mn−1 in Rn is
Lie equivalent to an isoparametric hypersurface in Sn, then each focal submanifold
of Mn−1 is tight in Rn.

4.7 Isoparametric Hypersurfaces of FKM-type

In this section, we describe a construction due to Ferus, Karcher, and Münzner [73]
which gives an infinite collection of families of isoparametric hypersurfaces with
four principal curvatures. In fact, this construction gives all known examples of
isoparametric hypersurfaces with four principal curvatures with the exception of two
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homogeneous families. The hypersurfaces produced by this construction are now
known as isoparametric hypersurfaces of FKM-type.

We will follow the paper of Ferus, Karcher, and Münzner closely, although we
will not prove everything that they prove concerning these examples, and the reader is
referred to their paper [73] for a detailed study of many aspects of these hypersurfaces.

Pinkall and Thorbergsson [152] later gave an alternate geometric construction
of the FKM-hypersurfaces (see Section 4.8) which they then modified to produce
examples of compact proper Dupin hypersurfaces with four principal curvatures and
nonconstant Lie curvature. Q.-M. Wang [197]–[198] provided more information on
isoparametric hypersurfaces and the topology of the FKM-hypersurfaces. In a series
of papers, Dorfmeister and Neher [58]–[62] gave an algebraic treatment of the theory
of isoparametric hypersurfaces, in general, and the FKM-hypersurfaces, in particular,
from the point of view of triple systems.

Before we give the construction of Ferus, Karcher, and Münzner, we first need
to recall some fundamental results on isoparametric hypersurfaces due to Münzner
[123] (see also [52, Chapter 3]).

As in Section 4.5, an oriented hypersurface f : Mn−1 → Sn ⊂ Rn+1 with
field of unit normals ξ : Mn−1 → Sn is said to be isoparametric if it has constant
principal curvatures. As in Section 4.4, for each real number t , we define a map
ft : Mn−1 → Sn by

ft = cos t f + sin t ξ. (4.133)

A point p = ft (x) is called a focal point of multiplicity m > 0 of f at x if the nullity
of dft is equal to m at x. This happens if and only if cot t is a principal curvature of
multiplicity m at x.

If f : Mn−1 → Sn is an isoparametric hypersurface with g distinct prin-
cipal curvatures cot θ1, . . . , cot θg , and cot t is not a principal curvature of f ,
then ft is also an isoparametric hypersurface with g distinct principal curvatures
cot(θ1 − t), . . . , cot(θg − t). In that case, ft is a parallel hypersurface of the hyper-
surface f .

If µ = cot t is a principal curvature of f of multiplicity m > 0, then the map
ft is constant along each leaf of the m-dimensional principal foliation Tµ, and the
image of ft is a smooth submanifold of codimension m + 1 in Sn, called a focal
submanifold of f . All of the hypersurfaces in a family of parallel isoparametric
hypersurfaces have the same focal submanifolds, and Münzner showed that there are
only two focal submanifolds, and at most two distinct multiplicities m1,m2 of the
principal curvatures, regardless of the number g of distinct principal curvatures.

Münzner showed that if f : Mn−1 → Sn is a connected isoparametric hypersur-
face with g distinct principal curvatures, then f (Mn−1) and its parallel hypersurfaces
and focal submanifolds are each contained in a level set of a homogeneous polynomial
F of degree g satisfying the Cartan–Münzner differential equations on the Euclidean
differential operators grad F and Laplacian �F on Rn+1,

| grad F |2 = g2r2g−2, r = |x|, (4.134)

�F = crg−2, c = g2(m2 −m1)/2,
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where m1,m2 are the two (possibly equal) multiplicities of the principal curvatures
on f (Mn−1).

Conversely, the level sets of the restrictionF |Sn of such a functionF to Sn consti-
tute a family of parallel isoparametric hypersurfaces and their focal submanifolds, and
F is called the Cartan–Münzner polynomial associated to this family of isoparametric
hypersurfaces. Münzner also showed that these level sets are connected, and thus
any connected isoparametric hypersurface in Sn lies in a unique compact connected
isoparametric hypersurface obtained by taking the whole level set. The values of the
restriction F |Sn range between −1 and +1, and the two focal submanifolds are

M+ = (F |Sn)−1(1), M− = (F |Sn)−1(−1).

Each principal curvature µi = cot θi, 1 ≤ i ≤ g, gives rise to two focal points
corresponding to the values t = θi and t = θi + π in equation (4.133). The 2g
focal points are evenly spaced along a normal geodesic to the family of parallel
isoparametric hypersurfaces, and they lie alternately on the two focal submanifolds
M+ and M−.

Now we begin the construction of Ferus, Karcher, and Münzner by recalling some
facts about Clifford algebras. For each integer m ≥ 0, the Clifford algebra Cm is the
associative algebra over R that is generated by a unity 1 and the elements e1, . . . , em
subject only to the relations

e2
i = −1, eiej = −ej ei, i 
= j, 1 ≤ i, j ≤ m. (4.135)

One can show that the set

{1, ei1 · · · eir | i1 < · · · < ir, 1 ≤ r ≤ m}, (4.136)

forms a basis for the underlying vector space Cm, and thus dimCm = 2m.
Obviously, the Clifford algebra C0 is isomorphic to R, and C1 is isomorphic to

the field of complex numbers C with e1 equal to the complex number i. Next one can
show thatC2 is isomorphic to the skew-field of quaternions H with the correspondence

e1 = i, e2 = j, e1e2 = ij = k.

In fact all of the Clifford algebras Cm have been explicitly determined by Atiyah,
Bott and Shapiro [5] (see Table 4.1 below), and the classification of representations of
Clifford algebras in [5] is crucial in the construction of Ferus, Karcher, and Münzner.

In order to explain the table below more fully, we need to introduce some termi-
nology. We letR(q) denote the algebra of q×q matrices with entries from an algebra
R. The multiplication inR(q) is defined by matrix multiplication using the operations
of multiplication and addition defined in the algebra R. The direct sum R1 ⊕ R2 is
the Cartesian product R1 × R2 with all algebra operations defined coordinatewise.
An algebra homomorphism

ρ : Cm → R(q), with ρ(1) = I (identity matrix)
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is called a representation of Cm on Rq or a representation of Cm of degree q. Two
representations ρ and ρ̃ of Cm on Rq are said to be equivalent if there exists a matrix
A ∈ GL(q,R) such that

ρ̃(x) = Aρ(x)A−1,

for each x ∈ Cm.
Each representation of Cm on Rq corresponds to a set of matrices

E1, . . . , Em

in GL(q,R) such that

E2
i = −I, EiEj = −EjEi, i 
= j, 1 ≤ i, j ≤ m. (4.137)

Furthermore, each representation is equivalent to a representation for which the Ei
are skew-symmetric (see, for example, Ozeki–Takeuchi [143, Part I, pp. 543–548]
or Conlon [54, pp. 349–352]). From now on, we will assume that the Ei are skew-
symmetric.

Remark 4.30. Note that if the Ei in equation (4.137) are skew-symmetric, then they
also must be orthogonal. This can be seen as follows. For any v,w ∈ Rq , we denote
the Euclidean inner product on Rq by v ·w. Then using equation (4.137) and the fact
that Ei is skew-symmetric, we have

Eiv · Eiw = v · EtiEiw = v · (−Ei)Eiw = v · Iw = v · w, (4.138)

and thus Ei is orthogonal.

Atiyah, Bott, and Shapiro determined all of the Clifford algebras according to
Table 4.1 below. Moreover, they showed that the Clifford algebra Cm−1 has an
irreducible representation of degree q if and only if q = δ(m) as in the table.

m Cm−1 δ(m)

1 R 1
2 C 2
3 H 4
4 H ⊕ H 4
5 H(2) 8
6 C(4) 8
7 R(8) 8
8 R(8)⊕ R(8) 8

k + 8 Ck−1(16) 16δ(k)

(4.139)

Table 4.1. Clifford algebras and the degree of an irreducible representation.

One can obtain reducible representations of Cm−1 on Rq for q = kδ(m), k > 1,
by taking a direct sum of k irreducible representations of Cm−1 on Rδ(m).
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Closely related to representations of Clifford algebras are the symmetric Clif-
ford systems used by Ferus, Karcher, and Münzner. Let Symn(R) be the space of
symmetric n× nmatrices with real entries. On Symn(R), we have the inner product

〈A,B〉 = trace(AB)/n. (4.140)

Note that if A = [aij ] and B = [bij ] are symmetric n× n matrices, then

(AB)ii =
n∑
k=1

aikb
k
i =

n∑
k=1

aikb
i
k, (4.141)

and thus trace(AB) is just the usual Euclidean dot product on the space of matrices
R(n) considered as Rn2

. Dividing by n adjusts the metric so that 〈I, I 〉 = 1, where
I is the n× n identity matrix.

Definition 4.31. Let l, m be positive integers.

(i) The (m + 1)-tuple (P0, . . . , Pm) with Pi ∈ Sym2l (R) is called a (symmetric)
Clifford system on R2l if we have

P 2
i = I, PiPj = −PjPi, i 
= j, 0 ≤ i, j ≤ m. (4.142)

(ii) Let (P0, . . . , Pm) and (Q0, . . . ,Qm) be Clifford systems on R2l , respectively
R2n, then (P0 ⊕Q0, . . . , Pm ⊕Qm) is a Clifford system on R2(l+n), called the
direct sum of (P0, . . . , Pm) and (Q0, . . . ,Qm).

(iii) A Clifford system (P0, . . . , Pm) on R2l is called irreducible if it is not possible to
write R2l as a direct sum of two positive-dimensional subspaces that are invariant
under all of the Pi .

Remark 4.32. The transformations P0, . . . , Pm in a Clifford system must be orthog-
onal on R2l . To see this note that

Pix · Piy = x · P 2
i y = x · Iy = x · y, (4.143)

for all x, y ∈ R2l .

Next we find a correspondence between Clifford systems on R2l and representa-
tions of Clifford algebras on Rl . First we begin with a representation of a Clifford
algebra Cm−1 on Rl and produce a Clifford system (P0, . . . , Pm) on R2l .

Suppose that E1, . . . , Em−1 are skew-symmetric matrices in R(l) that satisfy
equation (4.137) and thus determine a representation of the Clifford algebra Cm−1
on Rl . We write R2l = Rl ⊕ Rl and define symmetric transformations on R2l as
follows:

P0(u, v) = (u,−v), P1(u, v) = (v, u), (4.144)

P1+i (u, v) = (Eiv,−Eiu), 1 ≤ i ≤ m− 1.
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Lemma 4.33. The transformations P0, . . . , Pm in equation (4.144) form a Clifford
system on R2l .

Proof. The transformations P0 and P1 are clearly symmetric. We now check that
P1+i is symmetric for 1 ≤ i ≤ m − 1. Since the matrices Ei are skew-symmetric,
we have

P1+i (u, v) · (x, y) = (Eiv,−Eiu) · (x, y) = (Eiv · x)− (Eiu · y) (4.145)

= −v · Eix + u · Eiy = (u, v) · (Eiy,−Eix)
= (u, v) · P1+i (x, y).

Next we check that the Pi satisfy (i) in the definition of a Clifford system. Again it is
clear that P 2

0 = P 2
1 = I . Then by equation (4.137), we have

P 2
1+i (u, v) = P1+i (Eiv,−Eiu) = (−E2

i u,−E2
i v) = (u, v). (4.146)

Similarly, it is a straightforward calculation to show that

PiPj = −PjPi for i 
= j, 0 ≤ i, j ≤ m,

and thus (P0, . . . , Pm) is a Clifford system. ��
Conversely, suppose that (P0, . . . , Pm) is a Clifford system on R2l . Note that

since P 2
i = I , the eigenvalues of Pi must be ±1 for 0 ≤ i ≤ m. In particular, for P0

we denote these eigenspaces by

E+(P0) = {x ∈ R2l | P0x = x}, (4.147)

E−(P0) = {x ∈ R2l | P0x = −x}.
We now show how (P0, . . . , Pm) leads to a representation of Cm−1 on Rl by the
following two lemmas.

Lemma 4.34. For 1 ≤ j ≤ m, the transformation Pj interchanges the eigenspaces
E+(P0) andE−(P0), and so both of these spaces have dimension l. As a consequence,
tracePj = 0, for 0 ≤ j ≤ m.

Proof. Suppose that x ∈ E+(P0) so thatP0x = x. ThenPj (P0x) = Pjx, but we also
havePj (P0x) = −P0Pjx. SoP0Pjx = −Pjx, andPjx is inE−(P0). Similarly, one
can show that Pj maps E−(P0) into E+(P0). Since the orthogonal transformation
Pj interchanges these two spaces, they must have the same dimension. Furthermore,
R2l = E+(P0)⊕E−(P0), because P0 is diagonalizable, and so the two spaces must
both have dimension l. This shows that traceP0 = 0, and a similar proof shows that
tracePi = 0 for all i. ��

We now have R2l = E+(P0)⊕E−(P0). The lemma implies E+(P0) is invariant
under P1P1+i , for 1 ≤ i ≤ m − 1, since P1+i maps E+(P0) to E−(P0), and then
P1 maps E−(P0) to E+(P0). We now identify Rl with E+(P0) and define the maps
Ei : Rl → Rl to be the restriction of P1P1+i to the invariant subspace E+(P0),
that is,

Ei = P1P1+i |E+(P0), 1 ≤ i ≤ m− 1. (4.148)
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Lemma 4.35. The transformations E1, . . . , Em−1 in equation (4.148) are skew-
symmetric, and they determine a representation of the Clifford algebra Cm−1 on Rl .

Proof. We first show that the Ei are skew-symmetric. Let x and y be points in
Rl = E+(P0). Then since P1 and P1+i are symmetric transformations on R2l =
E+(P0)⊕ E−(P0), we have from equation (4.142) that

P1P1+i (x, 0) · (y, 0) = (x, 0) · P1+iP1(y, 0) = (x, 0) · (−P1P1+i )(y, 0),

and thus Eix · y = x · (−Eiy), and Ei is skew-symmetric. Next we show that
E2
i = −I . We have for x ∈ Rl ,

(P1P1+i )(P1P1+i )(x, 0) = P1(−P1P1+i )P1+i (x, 0) = (−I )(I )(x, 0) = (−x, 0),

so E2
i x = −x. Finally we show that EiEj = −EjEi for i 
= j as follows:

(P1P1+i )(P1P1+j )(x, 0) = −(P1P1+i )(P1+jP1)(x, 0)

= (P1P1+j )(P1+iP1)(x, 0) = − (P1P1+j )(P1P1+i )(x, 0),

and so EiEjx = −EjEix. Thus, E1, . . . , Em−1 determine a representation of Cm−1
on Rl . ��

Given this correspondence between Clifford systems and representations of Clif-
ford algebras, Ferus, Karcher, and Münzner deduce several facts about Clifford sys-
tems from known results in [5] concerning representations of Clifford algebras which
we describe below.

First of all, a Clifford system is irreducible if and only if the corresponding
Clifford algebra representation is irreducible, and thus an irreducible Clifford system
(P0, . . . , Pm) on R2l exists precisely when l = δ(m) as in Table 4.1.

There is also a notion of equivalence of Clifford systems similar to the definition
of equivalence of representations of Clifford algebras as follows.

Definition 4.36. Two Clifford systems (P0, . . . , Pm) and (Q0, . . . ,Qm) on R2l are
said to be algebraically equivalent if there exists an orthogonal transformation A ∈
O(2l) such that Qi = APiA

t , for 0 ≤ i ≤ m. Two Clifford systems are said to be
geometrically equivalent if there exists

B ∈ O(Span{P0, . . . , Pm} ⊂ Sym2l (R))

such that (Q0, . . . ,Qm) and (BP0, . . . , BPm) are algebraically equivalent.

For m 
≡ 0 (mod 4), there exists exactly one algebraic equivalence class of
irreducible Clifford systems. Thus, in this case there can be only one geometric
equivalence class also. Hence, for each positive integer k there exists exactly one
algebraic (or geometric) equivalence class of Clifford systems (P0, . . . , Pm) on R2l

with l = kδ(m).
Form ≡ 0 (mod 4), there exist exactly two algebraic classes of irreducible Clifford

systems. These can be distinguished from each other by the choice of sign in
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trace(P0 · · ·Pm) = ± trace I = ±2δ(m). (4.149)

There is only one geometric equivalence class of irreducible Clifford systems in this
case also, as can be seen by replacing P0 by −P0. The absolute trace,

| trace(P0 · · ·Pm)|, (4.150)

is obviously an invariant under geometric equivalence. If one constructs all possible
direct sums using both of the algebraic equivalence classes of irreducible Clifford
systems with altogether k summands, then this invariant takes on [k/2] + 1 different
values, where [k/2] is the greatest integer less than or equal to k/2. Thus, for m ≡ 0
(mod 4), there are exactly [k/2]+1 distinct geometric equivalence classes of Clifford
systems on R2l with l = kδ(m).

Definition 4.37. Let (P0, . . . , Pm) be a Clifford system on R2l . The unit sphere
in Span{P0, . . . , Pm} ⊂ Sym2l (R) is called the Clifford sphere determined by the
system and is denoted �(P0, . . . , Pm).

This is an important idea in this context, because the construction of Ferus,
Karcher, and Münzner depends only on the Clifford sphere �(P0, . . . , Pm) and not
on the specific choice of (P0, . . . , Pm). We therefore list several important properties
of the Clifford sphere in the following lemma.

Lemma 4.38 (properties of the Clifford sphere). The Clifford sphere
�(P0, . . . , Pm) has the following properties:

(a) For each P ∈ �(P0, . . . , Pm), we have P 2 = I . Conversely, if � is the unit
sphere in a linear subspace V spanned by � in Sym2l (R) such that P 2 = I for
all P ∈ �, then every orthonormal basis of V is a Clifford system on R2l .

(b) Two Clifford systems are geometrically equivalent if and only if their Clifford
spheres are conjugate to one another under an orthogonal transformation of R2l .

(c) The function,

H(x) =
m∑
i=0

(Pix · x)2, (4.151)

depends only on �(P0, . . . , Pm) and not on the choice of orthonormal basis
(P0, . . . , Pm). For P ∈ �(P0, . . . , Pm), we have

H(Px) = H(x), (4.152)

for all x in R2l .
(d) For an orthonormal set {Q1, . . . ,Qr} in�(P0, . . . , Pm), sinceQiQj = −QjQi ,

for i 
= j , we have

Q1 · · ·Qr is symmetric if r ≡ 0, 1 mod 4, (4.153)

Q1 · · ·Qr is skew-symmetric if r ≡ 2, 3 mod 4.

Furthermore, the productQ1 · · ·Qr is uniquely determined by a choice of orien-
tation of Span{Q1, . . . .Qr}.
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(e) For P,Q ∈ Span{P0, . . . , Pm} and x ∈ R2l , we have

Px ·Qx = 〈P,Q〉(x · x). (4.154)

Proof.
(a) Let P = ∑m

i=0 aiPi with
∑m
i=0 a

2
i = 1. Then

P 2 =
(

m∑
i=0

aiPi

)⎛⎝ m∑
j=0

ajPj

⎞
⎠ =

m∑
i=0

m∑
j=0

aiajPiPj (4.155)

=
m∑
i=0

a2
i P

2
i +

m∑
i=0

∑
j 
=i

aiajPiPj

=
m∑
i=0

a2
i I +

m∑
i=0

∑
j>i

aiaj (PiPj + PjPi) =
m∑
i=0

a2
i I = I.

Conversely, let {Q0, . . . ,Qm} be an orthonormal basis for V . By hypothesis,
Q2
i = I for all i. We must show that QiQj + QjQi = 0 for all i 
= j . Let

Q = (1/
√

2)(Qi + Qj), for i 
= j . Then Q has length 1, so Q2 = I . On the
other hand,

Q2 = (Q2
i + (QiQj +QjQi)+Q2

j )/2 (4.156)

= (I + (QiQj +QjQi)+ I )/2 = I + 1

2
(QiQj +QjQi),

and so (QiQj +QjQi) = 0.
(b) Two Clifford systems (P0, . . . , Pm) and (Q0, . . . ,Qm) on R2l are geometri-

cally equivalent if there exists an orthogonal transformation

B ∈ O(Span{P0, . . . , Pm} ⊂ Sym2l (R))

such that
Qi = A(BPi)A

t for A ∈ O(2l). (4.157)

Let Ri = BPi . Then the Clifford spheres �(P0, . . . , Pm) and �(R0, . . . , Rm) are
equal because B is orthogonal, and �(Q0, . . . ,Qm) and �(R0, . . . , Rm) are clearly
conjugate by equation (4.157).

Conversely, if the Clifford spheres�(P0, . . . , Pm) and�(Q0, . . . ,Qm) are con-
jugate, then there exists A ∈ O(2l) such that {Q0, . . . ,Qm} is an orthonormal frame
in the Clifford sphere

�(AP0A
t, . . . , APmA

t) = �(Q0, . . . ,Qm).

So there must exist an orthogonal transformation B ∈ O(Span{Q0, . . . ,Qm}) such
that BQi = APiA

t , for 0 ≤ i ≤ m, and so the Clifford systems (P0, . . . , Pm) and
(Q0, . . . ,Qm) are geometrically equivalent.

(c) Suppose that {Q0, . . . ,Qm} is another orthonormal basis for
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Span{P0, . . . , Pm}.
Then

Qi =
m∑
j=0

b
j
i Pj , [bji ] ∈ O(m+ 1).

Then we have

m∑
i=0

(Qix · x)2 =
m∑
i=0

⎛
⎝
⎛
⎝ m∑
j=0

b
j
i Pjx

⎞
⎠ · x

⎞
⎠

2

=
m∑
i=0

⎛
⎝ m∑
j=0

b
j
i (Pjx · x)

⎞
⎠

2

. (4.158)

Fix x ∈ R2l , and let aj = Pjx · x. Then the sum on the right side of equation (4.158)
becomes

m∑
i=0

(

m∑
j=0

b
j
i aj )

2 =
m∑
i=0

a2
i =

m∑
i=0

(Pix · x)2,

since [bji ] ∈ O(m+ 1). So H(x) = ∑m
i=0(Pix · x)2 does not depend on the choice

of orthonormal basis.
To show that H(Px) = H(x) for P ∈ �(P0, . . . , Pm), choose an orthonormal

basis {Q0, . . . ,Qm} for Span{P0, . . . , Pm} with Q0 = P . Then

H(Px) =
m∑
i=0

(Qi(Px) · Px)2 =
m∑
i=0

(QiQ0x ·Q0x)
2 (4.159)

= (Q2
0x ·Q0x)

2 +
m∑
i=1

(−Q0Qix ·Q0x)
2

= (x ·Q0x)
2 +

m∑
i=1

(Q0Qix ·Q0x)
2

= (x ·Q0x)
2 +

m∑
i=1

(Qix · x)2 =
m∑
i=0

(Qix · x)2 = H(x),

where we used the fact that Q0 is orthogonal in going from the second to last line to
the last line.

(d) For an orthonormal set {Q1, . . . ,Qr} in �(P0, . . . , Pm), since the Qi are
symmetric, we have

Q1 · · ·Qrx · y = x ·Qr · · ·Q1y. (4.160)

We use the equationQiQj = −QjQi for i 
= j , to changeQr · · ·Q1 intoQ1 · · ·Qr .
The number of switches required is

(r − 1)+ (r − 2)+ · · · + 1 = (r − 1)r/2,

and this is even for r ≡ 0, 1 mod 4, and odd for r ≡ 2, 3 mod 4. Thus Q1 · · ·Qr is
symmetric for r ≡ 0, 1 mod 4, and skew-symmetric for r ≡ 2, 3 mod 4.
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To see thatQ1 · · ·Qr is determined by an orientation of Span{Q1, . . . ,Qr}, note
that SO(r) is generated by rotations in two-dimensional coordinate planes. Since
any two of the Qi can be brought next to each other through interchanges using
QiQj = −QjQi , it suffices to do the proof for r = 2, and this can be easily done
by a direct calculation.

(e) First, it suffices to show the equation (4.154) for Pi and Pj in the orthonormal
basis {P0, . . . , Pm}, since if

P =
m∑
i=0

aiPi, Q =
m∑
j=0

bjPj

we have using equation (4.154) for Pi and Pj ,

Px ·Qx =
m∑
i=0

aiPix ·
m∑
j=0

bjPjx =
m∑
i=0

m∑
j=0

aibj (Pix · Pjx)

=
m∑
i=0

m∑
j=0

aibj 〈Pi, Pj 〉(x · x) = 〈P,Q〉(x · x),

since

〈P,Q〉 =
m∑
i=0

m∑
j=0

aibj 〈Pi, Pj 〉.

Next we show that equation (4.154) holds for Pi and Pj . First, if i = j , since Pi
is orthogonal, we have

Pix · Pix = x · x = 1(x · x) = 〈Pi, Pi〉(x · x).
Now suppose that i 
= j . Then 〈Pi, Pj 〉 = 0, so we must show that Pix · Pjx = 0
for all x ∈ R2l . Then Pix · Pjx = x · PiPjx and Pix · Pjx = PjPix · x, so

2(Pix · Pjx) = x · (PiPj + PjPi)x = x · 0 = 0,

as needed. ��
Now we can give the construction of Ferus, Karcher, and Münzner in the form of

the following theorem. Note that by part (c) of Lemma 4.38, the function F below
depends only on the Clifford sphere � and not on the choice of orthonormal basis
{P0, . . . , Pm}.
Theorem 4.39. Let (P0, . . . , Pm) be a Clifford system on R2l . Let m1 = m, m2 =
l −m− 1, and F : R2l → R be defined by

F(x) = (x · x)2 − 2
m∑
i=0

(Pix · x)2. (4.161)
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Then F satisfies the Cartan–Münzner differential equations (4.134). Ifm2 > 0, then
the level sets of F on S2l−1 form a family of isoparametric hypersurfaces with g = 4
principal curvatures with multiplicities (m1,m2). (Note that the multiplicities satisfy
m3 = m1,m4 = m2.)

Proof. By differentiating (4.161), we have

grad F = 4(x · x)x − 8
m∑
i=0

(Pix · x)Pix. (4.162)

Thus, we compute

| grad F |2 = 16(x · x)3 − 64(x · x)
m∑
i=0

(Pix · x)2 (4.163)

+ 64

⎛
⎝ m∑
i=0

(Pix · x)Pix ·
m∑
j=0

(Pjx · x)Pjx
⎞
⎠ .

Then using equation (4.154) with P = Pi,Q = Pj , so that 〈Pi, Pj 〉 = δij , we have⎛
⎝ m∑
i=0

(Pix · x)Pix ·
m∑
j=0

(Pjx · x)Pjx
⎞
⎠ =

m∑
i=0

m∑
j=0

(Pix · x)(Pjx · x)(Pix · Pjx)

=
m∑
i=0

m∑
j=0

(Pix · x)(Pjx · x)〈Pi, Pj 〉(x · x)

=
m∑
i=0

(Pix · x)2(x · x). (4.164)

Substituting equation (4.164) into equation (4.163), we get

| grad F |2 = 16(x · x)3 − 64(x · x)
m∑
i=0

(Pix · x)2 + 64(x · x)
m∑
i=0

(Pix · x)2

= 16(x · x)3 = 16r6 = g2r2g−2, (4.165)

and thus we have the first differential equation in (4.134).
To show that we have the second differential equation in (4.134), we use the

identity,
�h2 = 2| grad h|2 + 2h�h, (4.166)

which holds for any smooth function h : R2l → R. We have

�F = �(x · x)2 − 2
m∑
i=0

�(Pix · x)2. (4.167)
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We can use the identity in equation (4.166) on each term on the right side of equation
(4.167). First, we take h = x · x. Then grad h = 2x, and �h = 4l, so

�(x · x)2 = 2| grad h|2 + 2h�h
= 8(x · x)+ 2(x · x)4l (4.168)

= 8(l + 1)(x · x).
Next we work with the term

m∑
i=0

�(Pix · x)2,

in equation (4.167). Let hi = Pix · x. Then by equation (4.166),

�h2
i = 2| grad hi |2 + 2hi�hi. (4.169)

We compute grad hi = 2Pix, so

| grad hi |2 = 4(Pix · Pix) = 4(x · x). (4.170)

Next one computes that
�hi = tracePi = 0, (4.171)

by Lemma 4.34. Thus the terms hi�hi in equation (4.169) are all zero. So we have
from equations (4.169)–(4.171)

m∑
i=0

�(Pix · x)2 =
m∑
i=0

�h2
i =

m∑
i=0

8(x · x) = 8(m+ 1)(x · x). (4.172)

Combining equations (4.167), (4.168) and (4.172), we get

�F = 8(l + 1)(x · x)− 16(m+ 1)(x · x) = 8((l −m− 1)−m)(x · x)
= 8(m2 −m1)(x · x) = g2

(
m2 −m1

2

)
rg−2, (4.173)

so the second equation in (4.134) is satisfied. ��
As in the general theory of Münzner for isoparametric hypersurfaces, the func-

tion F in equation (4.161) takes values between −1 and +1 when restricted to
the unit sphere S2l−1. The two focal submanifolds are M+ = (F |Sn)−1(1) and
M− = (F |Sn)−1(−1). We will concentrate on M+ which turns out to be a Clifford–
Stiefel manifold (see below). We can compute its principal curvatures, and thereby
directly show that the hypersurfaces in the family, which are all tubes over M+, are
isoparametric. This gives a second proof of the fact that the level sets of the restriction
of F to S2l−1 form a parallel family of isoparametric hypersurfaces and their focal
submanifolds.

Since
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F(x) = (x · x)2 − 2
m∑
i=0

(Pix · x)2,

we see that the subset M+ of S2l−1 on which F takes the value 1 is precisely,

M+ = {x ∈ S2l−1 | Pix · x = 0, 0 ≤ i ≤ m}. (4.174)

Recall the relationship between the orthogonal symmetric transformations Pi on
R2l and the orthogonal skew-symmetric transformations Ei on Rl given above in
equation (4.144), that is,

P0(u, v) = (u,−v), P1(u, v) = (v, u), (4.175)

P1+i (u, v) = (Eiv,−Eiu), 1 ≤ i ≤ m− 1.

Thus we have for (u, v) ∈ Rl × Rl = R2l ,

P0(u, v) · (u, v) = |u|2 − |v|2, P1(u, v) · (u, v) = 2(u · v), (4.176)

P1+i (u, v) · (u, v) = −2Eiu · v, 1 ≤ i ≤ m− 1.

Note that the equations

|u|2 − |v|2 = 0, |u|2 + |v|2 = 1

imply that
|u|2 = |v|2 = 1/2. (4.177)

Thus, we see that

M+ = {(u, v) ∈ S2l−1 | |u| = |v| = 1√
2
, u · v = 0, Eiu · v = 0, 1 ≤ i ≤ m− 1}.

(4.178)
This is the so-called Clifford–Stiefel manifoldV2(Cm−1) of Clifford orthogonal 2-
frames of length 1/

√
2 in Rl , where vectors u and v in Rl are said to be Clifford

orthogonal if
u · v = E1u · v = · · · = Em−1u · v = 0. (4.179)

We now want to find the principal curvatures and the corresponding principal
spaces for M+ = V2(Cm−1). We have

M+ = {x ∈ S2l−1 | Pix · x = 0, 0 ≤ i ≤ m}. (4.180)

These are m + 1 independent conditions, so M+ has codimension m + 1 in S2l−1.
At each point x ∈ M+, the vectors P0x, . . . , Pmx are all normal toM+, since if X is
tangent to M+ at x, then we have

X(Pix · x) = 0,

but
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X(Pix · x) = X(Pix) · x + Pix ·X = PiX · x + Pix ·X = 2(Pix ·X),
since Pi is linear and symmetric. So Pix · X = 0 for all X tangent to M+ at x, and
Pix is normal to M+ at x. Note also that

Pix · Pix = x · P 2
i x = x · x = 1, (4.181)

and
Pix · Pjx = x · PiPjx = −(x · PjPix) = −(Pjx · Pix), (4.182)

so Pix · Pjx = 0 if i 
= j . We see that the set

{P0x, . . . , Pmx} (4.183)

is an orthonormal basis for the normal spaceM⊥+ (x) toM+ in the sphere S2l−1. Thus
the normal bundle ofM+ is trivial with {P0x, . . . , Pmx} a global orthonormal frame.
This also shows that

M⊥+ (x) = {Qx | Q ∈ Span{P0, . . . , Pm}}, (4.184)

and the space of unit normals to M+ at x is

B(x) = {Px | P ∈ �(P0, . . . , Pm)}. (4.185)

We now want to determine the principal curvatures for the focal submanifoldM+.
Let ξ = Px be a unit normal to M+ at a point x, where P ∈ �(P0, . . . , Pm). We
can extend ξ to a normal field on M+ by setting ξ(y) = Py, for y ∈ M+. Then the
shape operator Aξ is defined by

AξX = −(tangential component ∇Xξ), (4.186)

where X is a tangent vector to M+ at a point x, and ∇ is the Riemannian covariant
derivative on S2l−1. Then using ξ(y) = Py, we compute

∇Xξ = ∇XPy = P(X), (4.187)

since P is a linear transformation on R2l , and so

AξX = −(tangential component P(X)). (4.188)

We can now compute the principal curvatures of Aξ as follows.

Theorem 4.40. Let x be a point on the focal submanifold M+, and let ξ = Px be a
unit normal vector to M+ at x, where P ∈ �(P0, . . . , Pm). Let E+ and E− be the
l-dimensional eigenspaces of P for the eigenvalues +1 and −1, respectively, so that
R2l = E+ ⊕E−. Then the shape operatorAξ has principal curvatures 0, 1,−1 with
corresponding principal spaces T0(ξ), T1(ξ), T−1(ξ) as follows:

T0(ξ) = {QPx | Q ∈ �, 〈Q,P 〉 = 0}, (4.189)
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T1(ξ) = {X ∈ E− | X ·Qx = 0, ∀Q ∈ �} = E− ∩ TxM+,
T−1(ξ) = {X ∈ E+ | X ·Qx = 0, ∀Q ∈ �} = E+ ∩ TxM+,

where � = �(P0, . . . , Pm). Furthermore,

dim T0(ξ) = m, dim T1(ξ) = dim T−1(ξ) = l −m− 1. (4.190)

Proof. As we saw in equation (4.184), the normal space M⊥+ (x) to M+ in S2l−1 is
given by

M⊥+ (x) = {Qx | Q ∈ Span{P0, . . . , Pm}}.
This space has dimension m+ 1, so

dimM+ = (2l − 1)− (m+ 1) = 2l −m− 2 = m+ 2(l −m− 1). (4.191)

Suppose thatX = QPx forQ ∈ �, and 〈Q,P 〉 = 0. We first show thatX is tangent
to M+ at x. We must show that X is orthogonal to every vector in M⊥+ (x). First, we
have

X · Px = QPx · Px = −PQx · Px = −Qx · x = 0, (4.192)

X ·Qx = QPx ·Qx = Px · x = 0.

Next, suppose that R ∈ � such that 〈R,P 〉 = 〈R,Q〉 = 0. Then

X ·Rx = QPx ·Rx = RQPx · x = −(x ·RQPx) = −(Rx ·QPx) = −(X ·Rx),
soX ·Rx = 0, where we have used the fact that RQP is skew-symmetric by part (d)
of Lemma 4.38. Thus X = QPx is in TxM+. Now we compute AξX, for ξ = Px.
By equation (4.187), we have

∇Xξ = P(X) = P(QPx) = −(P 2Qx) = −Qx,
which is normal to M+ at x, so the tangential component AξX equals 0. Thus the
m-dimensional space

{QPx | Q ∈ �, 〈Q,P 〉 = 0} ⊂ T0(ξ). (4.193)

We will see that these sets are actually equal later.
Next, suppose that X ∈ E− ∩ TxM+. Then

∇Xξ = P(X) = −X,
so AξX = X, and X ∈ T1(ξ). So we have

E− ∩ TxM+ ⊂ T1(ξ). (4.194)

Note that since

E− ∩ TxM+ = {X ∈ E− | X ·Qx = 0, ∀Q ∈ �},
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this space has dimension l − (m + 1) = l − m − 1. Again, we will show later that
the sets in equation (4.194) are equal.

Finally, suppose thatX ∈ E+∩TxM+. Then as above, we show thatAξX = −X,
and so X ∈ T−1(ξ). Thus we have

E+ ∩ TxM+ ⊂ T−1(ξ), (4.195)

and this space also has dimension l − m − 1. Since the sum of the dimensions of
the three mutually orthogonal spaces on the left sides of equations (4.193)–(4.195) is
equal to m + 2(l − m − 1) = dimM+, the inclusions in equations (4.193)–(4.195)
must all be equalities, and the theorem is proved. ��
Corollary 4.41. LetMt be a tube of spherical radius t over the focal submanifoldM+,
where 0 < t < π and t /∈ {π4 , π2 , 3π

4 }. Then Mt is an isoparametric hypersurface
with four distinct principal curvatures,

cot(−t), cot
(π

4
− t
)
, cot

(π
2

− t
)
, cot

(
3π

4
− t

)
,

having respective multiplicities m, l −m− 1, m, l −m− 1.

Proof. This follows immediately from the formula for the principal curvatures of a
tube (see, for example, [52, p. 132]), and the fact thatM+ has the principal curvatures
and multiplicities given in Theorem 4.40. ��

From Theorem 4.39 or Corollary 4.41, we can determine the multiplicities of the
principal curvatures of isoparametric hypersurfaces of FKM-type. The multiplicities
are m1 = m, which can be any positive integer, and m2 = l − m − 1, where l is a
positive integer such that the Clifford algebraCm−1 has a representation on Rl . Thus,
we know that l = kδ(m), where k is a positive integer and δ(m) is the unique positive
integer such that Cm−1 has an irreducible representation on Rδ(m) (see Table 4.1).
Thus, the multiplicities have the form

m1 = m, m2 = kδ(m)−m− 1, k > 0. (4.196)

Of course, the multiplicity m2 must be positive in order for this construction to lead
to an isoparametric hypersurface with four principal curvatures. In the table below,
the cases where m2 ≤ 0 are denoted by a dash.

From parts (b) and (c) of Lemma 4.38 and from formula (4.161) for the Cartan–
Münzner polynomial F , we see that geometrically equivalent Clifford systems deter-
mine congruent families of isoparametric hypersurfaces. In the table, the underlined
multiplicities,

(m1,m2), (m1,m2),

denote the two, respectively, three geometrically inequivalent Clifford systems for
the multiplicities (m1,m2). Ferus, Karcher, and Münzner show that these geomet-
rically inequivalent Clifford systems with m ≡ 0 (mod 4) and l = kδ(m) (as de-
scribed earlier in this section) actually lead to incongruent families of isoparametric
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δ(m)| 1 2 4 4 8 8 8 8 16 32 ··
k

1 − − − − (5, 2) (6, 1) − − (9, 6) (10, 21) ··
2 − (2, 1) (3, 4) (4, 3) (5, 10) (6, 9) (7, 8) (8, 7) (9, 22) (10, 53) ··
3 (1, 1) (2, 3) (3, 8) (4, 7) (5, 18) (6, 17) (7, 16) (8, 15) (9, 38) (10, 85) ··
4 (1, 2) (2, 5) (3, 12) (4, 11) (5, 26) (6, 25) (7, 24) (8, 23) (9, 54) · ··
5 (1, 3) (2, 7) (3, 16) (4, 15) (5, 34) (6, 33) (7, 32) (8, 31) · · ··
· · · · · · · · · · · ··
· · · · · · · · · · · ··
· · · · · · · · · · · ··

Table 4.2. Multiplicities of principal curvatures of FKM-hypersurfaces.

hypersurfaces, of which there are [k/2] + 1. They also show that the families for
multiplicities (2, 1), (6, 1), (5, 2) and one of the (4, 3)-families are congruent to those
with multiplicities (1, 2), (1, 6), (2, 5) and (3, 4), respectively, and these are the only
coincidences under congruence among the FKM-hypersurfaces. The incongruence
of families with the same multiplicities, as well as their inhomogeneity in many cases,
is shown by Ferus, Karcher, and Münzner through a study of the second fundamental
forms of the focal submanifolds.

As noted earlier, the construction of Ferus, Karcher, and Münzner gives all known
examples of isoparametric hypersurfaces in a sphere with four principal curvatures
with the exception of two homogeneous families having multiplicities (2, 2) and
(4, 5). Stolz [177] proved that the multiplicities (m1,m2) of the principal curvatures
of any isoparametric hypersurface with four principal curvatures must be the same as
those of an FKM-hypersurface or one of the two homogeneous exceptions. For some
time, it has been conjectured that the known examples are the only isoparametric
hypersurfaces with four principal curvatures. Cecil, Chi and Jensen [40] have shown
that if M ⊂ Sn is an isoparametric hypersurface with four principal curvatures and
m2 ≥ 2m1 − 1, then M is of FKM-type (a different proof of this result, using
isoparametric triple systems, was given by Immervoll [92]). This result, together with
known classifications by Takagi [179] in the case m1 = 1 and Ozeki and Takeuchi
[143] for m1 = 2, implies that there remain only four pairs of multiplicities, (3, 4),
(6, 9), (7, 8) and the homogeneous pair (4, 5), for which the classification problem
of isoparametric hypersurfaces with g = 4 principal curvatures remains an open
question.

4.8 Compact Proper Dupin Submanifolds

In this section, we discuss compact proper Dupin submanifolds. The first exam-
ples are those that are Lie equivalent to an isoparametric hypersurface in the sphere
Sn. Münzner [123] showed that the number g of distinct principal curvatures of an
isoparametric hypersurface in Sn must be 1, 2, 3, 4 or 6. Thorbergsson [190] then
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showed that the same restriction holds for a compact proper Dupin hypersurfaceMn−1

embedded in Sn. He first proved that Mn−1 must be taut in Sn. Using tautness, he
then showed thatMn−1 divides Sn into two ball bundles over the first focal subman-
ifolds on either side of Mn−1 in Sn. This topological data is all that is required for
Münzner’s restriction on g.

Compact proper Dupin hypersurfaces in Sn have been classified in the cases
g = 1, 2 and 3. In each case, Mn−1 must be Lie equivalent to an isoparametric
hypersurface. The case g = 1 is simply the case of umbilic hypersurfaces, i.e.,
hyperspheres in Sn. In the case g = 2, Cecil and Ryan [47] showed that Mn−1 must
be a cyclide of Dupin (see Section 5.5), and thus it is Möbius equivalent to a standard
product of spheres

Sk(r)× Sn−1−k(s) ⊂ Sn(1) ⊂ Rn+1, r2 + s2 = 1.

In the case g = 3, Miyaoka [111] proved that Mn−1 must be Lie equivalent to an
isoparametric hypersurface (see also [41]). Earlier, Cartan [17] had shown that an
isoparametric hypersurface with g = 3 principal curvatures is a tube over a standard
embedding of a projective plane FP2, for F = R,C,H (quaternions) or O (Cayley
numbers), in S4, S7, S13 and S25, respectively. (For F = R, a standard embedding
is a spherical Veronese surface. See, for example, Cecil–Ryan [52, pp. 296–299].)
These results led to the widely held conjecture (see Cecil–Ryan [52, p. 184]) that every
compact connected proper Dupin hypersurface embedded in Sn is Lie equivalent to
an isoparametric hypersurface. All attempts to verify this conjecture in the cases
g = 4 and 6 were unsuccessful. Finally, in 1988, Pinkall and Thorbergsson [152] and
Miyaoka and Ozawa [121] gave two different methods for producing counterexamples
to the conjecture with g = 4 principal curvatures. The method of Miyaoka and Ozawa
also yields counterexamples to the conjecture in the case g = 6.

Pinkall and Thorbergsson proved that their examples are not Lie equivalent to
an isoparametric hypersurface by showing that the Lie curvature does not have the
constant value � = 1/2, as required for a submanifold that is Lie equivalent to an
isoparametric hypersurface (see Section 4.5). Miyaoka and Ozawa showed that the
Lie curvatures are not constant on their examples, and so these examples cannot be
Lie equivalent to an isoparametric hypersurface. In this section, we will present both
of these constructions.

The construction of Pinkall and Thorbergsson begins with an isoparametric hy-
persurface of FKM-type (see Section 4.7) with four principal curvatures, or rather
with one of its focal submanifolds M+ as in equation (4.178). Let us recall some
details of that construction.

Start with a representation of the Clifford algebraCm−1 on Rl determined by l× l
skew-symmetric matrices

E1, . . . , Em−1

satisfying the equations,

E2
i = −I, EiEj = −EjEi, i 
= j, 1 ≤ i, j ≤ m− 1. (4.197)

Note that as in Remark 4.30 that the Ei must also be orthogonal.
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As in Section 4.7, two vectors u and v in Rl are said to be Clifford orthogonal if

u · v = E1u · v = · · · = Em−1u · v = 0. (4.198)

Then we showed in equation (4.178) that the focal submanifold M+ is given by

M+ = {(u, v) ∈ S2l−1 | |u| = |v| = 1√
2
, u · v = 0, Eiu · v = 0, 1 ≤ i ≤ m− 1},

(4.199)
where S2l−1 is the unit sphere in R2l = Rl×Rl . This is the Clifford–Stiefel manifold
V2(Cm−1) of Clifford orthogonal 2-frames of length 1/

√
2 in Rl . Note that M+ =

V2(Cm−1) is a submanifold of codimension m+ 1 in S2l−1.
In Theorem 4.40, we showed that for any unit normal ξ at any point (u, v) ∈

V2(Cm−1), the shape operator Aξ has three distinct principal curvatures

κ1 = −1, κ2 = 0, κ3 = 1, (4.200)

with respective multiplicities l −m− 1, m, l −m− 1.
The submanifold V2(Cm−1) of codimension m + 1 in S2l−1 induces a Legendre

submanifold defined on the unit normal bundle B(V2(Cm−1)) of V2(Cm−1) in S2l−1.
As in Theorem 4.15, this Legendre submanifold has a fourth principal curvature
κ4 = ∞ of multiplicity m at each point of B(V2(Cm−1)). Since κ4 = ∞, the Lie
curvature � at any point of B(V2(Cm−1)) equals the Möbius curvature �, i.e.,

� = � = κ1 − κ2

κ1 − κ3
= −1 − 0

−1 − 1
= 1

2
. (4.201)

Since all four principal curvatures are constant on B(V2(Cm−1)), a tubeMt of spheri-
cal radius t , where 0 < t < π and t /∈ {π4 , π2 , 3π

4 }, over V2(Cm−1) is an isoparametric
hypersurface with four distinct principal curvatures, as in Corollary 4.41. Note that
Münzner [123] proved that if M is any isoparametric hypersurface in Sn with four
principal curvatures, then the Lie curvature � = 1/2 on all of M .

We now begin the construction of Pinkall and Thorbergsson. Given positive real
numbers α and β with

α2 + β2 = 1, α 
= 1√
2
, β 
= 1√

2
,

let
Tα,β : R2l → R2l ,

be the linear map defined by

Tα,β(u, v) = √
2 (αu, βv).

Then for (u, v) ∈ V2(Cm−1), we have

|Tα,β(u, v)|2 = 2(α2(u · u)+ β2(v · v)) = 2

(
α2

2
+ β2

2

)
= 1,
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and thus the image V α,β2 = Tα,βV2(Cm−1) is a submanifold of S2l−1 of codimension
m+ 1 also.

Furthermore, we can see that the Legendre submanifold induced byV α,β2 is proper
Dupin as follows. (For the sake of brevity, we will say that a submanifold V ⊂ Sn of
codimension greater than one is proper Dupin if its induced Legendre submanifold is
proper Dupin.)

We use the notion of curvature surfaces of a submanifold of codimension greater
than one defined by Reckziegel [158] (see Remark 4.16). Specifically, suppose that
V ⊂ Sn is a submanifold of codimension greater than one, and letB(V ) denote its unit
normal bundle. A connected submanifold S ⊂ V is called a curvature surface if there
exits a parallel section η : S → B(V ) such that for each x ∈ S, the tangent space
TxS is equal to some eigenspace of Aη(x). The corresponding principal curvature
κ : S → R is then a smooth function on S. Reckziegel showed that if a principal
curvature κ has constant multiplicity µ on B(V ) and is constant along each of its
curvature surfaces, then each of its curvature surfaces is an open subset of a µ-
dimensional metric sphere in Sn. Since our particular submanifold V2(Cm−1) is
compact, all of the curvature surfaces of the principal curvatures κ1, κ2 and κ3 given
in equation (4.200) are spheres of the appropriate dimensions in S2l−1.

We now show that the Legendre submanifold induced by V α,β2 is proper Dupin
with four principal curvatures

λ1 < λ2 < λ3 < λ4.

Since V α,β2 has codimension m+ 1, the principal curvature λ4 = ∞ has multiplicity

m and is constant along its curvature surfaces. To complete the proof that V α,β2 is
proper Dupin, we establish a bijective correspondence between the other curvature
surfaces ofV2(Cm−1) and those ofV α,β2 . Let S be any curvature surface ofV2(Cm−1).
Since V2(Cm−1) is compact and proper Dupin, S is a µ-dimensional sphere, where µ
is the multiplicity of the corresponding principal curvature of V2(Cm−1). Along the
curvature surface S, the corresponding curvature sphere � is constant. Note that �
is a hypersphere obtained by intersecting S2l−1 with a hyperplane π that is tangent
to V2(Cm−1) along S. The image Tα,β(π) is a hyperplane that is tangent to V α,β2
along the µ-dimensional sphere Tα,β(S). Since the hypersphere Tα,β(π) ∩ S2l−1

is tangent to V α,β2 along Tα,β(S), it is a curvature sphere of V α,β2 with multiplicity
µ, and Tα,β(S) is the corresponding curvature surface. Thus, we have a bijective

correspondence between the curvature surfaces of V2(Cm−1) and those of V α,β2 , and

the Dupin condition is clearly satisfied on V α,β2 . Therefore, V α,β2 is a proper Dupin
submanifold with four principal curvatures, including λ4 = ∞.

We next show that the Legendre submanifold induced byV α,β2 is not Lie equivalent
to an isoparametric hypersurface in S2l−1 by showing that the Lie curvature � does
not equal 1/2 at some points of the unit normal bundle B(V α,β2 ). First, note that

V
α,β

2 ⊂ f−1(0) ∩ g−1(0),

where f and g are the real-valued functions defined on S2l−1 by
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f (u, v) = −β
2α
u · u+ α

2β
v · v, g(u, v) = −u · v.

Thus, the gradients,

ξ =
(−β
α
u,
α

β
v

)
, η = (−v,−u),

of f and g are two unit normal vector fields on V α,β2 . Note that by Theorem 4.39, we
have l > m+ 1 for the FKM-hypersurfaces, so we can choose x, y ∈ Rl such that

|x| = α, x · u = 0, x · v = 0, x · Eiv = 0, 1 ≤ i ≤ m− 1, (4.202)

|y| = β, y · u = 0, y · v = 0, y · Eiu = 0, 1 ≤ i ≤ m− 1.

We define three curves,

γ (t) = (cos t u+ sin t x, v), δ(t) = (u, cos t v + sin t y), (4.203)

ε(t) = (cos t u+ α

β
sin t v,−β

α
sin t u+ cos t v).

It is straightforward to check that each of these curves lies on V α,β2 and goes through
the point (u, v) when t = 0. Along γ , the normal vector ξ is given by

ξ(t) =
(

−β
α
(cos t u+ sin t x),

α

β
v

)
.

Thus,

ξ ′(0) =
(

−β
α
x, 0

)
= −β

α
γ ′(0).

So X = (x, 0) = γ ′(0) is a principal vector of Aξ at (u, v) with corresponding
principal curvature β/α.

Similarly, Y = (0, y) = δ′(0) is a principal vector of Aξ at (u, v) with corre-
sponding principal curvature −α/β. Finally, along the curve ε, we have

ξ(t) =
(

−β
α

(
cos t u+ α

β
sin t v

)
,
α

β

(
−β
α

sin t u+ cos t v

))
.

Then ξ ′(0) = (−v,−u) = η, which is normal to V α,β2 at (u, v). Thus, we have
AξZ = 0, for Z = ε′(0), and Z is a principal vector with corresponding principal

curvature zero. Therefore, at the point ξ(u, v) in B(V α,β2 ), there are four principal
curvatures,

λ1 = −α
β
, λ2 = 0, λ3 = β

α
, λ4 = ∞.

At this point, the Lie curvature � is
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� = � = λ1 − λ2

λ1 − λ3
= −α/β
(−α/β − β/α)

= α2.

Since α2 
= 1/2, the Legendre lift of V α,β2 is not Lie equivalent to an isoparametric
hypersurface. To obtain a compact proper Dupin hypersurface in S2l−1 with four
principal curvatures that is not Lie equivalent to an isoparametric hypersurface, one
simply takes a tubeM over V α,β2 in S2l−1 of sufficiently small radius so that the tube
is an embedded hypersurface.

We remark that the Lie curvature is not constant on M . This follows from a
theorem of Miyaoka [113, Corollary 8.3, p. 252] which states that if the Lie curvature
� is constant on a compact, connected proper Dupin hypersurface with four principal
curvatures, then, in fact, � = 1/2 on the hypersurface.

Next we handle the construction of the examples due to Miyaoka and Ozawa
[121]. The key ingredient here is the Hopf fibration of S7 over S4. Let R8 = H × H,
where H is the skew field of quaternions. The Hopf fibering of the unit sphere S7 in
R8 over S4 is given by

h(u, v) = (2uv̄, |u|2 − |v|2), u, v ∈ H. (4.204)

One can easily compute that the image of h lies in the unit sphere S4 in the Euclidean
space R5 = H × R.

Before beginning the construction of Miyaoka and Ozawa, we recall some facts
about the Hopf fibration. Suppose (w, t) ∈ S4, with t 
= 1, i.e., (w, t) is not the point
(0, 1). We want to find the inverse image of (w, t) under h. Suppose that

2uv̄ = w, |u|2 − |v|2 = t. (4.205)

Multiplying the first equation in (4.205) by v on the right, we obtain

2u|v|2 = wv, 2u = w

|v|
v

|v| . (4.206)

Since |u|2 + |v|2 = 1, the second equation in (4.205) yields

|v|2 = (1 − t)/2. (4.207)

If we write z = v/|v|, then z ∈ S3, the unit sphere in H = R4. Then equations
(4.206) and (4.207) give

u = wz√
2(1 − t)

, v = √
(1 − t)/2 z, z ∈ S3. (4.208)

Thus, ifU is the open set S4 −{(0, 1)}, then h−1(U) is diffeomorphic toU×S3 by the
formula (4.208). Of course, the second equation in (4.205) shows that h−1(0, 1) is
just the 3-sphere in S7 determined by the equation v = 0. We can find a similar local
trivialization containing these points with v = 0 by beginning the process above with
multiplication of equation (4.205) by ū on the left, rather than by v on the right. As
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a consequence of this local triviality, if M is an embedded submanifold in S4 which
does not equal all of S4, then h−1(M) is diffeomorphic to M × S3. Finally, recall
that the Euclidean inner product on the space R8 = H × H is given by

(a, b) · (u, v) = �(āu+ b̄v), (4.209)

where �w denotes the real part of the quaternion w.
The examples of Miyaoka and Ozawa all arise as inverse images under h of

proper Dupin hypersurfaces in S4. The proof that these examples are proper Dupin is
accomplished by first showing that they are taut. Thus, we begin with the following.

Theorem 4.42. Let M be a compact, connected submanifold of S4. If M is taut in
S4, then h−1(M) is taut in S7.

Proof. Since both M and h−1(M) lie in spheres, tautness of h−1(M) in S7 is equiv-
alent to tightness of h−1(M) in R8, i.e., every nondegenerate linear height function
in R8 has the minimum number of critical points. We write linear height functions in
R8 in the form

fab(u, v) = �(au+ bv) = (ā, b̄) · (u, v), (a, b) ∈ S7. (4.210)

This is the height function in the direction (ā, b̄). We want to determine when the
point (u, v) is a critical point of fab. Without loss of generality, we may assume that
(u, v) lies in a local trivialization of the form (4.208) when making local calculations.
Let x = (w, t) be a point of M ⊂ S4, and let

(x, z) = (w, t, z)

be a point in the fiber h−1(x). The tangent space to h−1(M) at (x, z) can be decom-
posed as TxM × TzS

3. We first locate the critical points of the restriction of fab to
the fiber through (x, z). By equations (4.208) and (4.210), we have

fab(w, t, z) = �
(

awz√
2(1 − t)

+ bz
√
(1 − t)/2

)
(4.211)

= �(α(w, t)z) = α(w, t) · z̄,
where

α(w, t) = aw√
2(1 − t)

+ b
√
(1 − t)/2.

This defines the map α from S4 to H. If Z is any tangent vector to S3 at z, we write
Zfab for the derivative of fab in the direction (0, Z). Then

Zfab = α(w, t) · Z̄ (4.212)

at (x, z). Now there are two cases to consider. First, if α(w, t) 
= 0, then in order to
have Zfab = 0 for all Z ∈ TzS3, we must have

z̄ = ± α(w, t)

|α(w, t)| . (4.213)
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So the restriction of fab to the fiber has exactly two critical points with corresponding
values

±|α(w, t)|. (4.214)

The second case is when α(w, t) = 0. Then the restriction of fab to the fiber is
identically zero by equation (4.211). In both cases the function,

gab(w, t) = |α(w, t)|2,
satisfies the equation

gab(w, t) = f 2
ab(w, t, z),

at the critical point. The key in relating this fact to information about the submanifold
M is to note that

gab(w, t) = |α(w, t)|2 = 1

2
�{2ab̄w + (|a|2 − |b|2)t} + 1

2
(|a|2 + |b|2)

= 1

2
+ 1

2
((w, t) · (2āb, |a|2 − |b|2)) (4.215)

= 1

2
+ 1

2
�ab(w, t),

where �ab is the linear height function on R5 in the direction

(2āb, |a|2 − |b|2) = h(ā, b̄).

This shows that gab(w, t) = 0 if and only if (w, t) = −h(ā, b̄). Thus, if −h(ā, b̄) is
not inM , the restriction of fab to each fiber has exactly two critical points of the form
(x, z), with z as in equation (4.213). ForX ∈ TxM , we write Xfab for the derivative
of fab in the direction (X, 0). At the two critical points, we have

Xfab = dα(X) · z̄, (4.216)

Xgab = 2dα(X) · α(x) = ±2|α(x)|(dα(X) · z̄) = ±2|α(X)|Xfab. (4.217)

Thus (x, z) is a critical point offab if and only if x is a critical point ofgab. By equation
(4.215), this happens precisely when x is a critical point of �ab. We conclude that if
−h(ā, b̄) is not in M , then fab has two critical points for every critical point of �ab
on M . The set of points (a, b) in S7 such that −h(ā, b̄) belongs to M has measure
zero. If (a, b) is not in this set, then fab has twice as many critical points as the height
function �ab on M . Since M is taut, every nondegenerate height function �ab has
β(M; Z2) critical points onM , where β(M; Z2) is the sum of the Z2-Betti numbers of
M . Thus, except for a set of measure zero, every height function fab has 2β(M; Z2)

critical points on h−1(M). Since h−1(M) is diffeomorphic to M × S3, we have

β(h−1(M); Z2) = β(M × S3; Z2) = 2β(M; Z2).

Thus, h−1(M) is taut in S7. ��
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We next use Theorem 4.42 to show that the inverse image under h of a compact
proper Dupin submanifold in S4 is proper Dupin. Recall that a submanifold M of
codimension greater than one is proper Dupin if the Legendre submanifold induced
byM is proper Dupin. A taut submanifold is always Dupin, but it may not be proper
Dupin (Pinkall [151], and Miyaoka [112], independently, for hypersurfaces), i.e., the
number of distinct principal curvatures may not be constant on the unit normal bundle
B(M). Ozawa [142] proved that a taut submanifold M ⊂ Sn is proper Dupin if and
only if every connected component of a critical set of a linear height function onM is
a point or is homeomorphic to a sphere of some dimension k. (See also Hebda [86].)
This result is a key fact in the proof of the following theorem.

Theorem 4.43. LetM be a compact, connected proper Dupin submanifold embedded
in S4. Then h−1(M) is a proper Dupin submanifold in S7.

Proof. As we have noted before, Thorbergsson [190] proved that a compact proper
Dupin hypersurface embedded in Sn is taut, and Pinkall [151] extended this result
to the case where M has codimension greater than one and the number of distinct
principal curvatures is constant on the unit normal bundle B(M). Thus, ourM is taut
in S4, and therefore h−1(M) is taut in S7 by Theorem 4.42. To complete the proof
of the theorem, we need to show that each connected component of a critical set of a
height function fab on h−1(M) is a point or a sphere.

We use the same notation as in the proof of Theorem 4.42. Now suppose that
(x, z) is a critical point of fab. ForX ∈ TxM , we compute from equation (4.211) that

Xfab = dα(X) · z̄. (4.218)

From (4.217), we see that Xgab also equals zero, and the argument again splits into
two cases, depending on whether or not gab(x) is zero. If gab(x) is nonzero, then there
are two critical points of fab on the fiber h−1(x). Thus a component in h−1(M) of the
critical set of fab through (x, z) is homeomorphic to the corresponding component
of the critical set containing x of the linear function �ab on M . Since M is proper
Dupin, such a component is a point or a sphere.

The second case is when gab(x) = f 2
ab(x, z) = 0. As we have seen, this happens

only if x = −h(ā, b̄). In that case, x is an isolated absolute minimum of the height
function �ab. Thus, the corresponding component of the critical set of fab through
(x, z) lies in the fiber h−1(x), which is diffeomorphic to S3. From equation (4.218),
we see that this component of the critical set consists of those points (x, y) in the
fiber such that ȳ is orthogonal to dα(X), for all X ∈ TxM . We know that

gab(x) = 1

2
+ 1

2
�ab(x), (4.219)

and x is an isolated critical point of �ab on M . The tautness of M and the results of
Ozawa [142] imply that x is a nondegenerate critical point of �ab, since the component
of the critical set of a height function containing a degenerate critical point must be a
sphere of dimension greater than zero. By equation (4.219), x is also a nondegenerate
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critical point of gab, and so the HessianH(X, Y ) of gab is nondegenerate at x. Since
α(x) = 0, we compute that for X and Y in TxM ,

H(X, Y ) = 2dα(X) · dα(Y ).
Hence, dα is nondegenerate at x, and the rank of dα is the dimension of M . From
this it follows that the component of the critical set of fab through (x, z) is a sphere in
h−1(x) of dimension (3 − dimM). Therefore, we have shown that every component
of the critical set of a linear height function fab on h−1(M) is homeomorphic to a
point or a sphere. Thus, h−1(M) is proper Dupin. ��

Next, we relate the principal curvatures of h−1(M) to those of M .

Theorem 4.44. LetM be a compact, connected proper Dupin hypersurface embedded
in S4 with g principal curvatures. Then the proper Dupin hypersurface h−1(M) in
S7 has 2g principal curvatures. Each principal curvature,

λ = cot θ, 0 < θ < π,

ofM at a point x ∈ M yields two principal curvatures of h−1(M) at points in h−1(x)

with values
λ+ = cot(θ/2), λ− = cot((θ + π)/2).

Proof. A principal curvature λ = cot θ of a hypersurface M at x corresponds to a
focal point at oriented distance θ along the normal geodesic to M at x. (See, for
example, Cecil–Ryan [52, p. 127].) A point (x, z) in h−1(M) is a critical point of fab
if and only if (ā, b̄) lies along the normal geodesic to h−1(M) at (x, z). The critical
point is degenerate if and only if (ā, b̄) is a focal point of h−1(M) at (x, z). Note
further that (x, z) is a degenerate critical point of fab if and only if x is a degenerate
critical point of �ab. This follows from the fact that both embeddings are taut, and
the dimensions of the components of the critical sets agree by Theorem 4.43. The
latter claim holds even when x = −h(ā, b̄), since the fact thatM has dimension three
implies that the critical point (x, z) of fab is isolated. Thus, (ā, b̄) is a focal point
of h−1(M) if and only if h(ā, b̄) is a focal point of M . Suppose now that (ā, b̄) lies
along the normal geodesic to h−1(M) at (x, z) and that fab(x, z) = cosφ. Then by
equation (4.215),

gab(x) = 1

2
+ 1

2
�ab(x) = 1

2
+ 1

2
cos θ,

where θ is the distance from h(ā, b̄) to x. Since (x, z) is a critical point of fab, we
have gab(x) = f 2

ab(x, z). Thus,

1

2
+ 1

2
cos θ = cos2 φ = 1

2
+ 1

2
cos 2φ,

and so cos θ = cos 2φ. This means that under the map h, the normal geodesic
to h−1(M) at (x, z) double covers the normal geodesic to M at x, since the points
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corresponding to the values φ = θ/2 and φ = (θ+π)/2 are mapped to the same point
by h. In particular, a focal point corresponding to a principal curvature λ = cot θ on
the normal geodesic to M at x gives rise to two focal points on the normal geodesic
to h−1(M) at (x, z) with corresponding principal curvatures

λ+ = cot(θ/2), λ− = cot((θ + π)/2).

This completes the proof of the theorem. ��
We now construct the examples of Miyaoka and Ozawa. Recall that a compact

proper Dupin hypersurfaceM in S4 with two principal curvatures must be a cyclide of
Dupin, that is, the image under a Möbius transformation of S4 of a standard product
of spheres,

S1(r)× S2(s) ⊂ S4(1) ⊂ R5, r2 + s2 = 1.

A conformal, nonisometric image of an isoparametric cyclide does not have constant
principal curvatures. Similarly, a compact proper Dupin hypersurface in S4 with
three principal curvatures must be Lie equivalent to an isoparametric hypersurface in
S4 with three principal curvatures, but it need not have constant principal curvatures
itself.

Corollary 4.45. Let M be a nonisoparametric compact, connected proper Dupin
hypersurface embedded in S4 with g principal curvatures, where g = 2 or 3. Then
h−1(M) is a compact, connected proper Dupin hypersurface in S7 with 2g principal
curvatures that is not Lie equivalent to an isoparametric hypersurface in S7.

Proof. Suppose that λ = cot θ and µ = cot α are two distinct nonconstant principal
curvature functions on M . Let

λ+ = cot(θ/2), λ− = cot((θ + π)/2),

µ+ = cot(α/2), µ− = cot((α + π)/2),

be the four distinct principal curvature functions on h−1(M) induced from λ and µ.
Then the Lie curvature

� = (λ+ − λ−)(µ+ − µ−)
(λ+ − µ−)(µ+ − λ−)

= 2

1 + cos(θ − α)
,

is not constant on h−1(M), and therefore h−1(M) is not Lie equivalent to an isopara-
metric hypersurface in S7. ��

Certain parts of the construction of Miyaoka and Ozawa are also valid if H is
replaced by the Cayley numbers or a more general Clifford algebra. See the paper of
Miyaoka and Ozawa [121] for a discussion of this point.

As noted in Section 4.5, Miyaoka [113] proved that the assumption that the Lie
curvature � is constant on a compact, connected proper Dupin hypersurface M in
Sn with four principal curvatures, together with an additional assumption regarding
the intersections of leaves of the various principal foliations, implies that M is Lie
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equivalent to an isoparametric hypersurface. (Miyaoka [114] also proved a similar
result for compact proper Dupin hypersurfaces with six principal curvatures.) Thor-
bergsson [190] (see also Stolz [177] and Grove–Halperin [79]) proved that for a
compact proper Dupin hypersurface in Sn with four principal curvatures, the mul-
tiplicities of the principal curvatures must satisfy m1 = m2,m3 = m4, when the
principal curvatures are appropriately ordered. Then Cecil, Chi and Jensen [41] used
a different approach than Miyaoka to prove that ifM is a compact, connected proper
Dupin hypersurface in Sn with four principal curvatures whose multiplicities satisfy
m1 = m2 ≥ 1,m3 = m4 = 1 and constant Lie curvature�, thenM is Lie equivalent
to an isoparametric hypersurface. Thus, Miyaoka’s additional assumption regarding
the intersections of leaves of the various principal foliations is not needed in that
case. It remains an open question whether Miyaoka’s additional assumption can be
removed in the case where m3 = m4 is also allowed to be greater than one, although
this has been conjectured to be true by Cecil and Jensen [45, pp. 3–4].
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Dupin Submanifolds

In this chapter, we concentrate on local results that have been obtained using Lie
sphere geometry. The main results presented here are the classification of proper
Dupin submanifolds with two principal curvatures (cyclides of Dupin) in Section 5.4
and the classification of proper Dupin hypersurfaces with three principal curvatures in
R4 in Section 5.7. To obtain these classifications, we develop the method of moving
Lie frames which can be used in the further study of Dupin submanifolds, or more
generally, Legendre submanifolds.

5.1 Local Constructions

Pinkall [150] introduced four constructions for obtaining a Dupin hypersurfaceW in
Rn+m from a Dupin hypersurface M in Rn. We first describe these constructions in
the case m = 1 as follows.

Begin with a Dupin hypersurfaceMn−1 in Rn and then consider Rn as the linear
subspace Rn×{0} in Rn+1. The following constructions yield a Dupin hypersurface
Wn in Rn+1.

(1) Let Wn be the cylinder Mn−1 × R in Rn+1.
(2) Let Wn be the hypersurface in Rn+1 obtained by rotating Mn−1 around an axis

Rn−1 ⊂ Rn.
(3) Let Wn be a tube in Rn+1 around Mn−1.
(4) Project Mn−1 stereographically onto a hypersurface V n−1 ⊂ Sn ⊂ Rn+1. Let

Wn be the cone over V n−1 in Rn+1.

In general, these constructions introduce a new principal curvature of multiplicity
one which is constant along its lines of curvature. The other principal curvatures are
determined by the principal curvatures ofMn−1, and the Dupin property is preserved
for these principal curvatures. These constructions can be generalized to produce a
new principal curvature of multiplicitym by considering Rn as a subset of Rn × Rm

rather than Rn × R.
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Although Pinkall gave these four constructions, his [150, Theorem 4, p. 438]
showed that the cone construction is redundant, since it is Lie equivalent to a tube.
This will be explained further in Remark 5.13 (p. 144). For this reason, we will only
study three standard constructions: tubes, cylinders and surfaces of revolution in the
next section.

A Dupin submanifold obtained from a lower-dimensional Dupin submanifold via
one of these standard constructions is said to be reducible. More generally, a Dupin
submanifold which is locally Lie equivalent to such a Dupin submanifold is called
reducible.

Using these constructions, Pinkall was able to produce a proper Dupin hyper-
surface in Euclidean space with an arbitrary number of distinct principal curvatures,
each with any given multiplicity (see Theorem 5.1 below). In general, these proper
Dupin hypersurfaces cannot be extended to compact Dupin hypersurfaces without
losing the property that the number of distinct principal curvatures is constant (see
Section 5.2). For now, we give a proof of Pinkall’s theorem without attempting to
compactify the hypersurfaces constructed.

Theorem 5.1. Given positive integers ν1, . . . , νg with

ν1 + · · · + νg = n− 1,

there exists a proper Dupin hypersurface in Rn with g distinct principal curvatures
having respective multiplicities ν1, . . . , νg .

Proof. The proof is by an inductive construction, which will be clear once the first
few examples are done. To begin, note that a usual torus of revolution in R3 is
a proper Dupin hypersurface with two principal curvatures. To construct a proper
Dupin hypersurface M3 in R4 with three principal curvatures, each of multiplicity
one, begin with an open subset U of a torus of revolution in R3 on which neither
principal curvature vanishes. TakeM3 to be the cylinderU×R in R3×R = R4. Then
M3 has three distinct principal curvatures at each point, one of which is zero. These
are clearly constant along their corresponding one-dimensional curvature surfaces
(lines of curvature).

To get a proper Dupin hypersurface in R5 with three principal curvatures having
respective multiplicities ν1 = ν2 = 1, ν3 = 2, one simply takes

U × R2 ⊂ R3 × R2 = R5.

To obtain a proper Dupin hypersurface M4 in R5 with four principal curvatures,
first invert the hypersurface M3 above in a 3-sphere in R4, chosen so that the image
of M3 contains an open subset W 3 on which no principal curvature vanishes. The
hypersurface W 3 is proper Dupin, since the proper Dupin property is preserved by
Möbius transformations. Now takeM4 to be the cylinderW×R in R4×R = R5. ��

We now turn to a full discussion of Pinkall’s constructions in the setting of Lie
sphere geometry.
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5.2 Reducible Dupin Submanifolds

In this section, we study the standard constructions, introduced by Pinkall [150], for
obtaining a proper Dupin submanifold µ with g + 1 distinct curvature spheres from
a lower-dimensional proper Dupin submanifold λ with g curvature spheres in detail.
Pinkall only described these constructions locally, i.e., he began with a hypersurface
Mn−1 embedded in Rn. Here we formulate the constructions in the context of Lie
sphere geometry. In each construction, we imitate the case where the Euclidean
projection of λ is an immersion, but we do not assume this. We then determine
the curvature spheres of µ and their multiplicities. Although this approach is more
complicated than simply working in Rn, it enables us to answer important questions
concerning the possibility of constructing compact proper Dupin submanifolds by
these methods.

We first set some notation common to all three constructions. Let

{e1, . . . , en+m+3}
be the standard orthonormal basis for Rn+m+3

2 , with e1 and en+m+3 timelike. Let
Pn+m+2 be the projective space determined by Rn+m+3

2 , with corresponding Lie
quadric Qn+m+1. Let

Rn+3
2 = Span{e1, . . . , en+2, en+m+3},

and let Pn+2 and Qn+1 be the corresponding projective space and Lie quadric, re-
spectively. Let �2n−1 and �2(n+m)−1 be the spaces of projective lines on Qn+1 and
Qn+m+1, respectively. Finally, let uk = ek+2, 1 ≤ k ≤ n+m, and

Rn = Span{e3, . . . , en+2} = Span{u1, . . . , un}, (5.1)

Rn+m = Span{e3, . . . , en+m+2} = Span{u1, . . . , un+m}.

A. Tubes

We will construct a Legendre submanifold which corresponds to building a tube
in Rn+m around an (n − 1)-dimensional submanifold in Rn. This can be done
for any Legendre submanifold λ, although we will assume that λ is a proper Dupin
submanifold. We will work with Euclidean projections of the Legendre submanifolds
here, but one could just as well use spherical projections and construct a tube using
the spherical metric (see Remark 5.13, p. 144).

Let λ : Mn−1 → �2n−1 be a proper Dupin submanifold with g distinct curvature
spheres whose locus of point spheres does not contain the improper point [e1 − e2].
Then the point sphere map [k1] and the hyperplane map [k2] for λ can be written as
follows:

k1 = (1 + f · f, 1 − f · f, 2f, 0)/2, k2 = (f · ξ,−f · ξ, ξ, 1). (5.2)

These equations define the Euclidean projection f and Euclidean field of unit normals
ξ for λ. As the calculations to follow will show, in order to construct a proper Dupin
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submanifold, we need to assume that f has constant rank. We will distinguish the
case where f is an immersion from the case where f has lower rank.

First, we assume that f is an immersion. Thus, we can think of

f : Mn−1 → Rn

as an oriented hypersurface with field of unit normals ξ . The domain of the Legendre
submanifold µ, corresponding to a tube of radius ε over f , is the unit normal bundle
Bn+m−1 to f (Mn−1) in Rn+m. The normal vector fields,

ξ, un+1, . . . , un+m,

are all parallel with respect to the normal connection of f (Mn−1) in Rn+m. This
enables us to define a global trivialization of Bn+m−1 with the properties of the local
trivialization used in Section 4.3. Specifically, let

Sm = {(y0, . . . , ym) | y2
0 + · · · + y2

m = 1}. (5.3)

Then the map (x, y) �→ (x, η(x, y)) with

η(x, y) = y0ξ(x)+ y1un+1 + · · · + ymun+m, (5.4)

is a diffeomorphism from Mn−1 × Sm → Bn+m−1.
We now define the map

µ : Mn−1 × Sm → �2(n+m)−1, (5.5)

corresponding to the tube of radius ε around f (Mn−1) in Rn+m. This construction
works for any real number ε. In particular, the case ε = 0 is just the Legendre
submanifold induced by the immersion f (Mn−1) as a submanifold of codimension
m+ 1 in Rn+m.

The map µ is defined by its Euclidean projection F and its Euclidean field of unit
normals η as in equation (5.4), both of which are maps fromMn−1 × Sm into Rn+m.
For x ∈ Mn−1 and y = (y0, . . . , ym) ∈ Sm, we define the map µ by the formula

µ(x, y) = [K1(x, y),K2(x, y)],
where

K1 = (1 + F · F, 1 − F · F, 2F, 0)/2, K2 = (F · η,−F · η, η, 1), (5.6)

with
F(x, y) = f (x)+ ε(y0ξ(x)+ y1un+1 + · · · + ymun+m), (5.7)

and η is given by equation (5.4). The image of the map F : Mn−1 × Sm → Rn+m is
the tube of radius ε over the submanifold f (Mn−1) in Rn+m, and η is a field of unit
normals to this tube. The map [K1] is the point sphere map for µ, and [K2] is the
hyperplane map for µ.
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To see that µ is a Legendre submanifold, we must check the Legendre conditions
(1)–(3) of Theorem 4.3 in Chapter 4, p. 59. The Legendre condition (1) is easily
verified. To check conditions (2) and (3) and find the curvature spheres, we must
compute the differentials ofK1 andK2. We decompose the tangent space toMn−1 ×
Sm at the point p = (x, y) as

Tp(M
n−1 × Sm) = TxM

n−1 × TyS
m, (5.8)

and denote a typical tangent vector by (X, Y ). ForK1 andK2 as in equation (5.6), it
is easy to check that for real numbers r and s, at least one of which is not zero,

d(rK1 + sK2)(X, Y ) ∈ [K1,K2] ⇔ d(rF + sη)(X, Y ) = 0. (5.9)

The tangent space in equation (5.8) has a basis of vectors of the form (X, 0) and
(0, Y ), where

Y = (Y0, . . . , Ym) ∈ TySm.
From equations (5.4) and (5.7), we compute

dF(X, 0) = df (X)+ εy0 dξ(X), (5.10)

dη(X, 0) = y0 dξ(X), (5.11)

dF(0, Y ) = ε(Y0ξ(x)+ Y1un+1 + · · · + Ymun+m), (5.12)

dη(0, Y ) = Y0ξ(x)+ Y1un+1 + · · · + Ymun+m. (5.13)

The Legendre contact condition (3) reduces to dF · η = 0 for K1 and K2 as in
equation (5.6). This can now be checked directly from equations (5.4), (5.10) and
(5.12), using the fact that df (X) and dξ(X) are both orthogonal to ξ(x) and that

y0Y0 + · · · + ymYm = 0.

Next we locate the curvature spheres of µ. The fact that the Legendre condition
(2) is satisfied follows from these calculations. From equations (5.12) and (5.13), we
see that

d(F − εη)(0, Y ) = 0,

for every Y ∈ TySm. Thus, [K1 −εK2] is a curvature sphere of multiplicity at leastm
at each point ofMn−1 ×Sm. From formulas (2.14) and (2.16) (p. 16) of Chapter 2, we
see that [K1 − εK2] represents an oriented hypersphere with center f (x) and radius
−ε (the minus sign is due to the outward normal). This is the new family of curvature
spheres which results from this construction. Note that if there were a nonzero vector
X ∈ TxMn−1 such that df (X) = 0, then we would have

d(F − εη)(X, 0) = 0

also, and the curvature sphere [K1 − εK2] would have multiplicity m+ ν at (x, y),
where ν is the nullity of df at x. This shows that f must have constant rank for this
construction to yield a proper Dupin submanifold. Since we have assumed that f
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is an immersion, the curvature sphere [K1 − εK2] has constant multiplicity m. The
curvature surfaces of [K1 − εK2] are of the form {x} × Sm, for x ∈ Mn−1. From
equation (2.14) of Chapter 2, p. 16, the analytic condition for these curvature spheres
to have radius −ε is

〈K1 − εK2, εe1 − εe2 + en+m+3〉 = 0. (5.14)

The centers of these spheres all lie in Rn, i.e.,

〈K1 − εK2, un+i〉 = 〈K1 − εK2, en+2+i〉 = 0, 1 ≤ i ≤ m.

Thus, the image of the map [K1 −εK2] is contained in the (n+1)-dimensional linear
subspace E ⊂ Pn+m+2 whose orthogonal complement is

E⊥ = Span{en+3, . . . , en+m+2, εe1 − εe2 + en+m+3}, (5.15)

which has signature (m, 1).
The computation to determine the other curvature spheres splits into two cases

depending on whether or not the coordinate y0 of y is zero:

Case 1. y0 
= 0.

This is the case where the vector η in equation (5.4) is not orthogonal to Rn. Then
from equations (5.10)–(5.11), we have for any real numbers r and s,

d(rF + sη)(X, 0) = r df (X)+ y0(rε + s) dξ(X).

Since y0 
= 0, we can obtain all possible linear combinations of df (X) and dξ(X)
by appropriate choices of r and s. Thus, there exist real numbers r and s such that

d(rF + sη)(X, 0) = 0,

precisely when df (X) and dξ(X) are linearly dependent, i.e., X is a principal vector
of the original Legendre submanifold λ. Hence the other curvature spheres, with
their respective multiplicities, correspond to the curvature spheres of λ at x. Since
λ is Dupin, these curvature spheres of µ are constant along their curvature surfaces,
which have the form S × {y}, where S is a curvature surface of λ through x. The
number γ (x, y) of curvature spheres of µ at the point (x, y) equals g+ 1, where g is
the number of curvature spheres of λ.

Case 2. y0 = 0.

This is the case when η is orthogonal to Rn. At these points, we have from equations
(5.10)–(5.11) that

dF(X, 0) = df (X), dη(X, 0) = 0. (5.16)

Formula (5.16) implies that [K2] is a curvature sphere of multiplicity n − 1 at the
point (x, y). Hence, at (x, y) there are only two distinct curvature spheres, [K2] and
[K1 − εK2], having respective multiplicities n − 1 and m. These curvature spheres
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are constant along their curvature surfaces, which have the form Mn−1 × {y} and
{x} × Sm, respectively. This holds regardless of the original Legendre submanifold
λ. In terms of Euclidean geometry, the points satisfying y0 = 0 correspond to points
at a distance ε away from the original space Rn. See Example 4.10 of Chapter 4,
p. 69, of a tube over a torus

T 2 ⊂ R3 ⊂ R4.

The set of points where y0 = 0 is diffeomorphic to Mn−1 × Sm−1. We summarize
our results for the tube construction in the following proposition.

Proposition 5.2. Suppose that λ : Mn−1 → �2n−1 is a proper Dupin submanifold
with g distinct curvature spheres such that the Euclidean projection f is an immersion
of Mn−1 into Rn ⊂ Rn+m. Then the tube construction yields a Dupin submanifold
µ defined on the unit normal bundle Bn+m−1 of f (Mn−1) in Rn+m. The number
γ (x, η) of distinct curvature spheres of µ at a point (x, η) ∈ Bn+m−1 is as follows:

(a) γ (x, η) = 2, if η is orthogonal to Rn in Rn+m.
(b) γ (x, η) = g + 1 otherwise.

Remark 5.3. In the case ε = 0, µ is the Legendre submanifold induced by the im-
mersion f (Mn−1) as a submanifold of codimension m+ 1 in Rn+m. Theorem 4.15
of Chapter 4, p. 74, describes the curvature spheres of µ. The point sphere map [K1]
in equation (5.6) is a curvature sphere of multiplicity m, which lies in the (n + 1)-
dimensional subspace E with orthogonal complement E⊥ in equation (5.15) with
ε = 0. The tubes of radius ε 
= 0 over f (Mn−1) are parallel submanifolds of µ.

We assume now that the Euclidean projection f of λ has constant rank less that
n − 1. Then λ is the Legendre submanifold induced by an immersed submanifold
φ : V → Rn of codimension ν + 1, and the domain of λ is the unit normal bundle
Bn−1 of φ(V ) in Rn. As in Remark 5.3, we first consider the Legendre submanifold
µ induced by the submanifold φ(V ) of codimensionm+ν+1 in Rn+m. The number
of distinct curvature spheres of µ at a point (x, η) in the unit normal bundle Bn+m+1

is determined by Theorem 4.15 of Chapter 4, p. 74. We decompose the vector η as
follows:

η = cos θ ξ + sin θ u, 0 ≤ θ ≤ π/2,

where ξ is a unit vector in Rn normal toφ(V ) atφ(x), and u is a unit vector orthogonal
to Rn in Rn+m. Since the shape operator Au = 0, we have Aη = cos θ Aξ . If cos θ
is nonzero, then the number of distinct curvature spheres of µ at (x, η) is the same
as the number of distinct curvature spheres of λ at (x, ξ), since the point sphere map
is a curvature sphere in both cases. On the other hand, if cos θ = 0, then we have
Aη = Au = 0, and the number of distinct curvature spheres of µ at (x, η) is two.
This is similar to case (a) in Proposition 5.2.

Using the local trivialization of Bn+m−1 given in Section 4.3, it is easy to check
thatµ is Dupin, since we are assuming that λ is Dupin. Furthermore, the point sphere
map [K1] is a curvature sphere of µ of multiplicity m+ ν, and it lies in an (n+ 1)-
dimensional subspace E of Pn+m+2 whose orthogonal complement is the space E⊥
in equation (5.15) with ε = 0.
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The Legendre submanifold corresponding to a tube of radius ε 
= 0 over φ(V )
in Rn+m is a parallel submanifold to µ. Thus, it is also Dupin, and it has the same
number of curvature spheres at each point as µ. We summarize these results in the
following proposition.

Proposition 5.4. Suppose that λ : Bn−1 → �2n−1 is a proper Dupin submanifold
with g distinct curvature spheres induced by an immersed submanifold φ(V ) of codi-
mension ν+1 in Rn ⊂ Rn+m. Then the tube construction yields a Dupin submanifold
µ defined on the unit normal bundle Bn+m−1 to φ(V ) in Rn+m. The number γ (x, η)
of distinct curvature spheres of µ at a point (x, η) ∈ Bn+m−1 is as follows:

(a) γ (x, η) = 2, if η is orthogonal to Rn in Rn+m.
(b) γ (x, η) = g otherwise.

Remark 5.5. The original purpose of Pinkall’s constructions was to increase the num-
ber of distinct curvature spheres by one, as in Proposition 5.2. However, as Propo-
sition 5.4 shows, this does not happen when λ is the Legendre submanifold induced
by a submanifold φ(V ) of codimension greater than in one in Rn. Still we consider
the Dupin submanifold µ in Proposition 5.4 to be reducible, since it is obtained from
λ by one of the standard constructions. The following is a concrete example of this
phenomenon.

Example 5.6 (tube over a Veronese surface in S4 ⊂ S5). We consider the case where
V 2 is a Veronese surface embedded in S4 ⊂ S5, where S4 is a great sphere in S5. We
first recall the details of the Veronese surface. Let S2 be the unit sphere in R3 given
by the equation

u2 + v2 + w2 = 1.

Consider the map from S2 into the unit sphere S4 ⊂ R5 given by

(u, v,w) �→
(√

3vw,
√

3wu,
√

3uv,

√
3

2
(u2 − v2), w2 − u2 + v2

2

)
.

This map takes the same value on antipodal points of S2, so it induces a map φ : P2 →
S4, and one can show that φ is an embedding. The surface V 2 = φ(P2) is called
a Veronese surface. One can show (see, for example, [52, Example 7.3, pp. 296–
299]) that a tube over V 2 of radius ε, for 0 < ε < π/3, in the spherical metric of
S4 is an isoparametric hypersurface M3 with g = 3 distinct principal curvatures.
This isoparametric hypersurface M3 is not reducible, because the Veronese surface
is substantial (does not lie in a hyperplane) in R5, soM3 is not obtained as a result of
the tube construction as described above. (See Takeuchi [181] for further discussion
of proper Dupin hypersurfaces obtained as tubes over symmetric submanifolds of
codimension greater than one in space-forms.)

Now embed R5 as a hyperplane through the origin in R6 and let e6 be a unit
normal vector to R5 in R6. The surface V 2 is a subset of the unit sphere S5 ⊂ R6. As
in the calculations made prior to Proposition 5.4, one can show that a tube over V 2

of radius ε in S5 is not an isoparametric hypersurface, nor is it even a proper Dupin
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hypersurface, because the number of distinct principal curvatures is not constant on
the unit normal bundleB4 to V 2 in S5. Specifically, ifµ is the Legendre submanifold
induced by the submanifold V 2 ⊂ S5, then µ has two distinct curvature spheres at
points in B4 of the form (x,±e6), and three distinct curvature spheres at all other
points of B4. A tube W 4 over V 2 in S5 is a reducible Dupin hypersurface, but it is
not proper Dupin. At points of W 4 corresponding to the points (x,±e6) in B4, there
are two principal curvatures, both of multiplicity two. At the other points of W 4,
there are three distinct principal curvatures, one of multiplicity two, and the others of
multiplicity one. Thus, W 4 has an open dense subset U which is a reducible proper
Dupin hypersurface with three principal curvatures at each point, butW 4 itself is not
proper Dupin.

B. Cylinders

As before, we begin with a proper Dupin submanifold λ : Mn−1 → �2n−1 with g
distinct curvature spheres at each point, and assume that the locus of point spheres
does not contain the improper point [e1 − e2]. We can write the point sphere map
[k1] and the hyperplane map [k2] in the form of equation (5.2), and thereby define
the Euclidean projection f and the Euclidean field of unit normals ξ as maps from
Mn−1 to Rn. Usually, one thinks of the cylinder built over f in Rn+m = Rn × Rm

to be the map from Mn−1 × Rm to Rn+m given by

(x, z) �→ f (x)+ z.

Here we attempt to extend this map to a map defined on Mn−1 × Sm by working in
the context of Lie sphere geometry. This is accomplished by mapping all points in
the set Mn−1 × {∞} to the improper point in Lie sphere geometry. The Legendre
immersion condition (2) of Theorem 4.3 in Chapter 4, p. 59, can still be satisfied at
points of the form (x,∞) because the normal vector varies as x varies. However, as
the computations below show, the Legendre immersion condition (2) is only satisfied
at points of the form (x,∞) for which the map ξ has rank n− 1 at x.

As in the tube construction, we consider Sm as in equation (5.3). We relate Sm to
Rm via stereographic projection

τ : Sm − {P } → Rm,where P = (−1, 0, . . . , 0),

given by

τ(y0, . . . , ym) = 1

1 + y0
(y1, . . . , ym) = (z1, . . . , zm) = z.

We define the Legendre submanifoldµ corresponding to the cylinder over f in Rn+m
by giving its Euclidean projection F and Euclidean field of unit normals η. For a
cylinder defined on Mn−1 × Rm, these should obviously be defined as follows:

F(x, z) = f (x)+ z1un+1 + · · · + zmun+m, (5.17)
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η(x, z) = ξ(x). (5.18)

We can now obtain the extension to Mn−1 × {P } by writing the maps K1 and K2
induced from F and η in the usual way given in equation (5.6). First note that

F · F = f · f +
m∑
i=1

z2
i = f · f + 1 − y2

0

(1 + y0)2
= f · f + 1 − y0

1 + y0
.

We can multiply K1 by 2(1 + y0) and get that [K1] equals

[(2+f ·f (1+y0), 2y0 −f ·f (1+y0), 2(1+y0)f +2y1un+1 +· · ·+2ymun+m, 0)].
When the values y0 = −1 and yi = 0, 1 ≤ i ≤ m, are substituted into this formula,
we get

[K1] = [(1,−1, 0, . . . , 0)],
the improper point, as desired.

Since the formula for K2(x, y) does not depend on the point y ∈ Sm, it does not
need to be modified to incorporate the special point P . Specifically,

K2(x, y) = (f (x) · ξ(x),−f (x) · ξ(x), ξ(x), 1).

As with the tube construction, it is easy to check thatK1 andK2 satisfy the Legendre
condition (1) of Theorem 4.3 in Chapter 4, p. 59. To check the Legendre conditions
(2) and (3) and to locate the curvature spheres, we compute the differentials of K1
and K2. We first consider points (x, y) with y0 
= −1, that is y 
= P . For these
points, it is simpler to use formulas (5.17)–(5.18) defined on Mn−1 × Rm. Thus, we
identify a point y ∈ Sm − {P } with the point z = τ(y) in Rm, and identify TySm

with TzRm via dτ . We write a typical tangent vector as (X,Z), for X ∈ TxM
n−1

and Z ∈ TzRm. As before, the location of the curvature spheres is determined by the
condition

d(rF + sη)(X,Z) = 0.

If we write Z = (Z1, . . . , Zm), then we can compute from equations (5.17)–
(5.18) that

dF(X, 0) = df (X), dη(X, 0) = dξ(X), (5.19)

dF(0, Z) = Z1un+1 + · · · + Zmun+m, dη(0, Z) = 0. (5.20)

The Legendre condition (3),
dF · η = 0,

is easily verified using equations (5.18)–(5.20) and the Legendre condition (3) for λ,
that is,

df · ξ = 0.

From equation (5.20), it follows immediately that [K2] is a curvature sphere of mul-
tiplicity at least m at each point of Mn−1 × Rm. This is also true on Mn−1 × Sm,
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since [K2] does not depend on the point y ∈ Sm. At each point, [K2] corresponds to
a hyperplane in Rn+m in oriented contact with the cylinder along one of its rulings.
Note further that if there is a nonzero vectorX ∈ TxMn−1 such that dξ(X) = 0, then
dη(X, 0) = 0 also, and the curvature sphere [K2] has multiplicity m+ ν, where ν is
the nullity of dξ at x. Thus, [K2] does not have constant multiplicity unless dξ has
constant rank on Mn−1.

Therefore, we now assume that ξ has constant rank on Mn−1. We first consider
the case when the rank of ξ is n − 1, i.e., ξ is an immersion on Mn−1. Then [K2]
has multiplicity m and is constant along its curvature surfaces, which have the form
{x} × Sm. Since [K2] represents a hyperplane, it satisfies the equation

〈K2, e1 − e2〉 = 0.

Furthermore, the normal η(x, y) = ξ(x) to the hyperplane lies in Rn, and so

〈K2, un+i〉 = 〈K2, en+2+i〉 = 0, 1 ≤ i ≤ m.

Hence, the image of the map [K2] is contained in the (n + 1)-dimensional linear
subspaceE in Pn+2 whose orthogonal complement is the (m+1)-dimensional vector
space,

E⊥ = Span{en+3, . . . , en+m+2, e1 − e2}, (5.21)

on which the scalar product 〈, 〉 has signature (m, 0).
From equation (5.19), we see that the other curvature spheres correspond exactly

to the curvature spheres of the original Dupin submanifold λ. These curvature spheres
are also constant along their curvature surfaces, which are of the form S×{y}, where
S is a curvature surface of λ. Thus, µ has g+ 1 curvature spheres at the points (x, y)
with y 
= P .

We now consider points in Mn−1 × {P }. Let x be an arbitrary point of Mn−1.
We know that

dK1(X, 0) = 0

at (x, P ) for all X ∈ TxM
n−1, since [K1] is constant on the set Mn−1 × {P }. On

the other hand, one can easily compute that dK1(0, Y ) is not in [K1,K2] for any Y .
Thus, [K1] is a curvature sphere of multiplicity n−1 at each point of the form (x, P ).
By differentiating the formula for K2 and using the fact that df · ξ = 0, we get

dK2(X, 0) = (f · dξ(X),−f · dξ(X), dξ(X), 0). (5.22)

Since we have assumed that ξ is an immersion, dK2(X, 0) 
= 0 for X 
= 0. This
shows that the Legendre condition (2) is satisfied and that there are exactly two
distinct curvature spheres, [K1] with multiplicity n− 1 and [K2] with multiplicitym
at (x, P ). These have respective curvature surfaces Mn−1 × {P } and {x} × Sm. The
Dupin condition is clearly satisfied by these curvature surfaces, and thus µ is Dupin.
We summarize these results as follows.

Proposition 5.7. Suppose that λ : Mn−1 → �2n−1 is a proper Dupin submanifold
with g distinct curvature spheres such that the Euclidean field of unit normals ξ is



136 5 Dupin Submanifolds

an immersion. Then the cylinder construction yields a Dupin submanifold µ defined
on Mn−1 × Sm. The number γ (x, y) of distinct curvature spheres of µ at a point
(x, y) ∈ Mn−1 × Sm is as follows:

(a) γ (x, y) = 2, if y is the pole P of the stereographic projection τ from Sm to Rm.
(b) γ (x, y) = g + 1 otherwise.

The cylinder construction also yields a Dupin submanifold defined on

Mn−1 × Rm,

if ξ has constant rank n−1−ν, for ν ≥ 1. However, the construction does not extend
toMn−1 ×{P } because the Legendre immersion condition (2) is not satisfied at those
points. Specifically, if X ∈ TxMn−1 is a nonzero vector such that dξ(X) = 0, then
dK1(X, 0) and dK2(X, 0) are both zero at the point (x, P ). Furthermore, the number
of distinct curvature spheres of the cylinder µ on Mn−1 × Rm is g, not g + 1, since
the hyperplane map is already a curvature sphere of λ. The curvature surfaces of
[K2] are of the form S × Sm, where S is a curvature surface of λ. Thus, we have the
following.

Proposition 5.8. Suppose that λ : Mn−1 → �2n−1 is a proper Dupin submanifold
with g distinct curvature spheres such that the Euclidean field of unit normals ξ has
constant rank n− 1 − ν, where ν ≥ 1. Then the cylinder construction yields a Dupin
submanifoldµ defined onMn−1 ×Rm with g distinct curvature spheres at each point.

C. Surfaces of Revolution

As before, we begin with a proper Dupin submanifold λ : Mn−1 → �2n−1 with
g distinct curvature spheres at each point, and assume that the point sphere map
[k1] does not contain the improper point.We write the point sphere map [k1] and the
hyperplane map [k2] in the form of equation (5.2), and thereby define the Euclidean
projection f and the Euclidean field of unit normals ξ as maps from Mn−1 to Rn.
We now want to construct the Legendre submanifold µ obtained by revolving the
“profile submanifold’’ f around an “axis of revolution’’

Rn−1 ⊂ Rn ⊂ Rn+m.

We do not assume that f is an immersion, nor that the image of f is disjoint from
the axis Rn−1. For simplicity, we assume that the axis goes through the origin in Rn

and that the standard orthonormal vectors u1, . . . , un+m have been chosen so that

Rn−1 = Span{u1, . . . , un−1} = Span{e3, . . . , en+1}.
We write the sphere Sm in the form

Sm = {y = y0un + y1un+1 + · · · + ymun+m | y2
0 + · · · + y2

m = 1}.
We can now define the new Legendre submanifold,
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µ : Mn−1 × Sm → �2(n+m)−1,

by giving its Euclidean projection F and Euclidean field of unit normals η. First, we
decompose the maps f and ξ into components along Rn−1 and orthogonal to Rn−1

in Rn and write

f (x) = f̂ (x)+ fn(x)un, f̂ (x) ∈ Rn−1, (5.23)

ξ(x) = ξ̂ (x)+ ξn(x)un, ξ̂ (x) ∈ Rn−1. (5.24)

For x ∈ Mn−1, y ∈ Sm, we let

F(x, y) = f̂ (x)+ fn(x)y, (5.25)

η(x, y) = ξ̂ (x)+ ξn(x)y. (5.26)

Note that for y = un, we have

F(x, un) = f (x), η(x, un) = ξ(x),

that is, we have the profile submanifold for the surface of revolution.
For a fixed point x ∈ Mn−1, the points F(x, y), y ∈ Sm, form an m-dimensional

sphere of radius |fn(x)| obtained by revolving the point f (x) about the axis Rn−1 in
Rn+m, provided that fn(x) is not zero.

The maps K1 and K2 are then defined by equation (5.6) as before. Again, it is
easy to check that K1 and K2 satisfy the Legendre condition (1) of Theorem 4.3 in
Chapter 4, p. 59. To check the Legendre conditions (2), (3) and locate the curvature
spheres of µ, we compute dF and dη. We consider vectors X ∈ TxMn−1 and

Y = Y0un + · · · + Ymun+m ∈ TySm,
and compute

dF(X, 0) = df̂ (X)+ (Xfn)y, dη(X, 0) = dξ̂ (X)+ (Xξn)y, (5.27)

dF(0, Y ) = fn(x)Y, dη(0, Y ) = ξn(x)Y. (5.28)

Note that when y = un, we have

dF(X, 0) = df (X), dη(X, 0) = dξ(X).

The Legendre condition (3), dF ·η = 0, follows easily from df ·ξ = 0 and y ·Y = 0.
To check condition (2), first note thatdF(X, 0) anddη(X, 0) are never simultaneously
zero for X 
= 0, since df (X) and dξ(X) are never both zero for X 
= 0. Then
equations (5.27) and (5.28) imply that dF(X, Y ) and dη(X, Y ) are never both zero
ifX 
= 0. On the other hand, dF(0, Y ) and dη(0, Y ) vanish simultaneously at (x, y)
for a nonzero Y ∈ TySm if and only if fn(x) and ξn(x) are both zero, i.e., f (x) and
ξ(x) both lie in Rn−1. This means that the line through f (x) in the direction ξ(x) lies
in Rn−1. This line is the locus of centers of the spheres in Rn corresponding to the
points on the line λ(x) lying onQn+1. These spheres all meet Rn−1 orthogonally, as
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does the one plane in the parabolic pencil of spheres determined by λ(x). Condition
(2) does not automatically hold at points (x, y) of this type. This is easy to understand
geometrically. If f (x) and ξ(x) both lie in Rn−1, then they are fixed pointwise by
the group SO(m + 1) of isometries of Rn+m that keep Rn−1 pointwise fixed. So
the contact element (f (x), ξ(x)) is also fixed by these rotations, and the map from
Mn−1 × Sm into the space of contact elements is not an immersion at such points.

We now find the curvature spheres of µ at a point (x, y) where the Legendre
condition (2) does hold. As before, the curvature spheres are determined by the
condition

d(rF + sη)(X, Y ) = 0.

From equation (5.27), we see that

d(rF + sη)(X, 0) = 0 ⇔ d(rf + sξ)(X) = 0. (5.29)

Thus, (X, 0) is a principal vector for µ at (x, y) if and only if X is a principal vector
for λ at x. The curvature sphere [rK1 + sK2] of µ with principal vector (X, 0)
corresponds to the curvature sphere [rk1 + sk2] of λ with principal vector X.

The new curvature sphere of µ is easily found from equation (5.28). For any Y
in TySm, and for any fixed x, we have

d(ξn(x)F − fn(x)η)(0, Y ) = 0.

Hence,
[K] = [ξn(x)K1 − fn(x)K2] (5.30)

is a curvature sphere of multiplicity at least m at (x, y). From equation (2.16) of
Chapter 2, p. 16, we see that if ξn(x) 
= 0, then [K] represents the oriented sphere
with center

ξn(x)f̂ (x)− fn(x)ξ̂ (x),

and signed radius −fn(x)/ξn(x). The center of [K] is the unique point of intersection
of the line through f (x) in the direction ξ(x)with the axis Rn−1, and [K] meets Rn−1

orthogonally. If ξn(x) = 0, then [K] represents the hyperplane through f (x) with
normal ξ(x) = ξ̂ (x). This hyperplane also meets Rn−1 orthogonally. Thus, in either
case, [K] is orthogonal to

un+i = en+2+i , 0 ≤ i ≤ m,

and [K] is contained in the (n+ 1)-dimensional linear subspace E of Pn+m+2 whose
orthogonal complement is the (m+ 1)-dimensional vector space

E⊥ = Span{en+2, . . . , en+m+2}, (5.31)

which has signature (m+ 1, 0).
Thus there are two possibilities for the number of distinct curvature spheres of

µ at (x, y). The first case is when [K] is not equal to one of the curvature spheres
induced from the curvature spheres of λ, i.e., when none of the curvature spheres on
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the line λ(x) are orthogonal to Rn−1. In that case, [K] has multiplicity m, and its
curvature surface through (x, y) is {x} × Sm, along which [K] is constant. The other
curvature spheres of µ at (x, y) correspond exactly to the curvature spheres of λ at x.
Since λ is Dupin, these curvature spheres of µ are also constant along their curvature
surfaces, which have the form S × {y}, where S is a curvature surface of λ through
x. The number γ (x, y) of distinct curvature spheres of µ at (x, y) is g + 1. The
second case is when [K] is the curvature sphere induced from one of the curvature
spheres [k] of λ at x. Then [K] has multiplicitym+ ν, where ν is the multiplicity of
[k]. The curvature surface of [K] through (x, y) is S × Sm, where S is the curvature
surface of [k] through x. The curvature sphere [K] is clearly constant along this
curvature surface. In this case, the number of distinct curvature sphere γ (x, y) = g.
We summarize these results in the following proposition.

Proposition 5.9. Suppose that λ : Mn−1 → �2n−1 is a proper Dupin submanifold
with g distinct curvature spheres. The surface of revolution construction yields a
Dupin submanifold µ defined on all of Mn−1 × Sm, except those points where the
spheres in the parabolic pencil determined by the line λ(x) are all orthogonal to the
axis Rn−1. For (x, y) in the domain of µ, the number γ (x, y) of distinct curvature
spheres of µ at (x, y) is as follows:

(a) γ (x, y) = g + 1, if none of the curvature spheres of λ at x are orthogonal to the
axis Rn−1.

(b) γ (x, y) = g otherwise.

Thus, as with the other constructions, there are two cases in which this construction
yields a proper Dupin submanifold; either no curvature sphere of λ is ever orthogonal
to the axis Rn−1 or one of the curvature spheres of λ is always orthogonal to the axis.

Next we prove a proposition concerning the surface of revolution construction that
will be used in the proof of Theorem 5.16 which states that a compact proper Dupin
hypersurface embedded in Euclidean space with g > 2 distinct principal curvatures
must be irreducible. That result and the following proposition were proved by Cecil,
Chi, and Jensen [41].

Proposition 5.10. Suppose that µ : Mn−1 × Sm → �2(n+m)−1 is a Legendre sub-
manifold that is obtained from a proper Dupin submanifold λ : Mn−1 → �2n−1 by
the the surface of revolution construction. If there exists a Lie sphere transformation
β such that the point sphere map of βµ is an immersion, then there exists a Lie sphere
transformation α such that the point sphere map of αλ is an immersion.

Proof. Using the terminology of Section 4.4, suppose that α is the Lie sphere (pro-
jective) transformation induced by an orthogonal transformation A ∈ O(n+ 1, 2) of
Rn+3

2 . Let
[W1] : Mn−1 → Qn+1

be the point sphere map of αλ which is determined by the equation

〈W1(x), en+m+3〉 = 0,
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for x ∈ Mn−1. The map [W1] is an immersion if and only if [W1(x)] is not a curvature
sphere of αλ for any x ∈ Mn−1. By Theorem 4.7 in Section 4.4, the curvature spheres
of αλ are of the form α[k], where [k] is a curvature sphere of λ. Thus, the point sphere
map [W1] of αλ is an immersion if and only if

〈Ak(x), en+m+3〉 
= 0, (5.32)

for all curvature spheres [k(x)] for all x ∈ Mn−1. If we apply the Lie transformation
α−1 induced by A−1 ∈ O(n+ 1, 2), then the inequality (5.32) becomes

〈k(x), A−1en+m+3〉 = 〈k(x), v〉 
= 0, (5.33)

for all curvature spheres [k(x)] for all x ∈ Mn−1, where

v = A−1en+m+3,

is a unit timelike vector in Rn+3
2 . Conversely, if there exists a unit timelike vector

v ∈ Rn+3
2 such that

〈k, v〉 
= 0, (5.34)

for all curvature sphere maps of λ, then if α is a Lie sphere transformation such that
α(v) = en+m+3, the point sphere map of αλ will be an immersion.

Suppose that there exists a Lie sphere transformation β such that the point sphere
map of βµ is an immersion. Then there exists a unit timelike vector q ∈ Rn+m+3

2
such that

〈K, q〉 
= 0, (5.35)

for all curvature sphere maps K of µ. We can write q in coordinates as

q = (q1, q2, q̂, w, qn+m+3), (5.36)

where q̂ = (q3, . . . , qn+1) ∈ Rn−1 and w = (qn+2, . . . , qn+m+2).
By equations (5.29) and (5.30), we know that the curvature spheres of µ are of

two types. The first type is

[K(x, y)] = [rK1(x, y)+ sK2(x, y)], (5.37)

where r, s are real numbers such that

[k(x)] = [rk1(x)+ sk2(x)], (5.38)

is curvature sphere of λ at x ∈ Mn−1. The second type is

[K(x, y)] = [ξn(x)K1(x, y)− fn(x)K2(x, y)], (5.39)

which is the new curvature sphere introduced by the surface of revolution construction.
For a curvature sphere of the first type, as in equation (5.37), one can compute

using equations (5.4)–(5.7) and (5.25)–(5.26) that
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〈K(x, y), q〉 = −q1

(
r

(
1 + f · f

2

)
+ sf · ξ

)
(5.40)

+ q2

(
r

(
1 − f · f

2

)
− sf · ξ

)
+ (rf̂ (x)+ sξ̂ (x)) · q̂

+ (rfn(x)+ sξn(x))(y · w)− sqn+m+3,

since F ·F = f · f , η · η = ξ · ξ , and F · η = f · ξ . Note that all terms depend only
on x ∈ Mn−1 except for the term

(rfn(x)+ sξn(x))(y · w). (5.41)

If we take y = en+2 in this expression, then we get from equations (5.23)–(5.26) and
(5.35) that

0 
= 〈K(x, y), q〉 = 〈k(x), v〉, (5.42)

for k(x) = rk1(x) + sk2(x) and v = π(q), where π is orthogonal projection of
Rn+m+3

2 onto Rn+3
2 given by

v = π

(
n+m+3∑
i=1

qiei

)
=

n+2∑
i=1

qiei + qn+m+3en+m+3. (5.43)

The vector v is timelike, since q is a unit timelike vector, and

〈v, v〉 = 〈q, q〉 − (q2
n+3 + · · · + q2

n+m+2). (5.44)

Thus, v/|v| is a unit timelike vector in Rn+3
2 . Since 〈K, q〉 
= 0 by equation (5.35) for

all curvature spheresK of µ, in particular those of type (5.37), we see from equation
(5.42) that 〈k, v/|v|〉 
= 0 for all curvature sphere maps [k] of λ. Thus, as discussed in
equation (5.34), there exists a Lie sphere transformation α such that the point sphere
map of αλ is an immersion. ��

5.3 Lie Sphere Geometric Criterion for Reducibility

We now find a Lie sphere geometric criterion for when a Dupin submanifold is
reducible to a lower-dimensional Dupin submanifold. First, note that the totally
umbilic case of a proper Dupin submanifold with one distinct curvature sphere is
well known. These are all Lie equivalent to the Legendre submanifold induced by
an open subset of a standard metric sphere Sn−1 embedded in Rn. A standard sphere
can be obtained from a point by any of the standard constructions. From now on,
we will only consider the case in which the number of distinct curvature spheres is
greater than one.

We say that a Dupin submanifold η that is obtained from a Dupin submanifold
λ by one of the standard constructions is reducible to λ. More generally, a Dupin
submanifold µ that is Lie equivalent to such a Dupin submanifold η is also said to be
reducible to λ.
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In general, as we see from Propositions 5.2, 5.7 and 5.9, the application of one of
the standard constructions to a proper Dupin submanifold with g distinct curvature
spheres produces a proper Dupin submanifold with g + 1 distinct curvature spheres
defined on an open subset ofMn−1 ×Sm. (Example 5.6 shows that this is not always
the case, however.) Pinkall [150, p. 438] found the following simple criterion for
reducibility in this general situation.

Theorem 5.11. A proper Dupin submanifold µ : Wd−1 → �2d−1 with g + 1 ≥ 2
distinct curvature spheres is reducible to a proper Dupin submanifold λwith g distinct
curvature spheres if and only if µ has a curvature sphere [K] of multiplicity m ≥ 1
that lies in a (d + 1 −m)-dimensional linear subspace of Pd+2.

Proof. Let n = d−m in order to agree with the notation used in the previous section.
Since µ has at least two distinct curvature spheres, we have

d − 1 −m ≥ 1,

i.e., n ≥ 2. For each of the three constructions, it was shown that if the constructed
Dupin submanifold η has one more curvature sphere than the original Dupin subman-
ifold λ, then the new curvature sphere [K] has multiplicitym and lies in a (d+1−m)-
dimensional linear subspace E of Pd+2. The same holds for a Dupin submanifold µ
that is Lie equivalent to such a Dupin submanifold η.

Conversely, if there exists a curvature sphere [K] of multiplicitym that lies in an
(n + 1)-dimensional space E, then the signature of 〈, 〉 on the (m + 1)-dimensional
vector spaceE⊥ must be (m+ 1, 0), (m, 1) or (m, 0). Otherwise, E ∩Qd+1 is either
empty or consists of a single point or a line (see Corollary 2.5 of Chapter 2, p. 21).
However, the curvature sphere map [K] is an immersion of the (n− 1)-dimensional
space of leaves Mn−1 of the principal foliation corresponding to [K], and its image
cannot be contained in a single line.

If the signature of 〈, 〉 onE⊥ is (m+1, 0), then there is a Lie sphere transformation
α, induced by an orthogonal transformation A ∈ O(d + 1, 2), which takes E⊥ to
the space in equation (5.31). For the Dupin submanifold η = αµ, the centers of the
curvature spheres in the family [AK] all lie in the space

Rn−1 = Span{e3, . . . , en+1} ⊂ Rn = Span{e3, . . . , en+2}. (5.45)

The proper Dupin submanifold η is an envelope of this family of curvature spheres
[AK], with each curvature sphere tangent to the envelope along a leaf of the principal
foliation corresponding to [AK]. Since the family of curvature spheres [AK] is
invariant under SO(m+ 1), the subgroup of SO(d) consisting of isometries that keep
the axis Rn−1 pointwise fixed, the envelope of these curvature spheres is also invariant
under SO(m + 1). Thus η is an open subset of a surface of revolution. The profile
submanifold λ in Rn of this surface of revolution is locally obtained by taking those
contact elements in Rn which are in the image of η. Each curvature surface of [AK]
is the orbit of a contact element in the image of λ under the action of the group
SO(m + 1). Since the multiplicity m of [AK] is accounted for by the action of this
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group, the profile submanifold has one less curvature sphere than η (and hence µ) at
each point.

Similarly, if the signature of 〈, 〉 on E⊥ is (m, 1), then E⊥ can be mapped by a
Lie sphere transformation α induced by A ∈ O(d + 1, 2) to the space in equation
(5.15) given in the tube construction. Then each curvature sphere in the family [AK]
has radius −ε and has center in the space Rn given in equation (5.45). Since the
map [AK] factors through an immersion of the space of leavesMn−1 of the principal
foliation, the locus of centers of these spheres factors through an immersion f of
Mn−1 into Rn. The proper Dupin submanifold η = αµ is an envelope of this family
of curvature spheres, and it is obtained from the Legendre submanifold λ induced
from the hypersurface f in Rn via the tube construction. Since the multiplicity of
[AK] is accounted for by the tube construction, λ has one less curvature sphere thanµ.

Finally, if the signature of 〈, 〉 on E⊥ is (m, 0), then E⊥ can be mapped by a
Lie sphere transformation α induced by A ∈ O(d + 1, 2) to the space in equation
(5.21) in the cylinder construction. The family [AK] of curvature spheres consists
of hyperplanes orthogonal to the space Rn given in equation (5.45). The proper
Dupin submanifold η = αµ is an envelope of this family of hyperplanes, with each
hyperplane tangent to the envelope along a leaf of the principal foliation. This family
of hyperplanes is invariant under the action of the group H of translations of Rd in
directions orthogonal to Rn, and so is the envelope. Each leaf of the principal foliation
is the orbit of a single contact element in Rn under the action of H . These contact
elements in Rn determine the original proper Dupin submanifold λ from which η is
obtained by the cylinder construction. Again, it is clear that λ has one less curvature
sphere than µ at each point, since the multiplicity m of the curvature sphere [AK]
equals the codimension of Rn in Rd . ��

Pinkall [150, p. 438] also formulated his local criterion for reducibility to handle
the case where the number of distinct curvature spheres ofµ is the same as the number
of distinct curvature spheres of λ, as in Example 5.6. For this theorem, we do not
take into account the multiplicity of the curvature sphere [K]. The result also holds
for a proper Dupin submanifold with one curvature sphere at each point, so we also
include that case.

The following version of the proof of Pinkall’s criterion for reducibility was
published in [41]. This proof makes use of the fact that a proper Dupin submanifold
must be algebraic and hence analytic. Pinkall [148] sent a sketch of a proof of that
fact to the author in a letter in 1984. A complete proof of the algebraicity of proper
Dupin submanifolds, based on Pinkall’s approach, was given in a paper of Cecil, Chi
and Jensen [42].

Theorem 5.12. A connected proper Dupin submanifold µ : Wd−1 → �2d−1 is
reducible if and only if there exists a curvature sphere [K] of µ that lies in a linear
subspace of Pd+2 of codimension at least two.

Proof. First, assume that µ is reducible. By definition this means that for every
x ∈ Wd−1, there exists a neighborhood of x such that the restriction of µ to this
neighborhood is Lie equivalent to the end product of one of the standard constructions.
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For each of these constructions it was shown that one of the curvature spheres [K] lies
in a space of codimension at least two in Pd+2. For each x ∈ Wd−1, let mx ≥ 1 be
the largest positive integer such that for some neighborhoodUx of x, the restriction of
the curvature sphere map [K] to Ux lies in a linear subspace of codimension mx + 1
in Pd+2. Choose x0 to be a point where mx attains its maximum value m on Wd−1.
Then there exist linearly independent vectors v1, . . . , vm+1 in Rd+3

2 such that on a
neighborhood Ux0 of x0, we have

〈K, vi〉 = 0, 1 ≤ i ≤ m+ 1. (5.46)

Since µ is analytic, the curvature sphere map [K] is analytic. Then since the analytic
functions 〈K, vi〉 equal zero on the open set Ux0 in the connected analytic manifold
Wd−1, they must equal zero on all of Wd−1. Thus, equation (5.46) holds on all of
Wd−1, and the function mx = m for all x ∈ Wd−1. The curvature sphere [K] lies in
the space E of codimension m+ 1 determined by equation (5.46), and so [K] lies in
a linear space of codimension at least two in Pd+2.

The proof of the converse is essentially the same as that of Theorem 5.11. Suppose
that µ has a curvature sphere [K] that lies in a linear subspace E of codimension
m + 1, where m ≥ 1. As in the proof of Theorem 5.11, there exists a Lie sphere
transformation α induced byA ∈ O(d+1, 2) such that αmapsE⊥ to the appropriate
space in equations (5.15), (5.21), (5.31), as determined by the signature of 〈, 〉 onE⊥.
The proof of Theorem 5.11 deals specifically with the case where [K] has multiplicity
m, and so the number of curvature spheres of η = αµ is one greater than the number
of curvature spheres of λ. If [K] has multiplicity greater than m, then the curvature
sphere [AK] of η is also equal to one of the curvature spheres of η induced from
a curvature sphere [k] of λ, and the multiplicity of [K] is m + l, where l is the
multiplicity of [k]. In that case, µ and λ have the same number of curvature spheres,
as in Example 5.6. The rest of the proof is quite similar to the proof of Theorem 5.11.

��
Remark 5.13. When Pinkall introduced his constructions, he also listed the following
construction. Begin with a proper Dupin submanifold λ induced by an embedded
proper Dupin hypersurface Mn−1 ⊂ Sn ⊂ Rn+1. The new Dupin submanifold µ is
the Legendre submanifold induced from the cone Cn overMn−1 in Rn+1 with vertex
at the origin. Theorem 5.12 shows that this construction is locally Lie equivalent to
the tube construction as follows. The tube construction is characterized by the fact
that one curvature sphere map [K] lies in a d-dimensional linear subspaceE of Pd+2,
whose orthogonal complement has signature (1, 1). Geometrically, this means that
after a suitable Lie sphere transformation, all the spheres in the family [K] have the
same radius and their centers lie in a subspace Rd−1 ⊂ Rd . For the cone construction,
the new family [K] of curvature spheres consists of hyperplanes through the origin
(corresponding to the point [e1 + e2] in Lie sphere geometry) that are tangent to the
cone along the rulings. Since the hyperplanes also all pass through the improper
point [e1 − e2], they correspond to points in the linear subspace E, whose orthogonal
complement is as follows:

E⊥ = Span{e1 + e2, e1 − e2}.
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SinceE⊥ is spanned by e1 and e2, it has signature (1, 1). Thus, the cone construction
is Lie equivalent to the tube construction. Finally, there is one more geometric
interpretation of the tube construction. Note that a family [K] of curvature spheres
that lies in a linear subspace whose orthogonal complement has signature (1, 1) can
also be considered to consist of spheres in Sd of constant radius in the spherical metric
whose centers lie in a hyperplane. The corresponding proper Dupin submanifold can
thus be considered to be a tube in the spherical metric over a lower-dimensional
submanifold in Sd .

Remark 5.14. In a recent paper [55], Dajczer, Florit and Tojeiro studied reducibility in
the context of Riemannian geometry. They formulated a concept of weak reducibility
for proper Dupin submanifolds that have a flat normal bundle, including proper Dupin
hypersurfaces. For hypersurfaces, their definition can be formulated as follows. A
proper Dupin hypersurface f : Mn−1 → Rn (or Sn) is said to be weakly reducible if,
for some principal curvature κi with corresponding principal space Ti , the orthogonal
complement T ⊥

i is integrable. Dajczer, Florit and Tojeiro show that if a proper Dupin
hypersurface f : Mn−1 → Rn is Lie equivalent to a proper Dupin hypersurface with
g+1 distinct principal curvatures that is obtained via one of the standard constructions
from a proper Dupin hypersurface with g distinct principal curvatures, then f is
weakly reducible. Thus, reducible implies weakly reducible for such hypersurfaces.

However, one can show that the open set U of the tube W 4 over V 2 in S5 in
Example 5.6 on which there are three principal curvatures at each point is reducible
but not weakly reducible, because none of the orthogonal complements of the principal
spaces is integrable. Of course,U is not constructed from a proper Dupin submanifold
with two curvature spheres, but rather one with three curvature spheres.

In two papers by Cecil and Jensen [44]–[45], the notion of local irreducibility
was used. Specifically, a proper Dupin submanifold λ : Mn−1 → �2n−1 is said to
be locally irreducible if there does not exist any open subset U ⊂ Mn−1 such that
the restriction of λ to U is reducible. Theoretically, this is a stronger condition than
irreducibility of λ itself. However, using the analyticity of proper Dupin submani-
folds, Cecil, Chi and Jensen [41] proved the following proposition which shows that
the concepts of local irreduciblity and irreducibility are equivalent.

Proposition 5.15. Let λ : Mn−1 → �2n−1 be a connected, proper Dupin subman-
ifold. If the restriction of λ to an open subset U ⊂ Mn−1 is reducible, then λ is
reducible. Thus, a connected proper Dupin submanifold is locally irreducible if and
only if it is irreducible.

Proof. Suppose there exists an open subset U ⊂ Mn−1 on which the restriction of
λ is reducible. By Theorem 5.12 there exists a curvature sphere [K] of λ and two
linearly independent vectors v1 and v2, such that

〈K(x), vi〉 = 0, i = 1, 2,

for all x ∈ U . Since the curvature sphere map [K] is analytic onMn−1, the functions
〈K, vi〉 are analytic onMn−1 for i = 1, 2. Since these functions are identically equal
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to zero on the open set U , they must equal zero on all of the connected analytic
manifold Mn−1. Therefore, by Theorem 5.12, the proper Dupin submanifold λ :
Mn−1 → �2n−1 is reducible. Thus, if λ is irreducible, then it cannot have a reducible
open subset, so it must be locally irreducible. ��

The considerations above are all of a local nature. We now want to consider
the global question of when a compact proper Dupin hypersurface embedded in Rd

or Sd is irreducible. Thorbergsson [190] showed that a compact, connected proper
Dupin hypersurface immersed in Rd or Sd is taut, and therefore it is embedded (see
Carter–West [21] or Cecil–Ryan [52, p. 121]). The following theorem was proved by
Cecil, Chi and Jensen [41].

Theorem 5.16. Let Wd−1 be a compact, connected proper Dupin hypersurface im-
mersed in Rd with g > 2 distinct principal curvatures. Then Wd−1 is irreducible.
That is, the Legendre submanifold induced by the hypersurfaceWd−1 is irreducible.

Proof. As noted above, tautness implies that an immersed compact, connected proper
Dupin hypersurface is embedded in Rd . We will assume thatWd−1 ⊂ Rd is reducible
and obtain a contradiction. Let µ : Wd−1 → �2d−1 be the Legendre submanifold
induced by the embedded hypersurfaceWd−1 ⊂ Rd . By the proof of Theorem 5.12,
the fact thatµ is reducible implies that µ is equivalent by a Lie sphere transformation
α to a proper Dupin submanifold η = αµ : Wd−1 → �2d−1 that is obtained from
a lower-dimensional proper Dupin submanifold λ : Mn−1 → �2n−1 by one of the
three standard constructions. Thus, Wd−1 is diffeomorphic to Mn−1 × Sm, where
m = d − n, and Mn−1 must be compact, since Wd−1 is compact. By hypothesis,
µ has g > 2 distinct curvature spheres at each point, and thus so does η. For η
obtained from λ by the tube or cylinder constructions, Propositions 5.2, 5.4, and 5.7
show that there always exist points on Mn−1 × Sm at which the number of distinct
curvature spheres is two, and therefore η cannot be obtained via the tube or cylinder
constructions.

Therefore the only remaining possibility is that η is obtained from λ by the surface
of revolution construction. Proposition 5.9 shows that for a surface of revolution, the
number j of distinct curvature spheres on Mn−1 must be g − 1 or g. Note that the
sum β of the Z2-Betti numbers of Wd−1 and Mn−1 are related by the equation,

β(Wd−1) = β(Mn−1 × Sm) = 2β(Mn−1). (5.47)

On the other hand, Thorbergsson showed that for a connected, compact proper Dupin
hypersurface embedded in Sd , β is equal to twice the number of distinct curvature
spheres. Thus, we have β(Wd−1) = 2g.

We know that η is Lie equivalent to µ and the point sphere map of µ is an immer-
sion. Furthermore, η is obtained from λ by the surface of revolution construction.
Thus, by Proposition 5.10, we conclude that there exists a Lie sphere transformation
γ such that the point sphere map of γ λ is an immersion. This point sphere map of
γ λ gives rise to a Euclidean projection,

f : Mn−1 → Rn,
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that is an immersed (and thus embedded) proper Dupin hypersurface. Thus, by
Thorbergsson’s theorem, we have β(Mn−1) = 2j , where j equals g − 1 or g. This
fact, together with equation (5.47), implies that it is impossible for Wd−1 and Mn−1

to have the same number of distinct curvature spheres, and soMn−1 has g−1 distinct
curvature spheres. Hence, we have

β(Wd−1) = 2g, β(Mn−1) = 2(g − 1) = 2g − 2. (5.48)

Combining equations (5.47) and (5.48), we get

2g = 2(2g − 2) = 4g − 4,

and thus g = 2, contradicting the assumption that g > 2. Therefore, µ cannot be
reducible. ��

A hypersurface in Sd is conformally equivalent to its image in Rd under stere-
ographic projection. Furthermore, the proper Dupin condition is preserved under
stereographic projection. Thus, as a corollary of Theorem 5.16, we conclude that a
compact, connected isoparametric hypersurface in Sd is irreducible as a Dupin hy-
persurface if the number g of distinct principal curvatures is greater than two. This
was proved earlier by Pinkall in his dissertation [146]. Of course, compactness is
not really a restriction for an isoparametric hypersurface, since Münzner [123] has
shown that any connected isoparametric hypersurface is contained in a unique com-
pact, connected isoparametric hypersurface. The same is not true for proper Dupin
hypersurfaces, since the completion of a proper Dupin hypersurface may not be proper
Dupin. Consider, for example, the tube M3 over a torus T 2 ⊂ R3 ⊂ R4 in Exam-
ple 4.10, p. 69. The tubeM3 is the completion of the open subset U ofM3 on which
there are three distinct principal curvatures of multiplicity one. The set U is a proper
Dupin hypersurface (with two connected components), but M3 is only Dupin, but
not proper Dupin. This phenomenon is also made clear by Propositions 5.2, 5.4, 5.7,
and 5.9.

There is one other geometric consequence about isoparametric hypersurfaces that
is implied by the theorem. Münzner showed that an isoparametric hypersurface
Mn−1 ⊂ Sn ⊂ Rn+1 is a tube of constant radius in Sn over each of its two focal
submanifolds. If g = 2, then the isoparametric hypersurfaceMn−1 must be a standard
product of two spheres,

Sk(r)× Sn−k−1(s) ⊂ Sn, r2 + s2 = 1,

and the two focal submanifolds are both totally geodesic spheres, Sk(1)×{0} and {0}×
Sn−k−1(1). The isoparametric hypersurface Mn−1 is reducible in two ways, since it
can be obtained as a tube of constant radius over each of these focal submanifolds,
which are not substantial in Rn+1. On the other hand, if an isoparametric hypersurface
Mn−1 hasg ≥ 3 distinct principal curvatures, then each of its focal submanifolds must
be substantial in Rn+1. Otherwise,Mn−1 would be reducible to such a nonsubstantial
focal submanifold by the tube construction, contradicting Theorem 5.16.

Finally, Theorem 5.16 has the following corollary concerning the location of
curvature spheres in Rn.
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Corollary 5.17. Let Mn−1 ⊂ Rn be a compact, connected proper Dupin hyper-
surface having g ≥ 2 distinct curvature spheres at each point. Let Rn−1 be any
hyperplane in Rn which is disjoint from Mn−1. Then there must exist a curvature
sphere at some point of Mn−1 that is orthogonal to Rn−1.

Proof. Consider Rn embedded as a subspace of a Euclidean space Rd , d > n. Since
Mn−1 is disjoint from Rn−1, the hypersurface Wd−1 obtained by revolving Mn−1

about Rn−1 is embedded in Rd . If no curvature sphere of Mn−1 intersects Rn−1

orthogonally, then by Proposition 5.9,Wd−1 is a compact reducible proper Dupin hy-
persurface with more than two distinct curvature spheres, contradicting Theorem 5.16.

��
Geometrically, this corollary means that either the focal set of Mn−1 in Rn must

intersect Rn−1, or there must be a point x ∈ Mn−1 where the tangent hyperplane to
Mn−1 is a curvature sphere to Rn−1. In that case, the corresponding focal point on
the normal line to Mn−1 at x intersects Rn−1 at a point on the hyperplane at infinity
in the projective space Pn determined by the affine space Rn. In this sense, we can
say that the focal set of Mn−1 must intersect every hyperplane that is disjoint from
Mn−1.

5.4 Cyclides of Dupin

A proper Dupin submanifold with two distinct curvature spheres of respective multi-
plicities p and q is called a cyclide of Dupin of characteristic (p, q). These are the
simplest Dupin submanifolds after the spheres, and they were first studied in R3 by
Dupin [64] in 1822. An example of a cyclide of Dupin of characteristic (1, 1) in R3

is a torus of revolution. The cyclides were studied by many prominent mathemati-
cians in the nineteenth century, including Liouville [107], Cayley [29], and Maxwell
[109], whose paper contains stereoscopic figures of the various types of cyclides.
The long history of the classical cyclides of Dupin is given in Lilienthal [106]. (See
also Banchoff [6], Cecil [31], Klein [94, pp. 56–58], Darboux [56, Vol. 2, pp. 267–
269], Blaschke [10, p. 238], Eisenhart [66, pp. 312–314], Hilbert and Cohn–Vossen
[90, pp. 217–219], Fladt and Baur [77, pp. 354–379], and Cecil and Ryan [50], [52,
pp. 151–166], for more on the classical cyclides.) For a consideration of the cyclides
in the context of computer graphics, see Degen [57], Pratt [155]–[156], Srinivas and
Dutta [172]–[175], and Schrott and Odehnal [168].

For cyclides of Dupin in R3, it was known in the nineteenth century that every
connected Dupin cyclide is Möbius equivalent to an open subset of a surface of
revolution obtained by revolving a profile circle S1 ⊂ R2 about an axis R1 ⊂ R2 ⊂
R3. The profile circle is allowed to intersect the axis, thereby introducing Euclidean
singularities. However, the corresponding Legendre map into the space of contact
elements in R3 is an immersion, as discussed in Section 4.3.

Higher-dimensional cyclides of Dupin appeared in the study of isoparametric
hypersurfaces in spheres. Cartan knew that an isoparametric hypersurface in a sphere
with two curvature spheres must be a standard product of spheres,
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Sp(r)× Sq(s) ⊂ Sn(1) ⊂ Rp+1 × Rq+1 = Rp+q+2, r2 + s2 = 1.

Cecil and Ryan [47] showed that a compact proper Dupin hypersurface Mn−1 em-
bedded in Sn with two distinct curvature spheres must be Möbius equivalent to a
standard product of spheres. The proof, however, uses the compactness of Mn−1 in
an essential way. Later, Pinkall [150] used Lie sphere geometric techniques to obtain
a local classification of the higher-dimensional cyclides of Dupin that is analogous to
the classical result. In this section, we will prove Pinkall’s theorem and then derive
a local Möbius geometric classification from it. Pinkall’s result is the following.

Theorem 5.18.
(a) Every connected cyclide of Dupin is contained in a unique compact, connected

cyclide of Dupin.
(b) Any two cyclides of Dupin of the same characteristic are locally Lie equivalent.

Before proving the theorem, we consider some models for compact cyclides of
Dupin. The results of Section 5.2 show that one can obtain a cyclide of Dupin of
characteristic (p, q) by applying any of the standard constructions (tube, cylinder or
surface of revolution) to ap-sphere Sp ⊂ Rp+1 ⊂ Rn, where n = p+q+1. Another
simple model of a cyclide of Dupin is obtained by considering the Legendre subman-
ifold induced by a totally geodesic Sq ⊂ Sn, as a submanifold of codimension p+ 1.
Such a sphere is one of the two focal submanifolds of the family of isoparametric
hypersurfaces obtained by taking tubes over Sq in Sn. The other focal submanifold
is a totally geodesic p-sphere Sp in Sn. We now explicitly parametrize this Legen-
dre submanifold by k1 and k2 satisfying the conditions (1)–(3) of Theorem 4.3 in
Chapter 4, p. 59. Let

{e1, . . . , en+3}
be the standard orthonormal basis for Rn+3

2 , and let

� = Span{e1, . . . , eq+2}, �⊥ = Span{eq+3, . . . , en+3}. (5.49)

These spaces have signatures (q+1, 1) and (p+1, 1), respectively. The intersection
� ∩Qn+1 is given in homogeneous coordinates by

x2
1 = x2

2 + · · · + x2
q+2, xq+3 = · · · = xn+3 = 0.

This set is diffeomorphic to the unit sphere Sq in

Rq+1 = Span{e2, . . . , eq+2},
by the diffeomorphism φ : Sq → �∩Qn+1, φ(v) = [e1 +v]. Similarly,�⊥ ∩Qn+1

is diffeomorphic to the unit sphere Sp in

Rp+1 = Span{eq+3, . . . , en+2}
by the diffeomorphism ψ : Sp → �⊥ ∩Qn+1, ψ(u) = [u + en+3]. The Legendre
submanifold λ : Sp × Sq → �2n−1 is defined by
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λ(u, v) = [k1, k2] with [k1(u, v)] = [φ(v)], [k2(u, v)] = [ψ(u)]. (5.50)

It is easy to check that the Legendre conditions (1)–(3) are satisfied by the pair {k1, k2}.
To find the curvature spheres of λ, we decompose the tangent space to Sp × Sq at a
point (u, v) as

T(u,v)S
p × Sq = TuS

p × TvS
q.

Then dk1(X, 0) = 0 for all X ∈ TuSp, and dk2(Y ) = 0 for all Y in TvSq . Thus, [k1]
and [k2] are curvature spheres of λ with respective multiplicities p and q. Further-
more, the image of [k1] lies in the set�∩Qn+1, and the image of [k2] is contained in
�⊥ ∩Qn+1. The essence of Pinkall’s proof is to show that this type of relationship
always holds between the two curvature spheres of a cyclide of Dupin.

Proof of Theorem 5.18. Suppose that λ : Mn−1 → �2n−1 is a connected cyclide
of Dupin of characteristic (p, q) with p + q = n − 1. We may take λ = [k1, k2],
where [k1] and [k2] are the curvature spheres with respective multiplicities p and q.
Each curvature sphere map factors through an immersion of the space of leaves of its
principal foliation. Thus, locally onMn−1, we can take a principal coordinate system
(u, v) defined on an open set

W = U × V ⊂ Rp × Rq,

such that

(i) [k1] depends only on v, and [k2] depends only on u, for all (u, v) ∈ W .
(ii) [k1(W)] and [k2(W)] are submanifolds of Qn+1 of dimensions q and p, respec-

tively.

Note that, in general, such a principal coordinate system cannot be found in the case
of a proper Dupin submanifold with g > 2 curvature spheres (see Cecil–Ryan [52,
p. 182]).

Now let (u, v) and (ū, v̄) be any two points in W . From (i), we have

〈k1(u, v), k2(ū, v̄)〉 = 〈k1(v), k2(ū)〉 = 〈k1(ū, v), k2(ū, v)〉 = 0. (5.51)

Let E be the smallest linear subspace of Pn+2 containing the q-dimensional subman-
ifold [k1(W)]. By equation (5.51), we have

[k1(W)] ⊂ E ∩Qn+1, [k2(W)] ⊂ E⊥ ∩Qn+1. (5.52)

The dimensions of E and E⊥ as subspaces of Pn+2 satisfy

dimE + dimE⊥ = n+ 1 = p + q + 2. (5.53)

We claim that dimE = q + 1 and dimE⊥ = p + 1. To see this, suppose first
that dimE > q + 1. Then dimE⊥ ≤ p, and E⊥ ∩ Qn+1 cannot contain the p-
dimensional submanifold k2(W). Similarly, assuming that dimE⊥ > p+ 1 leads to
a contradiction. Thus we have
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dimE ≤ q + 1, dimE⊥ ≤ p + 1.

This and equation (5.53) imply that dimE = q+1 and dimE⊥ = p+1. Furthermore,
from the fact that E ∩Qn+1 and E⊥ ∩Qn+1 contain submanifolds of dimensions q
and p, respectively, it is easy to deduce that the Lie inner product 〈, 〉 has signature
(q + 1, 1) on E and (p + 1, 1) on E⊥. Then since E ∩Qn+1 and E⊥ ∩Qn+1 are
diffeomorphic to Sq and Sp, respectively, the inclusions in equation (5.52) are open
subsets. If A is a Lie sphere transformation that takes E to the space � in equation
(5.49), and thus takesE⊥ to�⊥, thenAλ(W) is an open subset of the standard model
in equation (5.50). Both assertions in Theorem 5.18 are now clear. ��

We now turn to the Möbius geometric classification of the cyclides of Dupin.
For the classical cyclides in R3, this was known in the nineteenth century. K. Voss
[193] announced the classification in Theorem 5.19 below for the higher-dimensional
cyclides, but he did not publish a proof. The theorem follows quite directly from
Theorem 5.18 and the results of the previous section on surfaces of revolution. The
theorem is phrased in terms embedded hypersurfaces in Rn. Thus we are excluding
the standard model given in equation (5.50), where the Euclidean projection is not
an immersion. Of course, the Euclidean projection of a parallel submanifold to the
standard model is an embedding. The following proof was also given in [34].

Theorem 5.19.
(a) Every connected cyclide of DupinMn−1 of characteristic (p, q) embedded in Rn

is Möbius equivalent to an open subset of a hypersurface of revolution obtained by
revolving a q-sphere Sq ⊂ Rq+1 ⊂ Rn about an axis of revolution Rq ⊂ Rq+1

or a p-sphere Sp ⊂ Rp+1 ⊂ Rn about an axis Rp ⊂ Rp+1.
(b) Two such hypersurfaces are Möbius equivalent if and only if they have the same

value of ρ = |r|/a, where r is the signed radius of the profile sphere Sq and a > 0
is the distance from the center of Sq to the axis of revolution.

Proof. We always work with the Legendre submanifold induced by the embedding
ofMn−1 into Rn. By Theorem 5.18, every connected cyclide is contained in a unique
compact, connected cyclide. Thus, it suffices to classify compact, connected cyclides
up to Möbius equivalence. Consider a compact, connected cyclide

λ : Sp × Sq → �2n−1, p + q = n− 1,

of characteristic (p, q). By Theorem 5.18, there is a linear space E of Pn+2 with
signature (q + 1, 1) such that the two curvature sphere maps,

[k1] : Sq → E ∩Qn+1, [k2] : Sp → E⊥ ∩Qn+1,

are diffeomorphisms.
Möbius transformations are precisely those Lie sphere transformationsA satisfy-

ing A[en+3] = [en+3]. Thus we decompose en+3 as

en+3 = α + β, α ∈ E, β ∈ E⊥. (5.54)
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Note that since 〈α, β〉 = 0, we have

−1 = 〈en+3, en+3〉 = 〈α, α〉 + 〈β, β〉.
Hence, at least one of the two vectorsα, β is timelike. First, suppose thatβ is timelike.
Let Z be the orthogonal complement of β in E⊥. Then Z is a (p + 1)-dimensional
vector space on which the restriction of 〈, 〉 has signature (p+1, 0). SinceZ ⊂ e⊥n+3,
there is a Möbius transformation A such that

A(Z) = S = Span{eq+3, . . . , en+2}.
The curvature sphere map [Ak1] of the Dupin submanifold Aλ is a q-dimensional
submanifold in the space S⊥ ∩ Qn+1. By equation (2.14) of Chapter 2, p. 16, this
means that these spheres all have their centers in the space

Rq = Span{e3, . . . , eq+2}.
Note that

Rq ⊂ Rq+1 = Span{e3, . . . , eq+3} ⊂ Rn = Span{e3, . . . , en+2}.
As we see from the proof of Theorem 5.11, this means that the Dupin submanifold
Aλ is a hypersurface of revolution in Rn obtained by revolving a q-dimensional
profile submanifold in Rq+1 about the axis Rq . Moreover, since Aλ has two distinct
curvature spheres, the profile submanifold has only one curvature sphere. Thus, it is
an umbilical submanifold of Rq+1.

Four cases are naturally distinguished by the nature of the vector α in equation
(5.54). Geometrically, these correspond to different singularity sets of the Euclidean
projection of Aλ. Such singularities correspond exactly with the singularities of the
Euclidean projection of λ, since the Möbius transformation A preserves the rank of
the Euclidean projection. Since we have assumed that β is timelike, we know that
for all u ∈ Sp,

〈k2(u), en+3〉 = 〈k2(u), α + β〉 = 〈k2(u), β〉 
= 0,

because the orthogonal complement of β in E⊥ is spacelike. Thus, the curvature
sphere [Ak2] is never a point sphere. However, it is possible for [Ak1] to be a point
sphere.

Case 1. α = 0.

In this case, the curvature sphere [Ak1] is a point sphere for every point in Sp × Sq .
The image of the Euclidean projection of Aλ is precisely the axis Rq . The cyclide
Aλ is the Legendre submanifold induced from Rq as a submanifold of codimension
p + 1 in Rn. This is, in fact, the standard model of equation (5.50). However, since
the Euclidean projection is not an immersion, this case does not lead to any of the
embedded hypersurfaces classified in part (a) of the theorem.

In the remaining cases, we can always arrange that the umbilic profile submanifold
is a q-sphere and not a q-plane. This can be accomplished by first inverting Rq+1 in



5.4 Cyclides of Dupin 153

a sphere centered at a point on the axis Rq which is not on the profile submanifold, if
necessary. Such an inversion preserves the axis of revolution Rq . After a Euclidean
translation, we may assume that the center of the profile sphere is a point (0, a) on
the xq+3-axis � in Rq+1, as in Figure 5.1. The center of the profile sphere cannot
lie on the axis of revolution Rq , for then the hypersurface of revolution would be an
(n− 1)-sphere and not a cyclide of Dupin. Thus, we may take a > 0.

a
� xq+3

Rq

r

Sq

Fig. 5.1. Profile sphere Sq for the surface of revolution.

The map [Ak1] is the curvature sphere map that results from the surface of rev-
olution construction. The other curvature sphere of Aλ corresponds exactly to the
curvature sphere of the profile sphere, i.e., to the profile sphere itself. This means that
the signed radius r of the profile sphere is equal to the signed radius of the curvature
sphere [Ak2]. Since [Ak2] is never a point sphere, we conclude that r 
= 0. From
now on, we will identify the profile sphere with the second factor Sq in the domain
of λ.

Case 2. α is timelike.

In this case, for all v ∈ Sq , we have

〈k1(v), en+3〉 = 〈k1(v), α〉 
= 0,

since the orthogonal complement ofα inE is spacelike. Thus the Euclidean projection
of Aλ is an immersion at all points. This corresponds to the case |r| < a, when the
profile sphere is disjoint from the axis of revolution. Note that by interchanging the
roles of α and β, we can find a Möbius transformation that takes λ to the Legendre
submanifold obtained by revolving a p-sphere around an axis Rp ⊂ Rp+1 ⊂ Rn.

In the classical situation of surfaces in R3, the Euclidean projection of Aλ in this
case is a torus of revolution (see Figure 5.2).

The Euclidean projection of λ itself is a ring cyclide (see Figure 5.3) if the Möbius
projection of λ does not contain the improper point,or a parabolic ring cyclide (see
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Fig. 5.2. Torus of revolution.

Fig. 5.3. Ring cyclide.

Fig. 5.4. Parabolic ring cyclide.

Figure 5.4) if the Möbius projection of λ does contain the improper point. In either
case, the focal set in R3 consists of a pair of focal conics.
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For a ring cyclide, the focal set consists of an ellipse and a hyperbola in mutually
orthogonal planes such that the vertices of the ellipse are the foci of the hyperbola
and vice-versa. For a parabolic ring cyclide, the focal set consists of two parabolas in
orthogonal planes such that the vertex of each is the focus of the other. For the torus
itself, the focal set consists of the core circle and the axis of revolution covered twice.
This is a special case of a pair of focal conics. These classical cyclides of Dupin are
discussed in more detail in the book of Cecil–Ryan [52, pp. 151–166].

Case 3. α is lightlike, but not zero.

Then there is exactly one v ∈ Sq such that

〈k1(v), en+3〉 = 〈k1(v), α〉 = 0. (5.55)

This corresponds to the case |r| = a, where the profile sphere intersects the axis
in one point. Thus, Sp × {v} is the set of points in Sp × Sq where the Euclidean
projection is singular.

In the classical situation of surfaces in R3, the Euclidean projection ofAλ is a limit
torus (see Figure 5.5), and the Euclidean projection of λ itself is a limit spindle cyclide
(see Figure 5.6) or a limit horn cyclide (see Figure 5.7), if the Möbius projection of
λ does not contain the improper point.

Fig. 5.5. Limit torus.

In the case where the Möbius projection of λ contains the improper point, the
Euclidean projection of λ is either a limit parabolic horn cyclide (see Figure 5.9) or
a circular cylinder (in the case where the singularity is at the improper point). For all
of these surfaces except the cylinder, the focal set consists of a pair of focal conics,
as in the previous case. For the cylinder, the Euclidean focal set consists only of
the axis of revolution, since one of the principal curvatures is identically zero, and
so the corresponding focal points are all at infinity. In Lie sphere geometry, both
curvature sphere maps are plane curves on the Lie quadric, as shown in the proof of
Theorem 5.18.
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Fig. 5.6. Limit spindle cyclide.

Fig. 5.7. Limit horn cyclide.

Fig. 5.8. Spindle torus.
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Fig. 5.9. Limit parabolic horn cyclide.

Case 4. α is spacelike.

Then the condition (5.55) holds for points v in a (q − 1)-sphere Sq−1 ⊂ Sq . For
points in Sp×Sq−1, the point sphere map is a curvature sphere, and thus the Euclidean
projection is singular. Geometrically, this is the case |r| > a, where the profile sphere
intersects the axis Rq in a (q − 1)-sphere.

In the classical situation of surfaces in R3, the Euclidean projection of Aλ is a
spindle torus (see Figure 5.8), and the Euclidean projection of λ itself is a spindle
cyclide (see Figure 5.10) or a horn cyclide (see Figure 5.11), if the Möbius projection
does not contain the improper point.

Fig. 5.10. Spindle cyclide.

In the case where the Möbius projection of λ contains the improper point, the
Euclidean projection of λ is either a parabolic horn cyclide (see Figure 5.12) or
circular cone (in the case where one of the singularities is at the improper point). For
all of these surfaces except the cone, the focal set consists of a pair of focal conics.
For the cone, the Euclidean focal set consists of only the axis of revolution (minus
the origin), since one principal curvature is identically zero.



158 5 Dupin Submanifolds

Fig. 5.11. Horn cyclide.

Fig. 5.12. Parabolic horn cyclide.

Of course, there are also four cases to handle under the assumption that α, instead
of β, is timelike. Then the axis will be a subspace Rp ⊂ Rp+1, and the profile
submanifold will be a p-sphere. The roles of p and q in determining the dimension
of the singularity set of the Euclidean projection will be reversed. So if p 
= q,
then only a ring cyclide can be represented as a hypersurface of revolution of both a
q-sphere and a p-sphere. This completes the proof of part (a).

To prove part (b), we may assume that the profile sphere Sq of the hypersurface
of revolution has center (0, a) with a > 0 on the xq+3-axis �. Möbius classification
clearly does not depend on the sign of the radius of Sq , since the two hypersurfaces of
revolution obtained by revolving spheres with the same center and opposite radii differ
only by the change of orientation transformation � (see Remark 3.4 of Chapter 3,
p. 27). We now show that the ratio ρ = |r|/a is invariant under the subgroup of
Möbius transformations of the profile space Rq+1 which take one such hypersurface
of revolution to another. First, note that symmetry implies that a transformation T in
this subgroup must take the axis of revolution Rq to itself and the axis of symmetry � to
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itself. Since Rq and � intersect only at 0 and the improper point ∞, the transformation
T maps the set {0,∞} to itself. IfT maps 0 to ∞, then the composition�T , where� is
an inversion in a sphere centered at 0, is a member of the subgroup of transformations
that map ∞ to ∞ and map 0 to 0. By Theorem 3.16 of Chapter 3, p. 47, such a Möbius
transformation must be a similarity transformation, and so it is the composition of a
central dilatationD and a linear isometry �. Therefore, T = �D�, and each of the
transformations on the right of this equation preserves the ratio ρ. The invariant ρ is
the only one needed for Möbius classification, since any two profile spheres with the
same value of ρ can be mapped to one another by a central dilatation. ��
Remark 5.20. We can obtain a family consisting of one representative from each
Möbius equivalence class by fixing a = 1 and letting r vary, 0 < r < ∞. This is just
a family of parallel hypersurfaces of revolution. Taking a negative signed radius s for
the profile sphere yields a parallel hypersurface that differs only in orientation from
the hypersurface corresponding to r = −s. Finally, taking r = 0 also gives a parallel
submanifold in the family, but the Euclidean projection degenerates to a sphere Sp.
This is the case β = 0, α = en+3, where the point sphere map equals the curvature
sphere [k2] at every point.

5.5 Lie Frames

The goal of this section is to construct Lie frames that are well suited for the local study
of Dupin submanifolds. These frames are fundamental in the local classification of
Dupin hypersurfaces in R4 given in Section 5.7. They also provide a logical starting
point for further local study of Dupin submanifolds, and indeed, this approach has
been used by Cecil and Jensen [43], [44] and later by Cecil, Chi and Jensen [41] to
study proper Dupin submanifolds with three or four distinct curvature spheres.

We will use the notation for the method of moving Lie frames introduced in
Section 4.1. In particular, we agree on the following range of indices:

1 ≤ a, b, c ≤ n+ 3, 3 ≤ i, j, k ≤ n+ 1. (5.56)

All summations are over the repeated index or indices. As in Section 4.1, a Lie frame
is an ordered set of vectors {Y1, . . . , Yn+3} in Rn+3

2 satisfying the relations,

〈Ya, Yb〉 = gab (5.57)

for

[gab] =
⎡
⎣J 0 0

0 In−1 0
0 0 J

⎤
⎦ , (5.58)

where In−1 is the (n− 1)× (n− 1) identity matrix and

J =
[

0 1
1 0

]
. (5.59)
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The Maurer–Cartan forms ωba are defined by the equation

dYa =
∑

ωbaYb. (5.60)

Let λ : Mn−1 → �2n−1 be an arbitrary Legendre submanifold. Let {Ya} be a smooth
Lie frame on an open subset U ⊂ Mn−1 such that for each x ∈ U , we have

λ(x) = [Y1(x), Yn+3(x)].
We will pull back these Maurer–Cartan forms to U using the map λ∗ and omit the
symbols of such pull-backs for simplicity. Recall that the following matrix of forms
is skew-symmetric,

[ωab] =

⎡
⎢⎢⎢⎢⎢⎣

ω2
1 ω1

1 ωi1 ωn+3
1 ωn+2

1
ω2

2 ω1
2 ωi2 ωn+3

2 ωn+2
2

ω2
j ω1

j ωij ωn+3
j ωn+2

j

ω2
n+2 ω

1
n+2 ω

i
n+2 ω

n+3
n+2 ω

n+2
n+2

ω2
n+3 ω

1
n+3 ω

i
n+3 ω

n+3
n+3 ω

n+2
n+3

⎤
⎥⎥⎥⎥⎥⎦ , (5.61)

and that the forms satisfy the Maurer–Cartan equations,

dωba =
∑

ωca ∧ ωbc . (5.62)

By Theorem 4.8 of Chapter 4, p. 68, there are at most n−1 distinct curvature spheres
along each line λ(x). Thus, we can choose the Lie frame locally so that neither Y1 nor
Yn+3 is a curvature sphere at any point of U . Now ω2

1 = 0, by the skew-symmetry
of the matrix in equation (5.61), and ωn+2

1 = 0 by the Legendre condition (3) of
Theorem 4.3 (p. 59) for λ. Thus, for any X ∈ TxMn−1 at any point x ∈ U , we have

dY1(X) = ω1
1(X)Y1 +

∑
ωi1(X)Yi + ωn+3

1 (X)Yn+3 (5.63)

≡
∑

ωi1(X)Yi, mod{Y1, Yn+3}.
The assumption that Y1 is not a curvature sphere means that there does not exist any
nonzero tangent vector X at any point x ∈ U such that dY1(X) is congruent to zero,
mod{Y1, Yn+3}. By equation, (5.63), this assumption is equivalent to the condition
that the forms {ω3

1, . . . , ω
n+1
1 } be linearly independent, i.e., they satisfy the regularity

condition
ω3

1 ∧ · · · ∧ ωn+1
1 
= 0, (5.64)

on U . Similarly, the condition that Yn+3 is not a curvature sphere is equivalent to the
condition

ω3
n+3 ∧ · · · ∧ ωn+1

n+3 
= 0. (5.65)

We want to construct a Lie frame that is well-suited for the study of the curvature
spheres of λ. The Legendre condition (3) for λ is ωn+2

1 = 0. Exterior differentiation
of this equation using equations (5.61)–(5.62) yields
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ωi1 ∧ ωin+3 = 0. (5.66)

Hence, by Cartan’s lemma and the linear independence condition (5.64), we get that
for each i,

ωin+3 =
∑

hijω
j

1 , with hij = hji . (5.67)

The quadratic differential form

II (Y1) =
∑

hijω
i
1ω

j

1 , (5.68)

defined up to a nonzero factor and dependent on the choice of Y1, is called the second
fundamental form of λ determined by Y1.

To justify this name, we now consider the special case where Y1 and Yn+3 are as
follows:

Y1 = (1 + f · f, 1 − f · f, 2f, 0)/2, Yn+3 = (f · ξ,−f · ξ, ξ, 1), (5.69)

where f is the Euclidean projection of λ, and ξ is the Euclidean field of unit normals.
The condition (5.64) is equivalent to assuming that f is an immersion on U . Since
f is an immersion, we can choose the Lie frame vectors Y3, . . . , Yn+1 to satisfy

Yi = dY1(Xi) = (f · df (Xi),−f · df (Xi), df (Xi), 0), 3 ≤ i ≤ n+ 1, (5.70)

where X3, . . . , Xn+1 are smooth vector fields on U . Then we have

ωi1(Xj ) = 〈dY1(Xj ), Yi〉 = 〈Yj , Yi〉 = δij . (5.71)

Using equations (5.69) and (5.70), we compute

ωin+3(Xj ) = 〈dYn+3(Xj ), Yi〉 = dξ(Xj ) · df (Xi) (5.72)

= −df (AXj ) · df (Xi) = −Aij ,
where [Aij ] is the Euclidean shape operator (second fundamental form) of f . Now
by equations (5.67) and (5.71), we have

ωin+3(Xj ) =
∑

hikω
k
1(Xj ) = hij . (5.73)

Thus, hij = −Aij , whence the name “second fundamental form’’ for [hij ].
We now return to our general discussion, where λ is an arbitrary Legendre sub-

manifold, and {Ya} is a Lie frame onU such that Y1 and Yn+3 satisfy equations (5.64)
and (5.65), respectively. Since [hij ] is symmetric, we can diagonalize it at any given
point x ∈ U by a change of frame of the form

Y ∗
i =

∑
C
j
i Yj , 3 ≤ i ≤ n+ 1,

where [Cji ] is an (n − 1) × (n − 1) orthogonal matrix. In the new frame, equation
(5.67) has the following form at x,
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ωin+3 = −µiωi1, 3 ≤ i ≤ n+ 1. (5.74)

These µi determine the curvature spheres of λ at x. Specifically, given any point
x ∈ U , let

{X3, . . . , Xn+1}
be the dual basis to {ω3

1, . . . , ω
n+1
1 } in the tangent spaceTxMn−1. Then using equation

(5.74), we compute the differential of µiY1 + Yn+3 on Xi to be

d(µiY1 + Yn+3)(Xi) = dµi(Xi)Y1 + (µidY1 + dYn+3)(Xi) (5.75)

≡
∑

(µiω
j

1(Xi)+ ω
j

n+3(Xi))Yj

= (µiω
i
1(Xi)+ ωin+3(Xi))Yi

= (µi − µi)Yi = 0, mod{Y1, Yn+3}.
Hence, the curvature spheres of λ at x are precisely

Ki = µiY1 + Yn+3, 3 ≤ i ≤ n+ 1, (5.76)

andX3, . . . , Xn+1 are the principal vectors at x. In the case where Y1 and Yn+3 have
the form in equation (5.69), the µi are just the principal curvatures of the immersion
f at the point x. From Corollary 4.9 of Chapter 4, p. 68, we know that if a curvature
sphereKi of the form (5.76) has constant multiplicity on U , thenKi and µi are both
smooth on U , and the corresponding distribution of principal vectors is a foliation.
As we noted after the proof of Corollary 4.9, there is an open dense subset ofMn−1 on
which the multiplicities of the curvature spheres are locally constant (see Reckziegel
[157]–[158] or Singley [170]). For the remainder of this section, we assume that the
number g of distinct curvature spheres is constant on U , and thus that each distinct
curvature sphere has constant multiplicity on U . Assuming this, then the principal
vector fields X3, . . . , Xn+1 can be chosen to be smooth on U . The frame vectors
Y3, . . . , Yn+1 can then be chosen to be smooth on U via the formula,

Yi = dY1(Xi), 3 ≤ i ≤ n+ 1.

As in equation (5.71), this means that {ω3
1, . . . , ω

n+1
1 } is the dual basis to {X3, . . . ,

Xn+1}. Equation (5.74) is then satisfied at every point ofU . This frame is an example
of what we will call a principal frame. In general, a Lie frame {Za} on U is said to be
a principal Lie frame if there exist smooth functions αi and βi on U , which are never
simultaneously zero, such that the Maurer–Cartan forms {θba } for the frame satisfy
the equations,

αiθ
i
1 + βiθ

i
n+3 = 0, 3 ≤ i ≤ n+ 1. (5.77)

It is worth noting that θi1 and θin+3 cannot both vanish at a point x in U . To see this,
take a Lie frame {Wa} on U with

Wi = Zi, 3 ≤ i ≤ n+ 1,
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such thatW1 = αZ1 +βZn+3 is not a curvature sphere at x. Then the Maurer–Cartan
form φi1 for this frame satisfies the equation

φi1 = 〈dW1,Wi〉 = 〈αZ1 + βZn+3, Zi〉 = αθi1 + βθin+3.

Since W1 is not a curvature sphere, it follows that φi1 
= 0, and thus it is not possible
for θi1 and θin+3 to both equal zero.

There is a fair amount of flexibility in the choice of principal Lie frame. We next
show how the choice can be made more specific in order to have the Maurer–Cartan
forms give more direct information about a given curvature sphere. We can assume
that {Ya} is a principal frame on U satisfying equations (5.64) and (5.65) and that the
curvature spheres are given by equation (5.76). In particular, suppose that

K = µY1 + Yn+3

is a curvature sphere of multiplicity m on U . Then the function µ is smooth on U ,
and we can reorder the frame vectors Y3, . . . , Yn+1 so that

µ = µ3 = · · · = µm+2 (5.78)

on U . Since Y1 and Yn+3 are not curvature spheres at any point of U , the function µ
never takes the value 0 or ∞ on U . We now make a change of frame so that Y ∗

1 = K

is a curvature sphere of multiplicity m. Specifically, let

Y ∗
1 = µY1 + Yn+3, Y ∗

2 = (1/µ)Y2, (5.79)

Y ∗
n+2 = Yn+2 − (1/µ)Y2, Y ∗

n+3 = Yn+3, Y ∗
i = Yi, 3 ≤ i ≤ n+ 1.

Denote the Maurer–Cartan forms for this frame by θba . Note that

dY ∗
1 = d(µY1 + Yn+3) = (dµ)Y1 + µ dY1 + dYn+3 =

∑
θa1 Y

∗
a . (5.80)

Using equation (5.74), we see that the coefficient of Y ∗
i = Yi in equation (5.80) is

θi1 = µωi1 + ωin+3 = (µ− µi)ω
i
1, 3 ≤ i ≤ n+ 1. (5.81)

This and equation (5.78) show that

θr1 = 0, 3 ≤ r ≤ m+ 2. (5.82)

Equation (5.82) characterizes the condition that Y ∗
1 is a curvature sphere of constant

multiplicity m on U .
We now want to study the Dupin condition that K = Y ∗

1 is constant along each
leaf of its corresponding principal foliation. As noted in Corollary 4.9 of Chapter 4,
p. 68, this is automatic if the multiplicity m of K is greater than one. We denote this
principal foliation by T1 and choose smooth vector fields

{X3, . . . , Xm+2}
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on U that span T1. The condition that Y ∗
1 be constant along each leaf of its principal

foliation is
dY ∗

1 (Xr) ≡ 0, modY ∗
1 , 3 ≤ r ≤ m+ 2. (5.83)

On the other hand, from equations (5.71) and (5.81), we have

dY ∗
1 (Xr) = θ1

1 (Xr)Y1 + θn+3
1 (Xr)Yn+3, 3 ≤ r ≤ m+ 2. (5.84)

Comparing equations (5.83) and (5.84), we see that

θn+3
1 (Xr) = 0, 3 ≤ r ≤ m+ 2. (5.85)

We now show that we can make one more change of frame so that in the new
frame the Maurer–Cartan form αn+3

1 = 0. We can write θn+3
1 in terms of the basis

{ω3
1, . . . , ω

n+1
1 } as

θn+3
1 =

∑
siω

i
1, (5.86)

for smooth functions si on U . From equation (5.85), we see that we actually have

θn+3
1 =

n+1∑
t=m+3

stω
t
1. (5.87)

Using equations (5.71), (5.81) and (5.87), we compute that for m+ 3 ≤ t ≤ n+ 1,

dY ∗
1 (Xt ) = θ1

1 (Xt )Y
∗
1 + θ t1(Xt )Yt + θn+3

1 (Xt )Yn+3

= θ1
1 (Xt )Y

∗
1 + (µ− µt)Yt + stYn+3 (5.88)

= θ1
1 (Xt )Y

∗
1 + (µ− µt)(Yt + (st /(µ− µt))Yn+3.

We now make the change of Lie frame,

Z1 = Y ∗
1 , Z2 = Y ∗

2 , Zn+3 = Y ∗
n+3, Zr = Y ∗

r = Yr, 3 ≤ r ≤ m+ 2,

Zt = Yt + (st /(µ− µt))Yn+3, m+ 3 ≤ t ≤ n+ 1, (5.89)

Zn+2 = −
∑
t

(st /(µ− µt))Yt + Yn+2 − (1/2)
∑
t

(st /(µ− µt))
2Yn+3.

Let αba be the Maurer–Cartan forms for this new frame. We still have

αr1 = 〈dZ1, Zr 〉 = 〈dY ∗
1 , Y

∗
r 〉 = θr1 = 0, 3 ≤ r ≤ m+ 2. (5.90)

Furthermore, since Z1 = Y ∗
1 , the Dupin condition (5.83) still yields

αn+3
1 (Xr) = 0, 3 ≤ r ≤ m+ 2. (5.91)

Finally, for m+ 3 ≤ t ≤ n+ 1, equations (5.88) and (5.89) yield

αn+3
1 (Xt ) = 〈dZ1(Xt ), Zn+2〉 = 〈θ1

1 (Xt )Z1 + (µ− µt)Zt , Zn+2〉 = 0. (5.92)

Thus, we have αn+3
1 = 0. We summarize these results in the following theorem.
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Theorem 5.21. Let λ : Mn−1 → �2n−1 be a Legendre submanifold. Suppose that
K is a curvature sphere of multiplicity m on an open subset U of Mn−1 that is
constant along each leaf of its principal foliation. Then locally on U , there exists a
Lie frame {Y1, . . . , Yn+3} with Y1 = K , such that the Maurer–Cartan forms satisfy
the equations

ωr1 = 0, 3 ≤ r ≤ m+ 2, ωn+3
1 = 0. (5.93)

5.6 Covariant Differentiation

In this section we discuss a method of covariant differentiation, classically known as
“half-invariant’’differentiation, which is sometimes useful in simplifying the compu-
tation of derivatives in the projective context. This method is discussed in complete
generality in the book of Bol [11, Vol. III, pp. 1–15]. Here we show how it can be used
in the study of Legendre submanifolds. The method of half-invariant differentiation
plays an important role in Pinkall’s [149] local classification of Dupin hypersurfaces
in R4 given in the next section, and in later works by Niebergall [126]–[127], and
Cecil and Chern [38], Cecil and Jensen [44]–[45], and Cecil, Chi, and Jensen [41].

Let λ : Mn−1 → �2n−1 be a Legendre submanifold and suppose that {Ya} is
a Lie frame defined on an open subset U of Mn−1. One degree of freedom that is
always present in the choice of a Lie frame is a renormalization of the form

Y ∗
1 = τY1, Y ∗

2 = (1/τ)Y2,

Y ∗
n+3 = τYn+3, Y ∗

n+2 = (1/τ)Yn+2, (5.94)

Y ∗
i = Yi, 3 ≤ i ≤ n+ 1,

where τ is a smooth nonvanishing function on U . This is equivalent to a “star-
transformation,’’ as defined by Pinkall [146], [149]. If Y1 is not a curvature sphere at
any point of U , then the forms

{ω3
1, . . . , ω

n+1
1 }

constitute a basis for the cotangent space T ∗U at each point of U . For a principal
frame, it may be that some of the ωi1 are zero. In that case, as we showed in the
previous section, the corresponding form ωin+3 is not zero, and one can still choose
a basis locally for T ∗U so that each element of the basis is either a ωi1 or a ωin+3.
We assume that we have such a basis, which we denote by {θ1, . . . , θn−1}. Under a
renormalization of the form (5.94), we have for 3 ≤ i ≤ n+ 1,

ωi∗1 = 〈dY ∗
1 , Y

∗
i 〉 = 〈d(τY1), Yi〉 = 〈(dτ)Y1 + τ dY1, Yi〉

= τ 〈dY1, Yi〉 = τωi1. (5.95)

In a similar way, we haveωi∗n+3 = τωin+3, for 3 ≤ i ≤ n+1. Thus, all of the elements
of the basis transform by the formula

θ∗
r = τθr , 1 ≤ r ≤ n− 1. (5.96)
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The form ω1
1 transforms as follows under renormalization,

ω1∗
1 = 〈dY ∗

1 , Y
∗
2 〉 = 〈d(τY1), (1/τ)Y2〉 = (1/τ)〈τ dY1 + (dτ)Y1, Y2〉

= 〈dY1, Y2〉 + (dτ/τ)〈Y1, Y2〉 = ω1
1 + d(log τ). (5.97)

Hence, the formπ = −ω1
1 transforms as a Reeb form for the renormalization [11], i.e.,

π∗ = π − d(log τ). (5.98)

Such a Reeb form is crucial in the covariant (or half-invariant) differentiation process
defined below.

A scalar function or differential form ω onU is said to be half-invariant of weight
m if there is an integerm such that under renormalization,ω transforms by the formula

ω∗ = τmω. (5.99)

Thus the basis forms θr , 1 ≤ r ≤ n− 1, are all half-invariant of weight one. For two
half-invariant forms, ω1 and ω2, we set

(ω1 ∧ ω2)
∗ = ω∗

1 ∧ ω∗
2 .

If ω1 has weight m1, and ω2 has weight m2, then by equation (5.99) the product
ω1 ∧ ω2 has weight m1 + m2. This is useful in determining the weight of certain
functions which arise naturally. For example, if 3 ≤ i ≤ n+ 1, then the form ω1

i has
weight −1, since

ω1∗
i = 〈dY ∗

i , Y
∗
2 〉 = 〈dYi, (1/τ)Y2〉 = (1/τ)〈dYi, Y2〉 = (1/τ)ω1

i .

Now suppose that we write ω1
i in terms of the basis {θr} as

ω1
i = a1θ1 + · · · + an−1θn−1.

Then each of the functions ar has weight −2, since the weight of ar plus the weight
of θr must equal −1.

The covariant derivative or half-invariant derivative d̃ω of a function or differ-
ential form ω of weight m is defined by the formula

d̃ω = dω +m π ∧ ω, (5.100)

where π is the Reeb form. We see that d̃ω is also half-invariant of weight m as
follows. From equation (5.99), we compute

dω∗ = τmdω +m τmd(log τ) ∧ ω. (5.101)

Then using equation (5.98), we have

d̃ω∗ = dω∗ +m π∗ ∧ ω∗ = τm(dω +m π ∧ ω) = τmd̃ω. (5.102)
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Using the rules for ordinary exterior differentiation, it is straightforward to verify the
following rules for this covariant differentiation process. Suppose that ω1 and ω2 are
half-invariant forms and that ω1 is a q-form, then

d̃(ω1 ∧ ω2) = d̃ω1 ∧ ω2 + (−1)qω1 ∧ d̃ω2. (5.103)

If ω1 and ω2 are of the same weight, then

d̃(ω1 + ω2) = d̃ω1 + d̃ω2. (5.104)

Unlike ordinary exterior differentiation, differentiating twice by this method does not
lead to zero, in general. In fact, if ω has weight m, then

d̃(d̃ω) = d(dω +m π ∧ ω)+m π ∧ (dω +m π ∧ ω). (5.105)

Using equation (5.103) and the equation d(dω) = 0, one can reduce the equation
above to

d̃(d̃ω) = m dπ ∧ ω. (5.106)

From equation (5.106), we see that d̃(d̃ω) = 0 for every form ω only when dπ = 0.
In that case, since we are working locally, we can take U to be contractible, and thus
π = dσ , for some smooth scalar function σ on U . If we take a renormalization with
τ = eσ , then we have from equation (5.98) that π∗ = 0. Equation (5.100) implies
that after this renormalization, half-invariant differentiation is just ordinary exterior
differentiation. This special choice of τ is determined up to a constant factor. In
cases where dπ 
= 0, there may not be such an optimal choice of renormalization. In
those cases, d̃d̃ 
= 0, but there are still certain commutation relations which hold for
the computing of second derivatives. These are of primary importance.

For the rest of this section, we adopt the following convention on the indices:

1 ≤ i, j, k ≤ n− 1. (5.107)

Suppose now that f is a half-invariant scalar function of weight m on U . Using the
fact that d̃f has weight m and that the basis forms have weight one, we can write

d̃f = f1θ1 + · · · + fn−1θn−1, (5.108)

where the fi are half-invariant functions of weightm−1. We call the fi the covariant
derivatives or half-invariant derivatives of f with respect to the basis {θi}. We now
derive the commutation relations which are satisfied by the covariant derivatives of
these fi . Using equation (5.106), we take the covariant derivative of equation (5.108)
and get

mfdπ =
∑

d̃fi ∧ θi + fi d̃θi . (5.109)

We express the 2-forms dπ and d̃θi in terms of the basis forms as follows:

dπ =
∑
i<j

pij θi ∧ θj , d̃θk =
∑
i<j

ckij θi ∧ θj . (5.110)
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For convenience in subsequent formulas, we also define the coefficients for the case
i ≥ j by setting

pji = −pij , ckji = −ckij for all i, j, k. (5.111)

By equation (5.108), we have

d̃fi =
∑
j

fij θj . (5.112)

If we now substitute equation (5.110) and (5.112) into equation (5.109), we obtain
the following equation:

mf
∑
i<j

pij θi ∧ θj =
∑
i

∑
j

fij θj ∧ θi +
∑
k

fk d̃θk (5.113)

=
∑
i

∑
j

fij θj ∧ θi +
∑
k

fk
∑
i<j

ckij θi ∧ θj .

By taking the coefficient of θi ∧ θj in equation (5.113), we obtain the commutation
relations

fij − fji =
∑
k

fkc
k
ij −mfpij . (5.114)

By the convention (5.111), these relations are valid for all i, j . Thus, the commutation
relations for the second derivatives of a half-invariant function f can be determined
from the pij , ckij , f and the first derivatives of f . This is crucial in the solution
of the differential equations involved in a typical application of this method. The
classification of Dupin hypersurfaces in R4 in the next section is a good example.

5.7 Dupin Hypersurfaces in 4-Space

In this section, we give Pinkall’s [146], [149] local classification of proper Dupin
hypersurfaces in R4 up to Lie equivalence (see also Cecil–Chern [38]). The umbilic
case with g = 1 distinct curvature sphere is well known, and the hypersurface must
be an open subset of a hypersphere or a hyperplane in R4. The case g = 2 is handled
by Theorem 5.18. Thus, the only case remaining is g = 3. The classification in that
case is rather involved, and it makes using of the method of moving frames in a way
that was not necessary in the case g = 2. It is the first case where Lie invariants are
necessary in the classification, and it is worthy of careful study. Later classification
results of Niebergall [126], [127], Cecil and Jensen [44], [45], and Cecil, Chi and
Jensen [41] use a similar approach to that employed here.

We will follow the notation of the previous section, and consider a proper Dupin
submanifold λ : M3 → �7 with three distinct curvature spheres (of multiplicity one)
at each point. Locally, λ is Lie equivalent to a Dupin hypersurface immersed in R4,
but we do not assume that the Euclidean projection of λ into R4 is an immersion. As
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before, we make a local choice of Lie frame {Y1, . . . , Y7} on an open subset U ofM3

so that for each x ∈ M3, we have

λ(x) = [Y1(x), Y7(x)]. (5.115)

We can take Y1 and Y7 to be curvature spheres at each point of U . Furthermore, by
applying Theorem 5.21 first to Y1 and then to Y7, we can arrange that the Maurer–
Cartan forms for the Lie frame satisfy

ω3
1 = 0, ω7

1 = 0, ω4
7 = 0, ω1

7 = 0. (5.116)

Next by making a change of the form

Y ∗
1 = σY1, Y ∗

2 = (1/σ)Y2, Y ∗
7 = τY7, Y ∗

6 = (1/τ)Y6, (5.117)

for suitable smooth functions σ and τ on U , we can arrange that Y1 + Y7 represents
the third curvature sphere at each point of U . Then we can use the method of proof
of Theorem 5.21 to find a Lie frame whose Maurer–Cartan forms satisfy

ω5
1 + ω5

7 = 0, ω1
1 − ω7

7 = 0, (5.118)

as well as equation (5.116). Such a frame is called a second order frame in the termi-
nology of Cecil and Jensen [44, p. 138]. Conditions (5.116) and (5.118) completely
determine Y3, Y4, and Y5, while Y1 and Y7 are determined up to a transformation of
the form

Y ∗
1 = τY1, Y ∗

7 = τY7, (5.119)

for some smooth nonvanishing function τ on U , i.e., a renormalization.
Each of the three curvature sphere maps Y1, Y7 and Y1 +Y7 is constant along each

leaf of its corresponding principal foliation. Thus, each of these maps factors through
an immersion of the corresponding 2-dimensional space of leaves of its principal
foliation into the Lie quadric Q5. In terms of moving frames, this implies that the
forms ω4

1, ω5
1 and ω3

7 are linearly independent, i.e.,

ω4
1 ∧ ω5

1 ∧ ω3
7 
= 0. (5.120)

This can also be seen by expressing the forms above in terms of a Lie frame
{Z1, . . . , Zn+3} whose Maurer–Cartan forms satisfy the regularity condition (5.64).
For simplicity, we will also use the notation as in Section 5.6,

θ1 = ω4
1, θ2 = ω5

1, θ3 = ω3
7. (5.121)

Analytically, the Dupin conditions are three partial differential equations, and we
are treating an overdetermined system. The method of moving frames reduces the
handling of its integrability conditions to a straightforward algebraic problem, viz.,
that of repeated exterior differentiations. Later, we will use the method of half-
invariant differentiation to simplify some of the calculations.

We begin by computing the exterior derivatives of the equations,
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ω3
1 = 0, ω4

7 = 0, ω5
1 + ω5

7 = 0. (5.122)

These equations come from the fact that Y1, Y7 and Y1 + Y7 are curvature spheres.
Using the skew-symmetry of the matrix in equation (5.61), as well as the relations
(5.116) and (5.118), the exterior derivatives of the three equations in (5.122) yield

0 = ω4
1 ∧ ω4

3 + ω5
1 ∧ ω5

3,

0 = ω5
1 ∧ ω5

4 + ω3
7 ∧ ω4

3, (5.123)

0 = ω4
1 ∧ ω5

4 + ω3
7 ∧ ω5

3.

If we take the wedge product of the first of these equations with ω4
1, we conclude

that ω5
3 is in the span of ω4

1 and ω5
1. On the other hand, taking the wedge product of

the third equation with ω4
1 yields that ω5

3 is in the span of ω4
1 and ω3

7. Consequently,
ω5

3 = ρω4
1, for some smooth function ρ. Similarly, there exist smooth functions α

and β such that ω4
3 = αω5

1 and ω5
4 = βω3

7. Then, if we substitute these results into
equation (5.123), we get that ρ = α = β, and hence we have

ω5
3 = ρω4

1, ω4
3 = ρω5

1, ω5
4 = ρω3

7. (5.124)

This function ρ plays a crucial role in the classification. Next we differentiate the
three equations that come from the Dupin conditions,

ω7
1 = 0, ω1

7 = 0, ω1
1 − ω7

7 = 0. (5.125)

As above, the use of the skew-symmetry relations and equations (5.116) and (5.118)
yields the existence of smooth functions a, b, c, p, q, r , s, t , u such that the following
relations hold:

ω7
4 = −ω4

6 = aω4
1 + bω5

1, (5.126)

ω7
5 = −ω5

6 = bω4
1 + cω5

1;
ω1

3 = −ω3
2 = pω3

7 − qω5
1, (5.127)

ω1
5 = −ω5

2 = qω3
7 − rω5

1;
ω1

4 = −ω4
2 = bω5

1 + sω4
1 + tω3

7, (5.128)

ω3
6 = −ω7

3 = qω5
1 + tω4

1 + uω3
7.

We next take the exterior derivatives of the three basis forms ω4
1, ω5

1 and ω3
7. Us-

ing the relations that we have derived so far, we obtain from the Maurer–Cartan
equation (5.62),

dω4
1 = ω1

1 ∧ ω4
1 + ω5

1 ∧ ω4
5 = ω1

1 ∧ ω4
1 − ρω5

1 ∧ ω3
7. (5.129)

We obtain similar expressions for dω5
1 and dω3

7 in the same way. Now when we write
these expressions in terms of θ1, θ2 and θ3, they become

dθ1 = ω1
1 ∧ θ1 − ρ θ2 ∧ θ3,
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dθ2 = ω1
1 ∧ θ2 − ρ θ3 ∧ θ1, (5.130)

dθ3 = ω1
1 ∧ θ3 − ρ θ1 ∧ θ2.

As we noted in Section 5.6, the form π = −ω1
1 can always be used as a Reeb form

for half-invariant differentiation. Using the formula,

d̃ω = dω +m π ∧ ω,
for the half-invariant derivative of a form ω of weight m, and recalling that the θi
have weight one, we can rewrite equation (5.130) as

d̃θ1 = −ρ θ2 ∧ θ3,

d̃θ2 = −ρ θ3 ∧ θ1, (5.131)

d̃θ3 = −ρ θ1 ∧ θ2.

From equations (5.110), (5.111) and (5.131), we see that the functions ckij for the
half-invariant differentiation have the form

c1
23 = c2

31 = c3
12 = −ρ, c1

32 = c2
13 = c3

21 = ρ, ckij = 0 otherwise. (5.132)

We next differentiate equation (5.124). We have ω4
3 = ρω5

1. On the one hand,

dω4
3 = ρ dω5

1 + dρ ∧ ω5
1.

Using the second equation in (5.130) with ω5
1 = θ2, this becomes

dω4
3 = ρω1

1 ∧ ω5
1 − ρ2ω3

7 ∧ ω4
1 + dρ ∧ ω5

1.

On the other hand, we can compute dω4
3 from the Maurer–Cartan equation (5.62) and

use the relationships that we have derived to find

dω4
3 = (−p − ρ2 − a)(ω4

1 ∧ ω3
7)− qω5

1 ∧ ω4
1 + bω3

7 ∧ ω5
1.

Equating these two expressions for dω4
3 yields

(−p − a − 2ρ2)(ω4
1 ∧ ω3

7) = (dρ + ρω1
1 − qω4

1 − bω3
7) ∧ ω5

1. (5.133)

Due to the linear independence of the forms {ω4
1, ω

5
1, ω

3
7}, both sides of the equation

above must vanish. Thus, we conclude that

2ρ2 = −a − p, (5.134)

and that dρ + ρω1
1 − qω4

1 − bω3
7 is a multiple of ω5

1. Similarly, differentiation of the
equation ω5

4 = ρω3
7 yields the following analogue of equation (5.133),

(s − a − r + 2ρ2)ω4
1 ∧ ω5

1 = (dρ + ρω1
1 + tω5

1 − qω4
1) ∧ ω3

7, (5.135)
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and differentiation of ω5
3 = ρω4

1 yields

(c + p + u− 2ρ2)ω5
1 ∧ ω3

7 = (−dρ − ρω1
1 − tω5

1 + bω3
7) ∧ ω4

1. (5.136)

In each of the equations (5.133), (5.135), (5.136), both sides of the equation must
vanish. From the vanishing of the left sides of the equations, we get the fundamental
relationship

2ρ2 = −a − p = a + r − s = c + p + u. (5.137)

Furthermore, from the vanishing of the right sides of the three equations (5.133),
(5.135), (5.136), we can determine after some algebra that

dρ + ρω1
1 = qω4

1 − tω5
1 + bω3

7. (5.138)

This equation shows the importance of ρ as follows. From equation (5.124), we see
that the half-invariant function ρ has weight −1, since ω5

3 has weight zero and ω4
1 has

weight one. Recalling that π = −ω1
1, we have

dρ + ρω1
1 = dρ − ρπ = d̃ρ = ρ1θ1 + ρ2θ2 + ρ3θ3. (5.139)

Comparing equations (5.138) and (5.139), we find that the half-invariant derivatives
ρi are given by

ρ1 = q, ρ2 = −t, ρ3 = b. (5.140)

Using the Maurer–Cartan equation (5.62), we can compute

dω1
1 = ω4

1 ∧ ω1
4 + ω5

1 ∧ ω1
5 (5.141)

= ω4
1 ∧ (bω5

1 + tω3
7)+ ω5

1 ∧ (qω3
7 − rω5

1)

= bω4
1 ∧ ω5

1 + qω5
1 ∧ ω3

7 − tω3
7 ∧ ω4

1.

Using equations (5.121) and (5.140), this can be rewritten as

dω1
1 = ρ3 θ1 ∧ θ2 + ρ1 θ2 ∧ θ3 + ρ2 θ3 ∧ θ1. (5.142)

Since π = −ω1
1, comparing equations (5.142) and (5.110) yields the following for-

mulas for the coefficients pij of the half-invariant derivative of π ,

p21 = −p12 = ρ3, p32 = −p23 = ρ1, p13 = −p31 = ρ2. (5.143)

By equations (5.132) and (5.143), the fundamental coefficients for the half-invariant
differentiation process are all expressed in terms of ρ and its half-invariant derivatives
ρi . This enables us to express the half-invariant derivatives of all the functions
involved in terms of ρ and its successive half-invariant derivatives. Ultimately, this
leads to the solution of the problem.

First note that equations (5.132) and (5.143) allow us to write the commutation
relations (5.114) for a half-invariant function σ of weight m in the form

σ12 − σ21 = −ρσ3 +mσρ3,
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σ23 − σ32 = −ρσ1 +mσρ1, (5.144)

σ31 − σ13 = −ρσ2 +mσρ2.

In particular, since ρ is half-invariant of weight −1, we have

ρ12 − ρ21 = −2ρρ3

ρ23 − ρ32 = −2ρρ1 (5.145)

ρ31 − ρ13 = −2ρρ2.

We next take the exterior derivative of equations (5.126)–(5.128). We first differen-
tiate the equation

ω7
4 = aω4

1 + bω5
1. (5.146)

On the one hand, from the Maurer–Cartan equation (5.62) for dω7
4, and omitting those

terms that are already known to vanish, we have

dω7
4 = ω2

4 ∧ ω7
2 + ω3

4 ∧ ω7
3 + ω5

4 ∧ ω7
5 + ω7

4 ∧ ω7
7 (5.147)

= −ω4
1 ∧ ω7

2 + (−ρ)ω5
1 ∧ (−qω5

1 − tω4
1 − uω3

7)

+ ρω3
7 ∧ (bω4

1 + cω5
1)+ (aω4

1 + bω5
1) ∧ ω1

1.

On the other hand, differentiation of the right side of equation (5.146) yields

dω7
4 = da ∧ ω4

1 + adω4
1 + db ∧ ω5

1 + bdω5
1 (5.148)

= da ∧ ω4
1 + a(ω1

1 ∧ ω4
1 − ρω5

1 ∧ ω3
7)

+ db ∧ ω5
1 + b(ω1

1 ∧ ω5
1 − ρω4

1 ∧ ω3
7).

Equating (5.147) and (5.148), we find

(da + 2aω1
1 − 2bρω3

7 − ω7
2) ∧ ω4

1 (5.149)

+ (db + 2bω1
1 + (a + u− c)ρω3

7) ∧ ω5
1 + ρtω4

1 ∧ ω5
1 = 0.

Since b = ρ3 is half-invariant of weight −2, we have

db + 2bω1
1 = dρ3 + 2ρ3ω

1
1 = d̃ρ3 = ρ31 θ1 + ρ32 θ2 + ρ33 θ3. (5.150)

By examining the coefficient of ω5
1 ∧ ω3

7 = θ2 ∧ θ3 in equation (5.149) and using
equation (5.150), we find

ρ33 = ρ(c − a − u). (5.151)

Furthermore, the remaining terms in equation (5.149) are

(da + 2aω1
1 − ω7

2 − 2ρbω3
7 − (ρt + ρ31)ω

5
1) ∧ ω4

1 (5.152)

+ terms involving ω5
1 and ω3

7 only.

Thus, the coefficient in parentheses must be a multiple of ω4
1, call it āω4

1. Since
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ω7
4 = 〈dY4, Y6〉

has weight −1, and ω4
1 has weight one, it follows from equation (5.126) that the

function a has weight −2. Using equation (5.140), we can write equation (5.152) as

da + 2aω1
1 = da − 2aπ = d̃a = ω7

2 + āθ1 + (ρ31 − ρρ2)θ2 + 2ρρ3θ3. (5.153)

In a similar manner, if we differentiate the equation

ω7
5 = bω4

1 + cω5
1,

and use the fact that the function c has weight −2, we obtain

dc + 2cω1
1 = dc − 2cπ = d̃c = ω7

2 + (ρ32 + ρρ1)θ1 + c̄θ2 − 2ρρ3θ3. (5.154)

Thus, from the two equations in (5.126), we have obtained equations (5.151), (5.153)
and (5.154). In a completely analogous manner, we can differentiate the two equations
in (5.127) to obtain

ρ11 = ρ(s + r − p), (5.155)

dp + 2pω1
1 = d̃p = −ω7

2 + 2ρρ1θ1 + (−ρ13 − ρρ2)θ2 + p̄θ3, (5.156)

dr + 2rω1
1 = d̃r = −ω7

2 − 2ρρ1θ1 + r̄θ2 + (−ρ12 + ρρ3)θ3. (5.157)

Similarly, differentiation of equation (5.128) yields

ρ22 + ρ33 = ρ(p − r − s), (5.158)

ds + 2sω1
1 = d̃s = s̄θ1 + (ρ31 + ρρ2)θ2 + (−ρ21 + ρρ3)θ3, (5.159)

du+ 2uω1
1 = d̃u = (−ρ23 − ρρ1)θ1 + (ρ13 − ρρ2)θ2 + ūθ3. (5.160)

In these equations, the coefficients ā, c̄, p̄, r̄ , s̄ and ū remain undetermined. However,
by differentiating equation (5.137) and using the appropriate equations from above,
one can show that

ā = −6ρρ1, c̄ = 6ρρ2,

p̄ = −6ρρ3, r̄ = 6ρρ2, (5.161)

s̄ = −12ρρ1, ū = 12ρρ3.

From equations (5.151), (5.155), (5.158) and (5.137), we can easily compute that

ρ11 + ρ22 + ρ33 = 0. (5.162)

Using equation (5.161), we can rewrite equations (5.159) and (5.160) as

ds + 2sω1
1 = d̃s = −12ρρ1θ1 + (ρ31 + ρρ2)θ2 + (−ρ21 + ρρ3)θ3, (5.163)

du+ 2uω1
1 = d̃u = (−ρ23 − ρρ1)θ1 + (ρ13 − ρρ2)θ2 + 12ρρ3θ3. (5.164)
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Thus the half-invariant derivatives of s and u are expressed in terms of ρ and its half-
invariant derivatives. By taking half-invariant derivatives of these two equations
and making use of equation (5.162) and the commutation relations (5.144) for ρ and
its various derivatives, one can show after a lengthy calculation that the following
fundamental equations hold:

ρρ12 + ρ1ρ2 + ρ2ρ3 = 0,

ρρ21 + ρ1ρ2 − ρ2ρ3 = 0,

ρρ23 + ρ2ρ3 + ρ2ρ1 = 0, (5.165)

ρρ32 + ρ2ρ3 − ρ2ρ1 = 0,

ρρ31 + ρ3ρ1 + ρ2ρ2 = 0,

ρρ13 + ρ3ρ1 − ρ2ρ2 = 0.

We now briefly outline the details of this calculation. By equation (5.163), we have

s1 = −12ρρ1, s2 = ρ31 + ρρ2, s3 = ρρ3 − ρ21. (5.166)

The half-invariant quantity s has weight −2, so the commutation relation (5.144) gives

s12 − s21 = −2sρ3 − ρs3 = −2sρ3 − ρ(ρρ3 − ρ21). (5.167)

On the other hand, by taking the half-invariant derivatives of equation (5.166), we
can compute directly that

s12 − s21 = −12ρρ12 − 12ρ2ρ1 − (ρ311 + ρ1ρ2 + ρρ21). (5.168)

The main problem now is to get the half-invariant derivative ρ311 into a workable
form. By taking the half-invariant derivative of the third equation in (5.145), we find

ρ311 − ρ131 = −2ρ1ρ2 − 2ρρ21. (5.169)

Then using the commutation relation,

ρ131 = ρ113 − 2ρ1ρ2 − ρρ12,

we get from equation (5.169) that

ρ311 = ρ113 − 4ρ1ρ2 − ρρ12 − 2ρρ21. (5.170)

Taking the half-invariant derivative of the equation,

ρ11 = ρ(s + r − p),

and substituting the expression obtained for ρ113 into equation (5.170), we get

ρ311 = ρ3(s + r − p)− 3ρρ21 − 2ρρ12 + 8ρ2ρ3 − 4ρ1ρ2. (5.171)
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If we substitute this expression for ρ311 into equation (5.168) and then equate the
right sides of equations (5.167) and (5.168), we obtain the first equation in (5.165).
The cyclic permutations are obtained in a similar way from s23 − s32, and so on.

Although Y3, Y4 and Y5 are already completely determined by the conditions
(5.116) and (5.118), it is still possible to make a change of frame of the form

Y ∗
1 = τY1, Y ∗

2 = (1/τ)Y2 + µY7, (5.172)

Y ∗
7 = τY7, Y ∗

6 = (1/τ)Y6 − µY1.

Under this change of frame, we have

ω4∗
1 = τω4

1, ω5∗
1 = τω5

1, ω3∗
7 = τω3

7,

ω7∗
4 = (1/τ)ω7

4 + µω4
1, (5.173)

ω1∗
3 = (1/τ)ω1

3 − µω3
7.

Suppose that we write

ω7∗
4 = a∗ω4∗

1 + b∗ω5∗
1 , (5.174)

ω1∗
3 = p∗ω3∗

7 − q∗ω5∗
1 .

Then from equation (5.173), we obtain

a∗ = τ−2a + τ−1µ, p∗ = τ−2p − τ−1µ.

Thus, by taking µ = (p − a)/2τ , we can arrange that a∗ = p∗. We now make this
change of frame and drop the asterisks. In this new frame, we have

a = p = −ρ2, r = 3ρ2 + s, c = 3ρ2 − µ. (5.175)

Using the fact that a = p, we can subtract equation (5.156) from equation (5.153)
and get that

ω7
2 = 4ρρ1θ1 − ((ρ31 + ρ13)/2)θ2 − 4ρρ3θ3. (5.176)

Now through equations (5.153)–(5.157), the half-invariant derivatives of the functions
a, c, p and r are expressed in terms of ρ and its derivatives. We are now ready to
proceed to the main results. Ultimately, we show that it is possible to choose a frame
in which ρ is constant. Thus, the classification naturally splits into two cases, ρ = 0
and ρ 
= 0. We handle the two cases separately.

Case 1. ρ 
= 0 (the irreducible case).

Assume that the function ρ is never zero on the open set U on which the frame {Ya}
is defined. The key step in getting ρ to be constant is the following lemma due to
Pinkall [149, p. 108], where his function c is the negative of our function ρ. The
formulation of the proof here was first given in Cecil–Chern [38, p. 33], and it is
somewhat simpler than Pinkall’s proof. The crucial point here is that since ρ 
= 0,
the fundamental equations (5.165) allow us to express all of the second half-invariant
derivatives ρij of ρ in terms of ρ and its first derivatives.
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Lemma 5.22. Suppose that the function ρ never vanishes on the open setU on which
the frame {Ya} is defined. Then its half-invariant derivatives satisfyρ1 = ρ2 = ρ3 = 0
at every point of U .

Proof. First, note that if ρ3 vanishes identically, then the equations (5.165) and the
assumption that ρ 
= 0 imply that ρ1 and ρ2 also vanish identically. We now complete
the proof by showing that ρ3 must vanish everywhere on U . This is accomplished by
considering the expression s12 − s21. By the commutation relations (5.144), we have

s12 − s21 = −2sρ3 − ρs3.

By equations (5.165)–(5.166), we see that

ρs3 = ρ2ρ3 − ρρ21 = ρ1ρ2,

and so
s12 − s21 = −2sρ3 − ρ1ρ2. (5.177)

On the other hand, we can compute s12 by taking the derivative of the equation

s1 = −12ρρ1.

Then using the expression for ρ12 obtained from equation (5.165), we get

s12 = −12ρ2ρ1 − 12ρρ12 = −12(ρ2ρ1 + ρρ12) (5.178)

= −12(ρ2ρ1 + (−ρ2ρ1 − ρ2ρ3)) = 12ρ2ρ3.

Next we have from equation (5.166) that s2 = ρ31 + ρρ2. Using equation (5.165),
we have

ρ31 = −ρ3ρ1ρ
−1 − ρρ2,

and thus,
s2 = −ρ3ρ1/ρ. (5.179)

Then we compute

s21 = −(ρ(ρ3ρ11 + ρ31ρ1)− ρ3ρ
2
1)/ρ

2.

Using equation (5.155) for ρ11 and (5.165) to get ρ31, this becomes

s21 = −ρ3(s + r − p)+ 2ρ3ρ
2
1ρ

−2 + ρ1ρ2. (5.180)

Now equate the expression in equation (5.177) for s12 − s21 with the expression
obtained by subtracting equation (5.180) from equation (5.178) to get

−2sρ3 − ρ1ρ2 = 12ρ2ρ3 + ρ3(s + r − p)− 2ρ3ρ
2
1ρ

−2 − ρ1ρ2.

This can be rewritten as

0 = ρ3(12ρ2 + 3s + r − p − 2ρ2
1ρ

−2). (5.181)
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Using the expressions in equations (5.175) for r and p, we see that

3s + r − p = 4s + 4ρ2,

and so, equation (5.181) can be rewritten as

0 = ρ3(16ρ2 + 4s − 2ρ2
1ρ

−2). (5.182)

Suppose that ρ3 
= 0 at some point x of U . Then ρ3 does not vanish on some
neighborhood V of x. By equation (5.182), we have

16ρ2 + 4s − 2ρ2
1ρ

−2 = 0 (5.183)

on V . We now take the θ2-half-invariant derivative of equation (5.183) and obtain

32ρρ2 + 4s2 − 4ρ1ρ12ρ
−2 + 4ρ2

1ρ2ρ
−3 = 0. (5.184)

We can now substitute the expression (5.179) for s2 and the formula

ρ12 = −ρ1ρ2ρ
−1 − ρρ3

obtained from equation (5.165) into equation (5.184). After some algebra, equation
(5.184) reduces to

ρ2(32ρ4 + 8ρ2
1) = 0.

Since ρ 
= 0, this implies that ρ2 = 0 on V . But then, the left side of the equation
below, obtained from (5.165),

ρρ21 + ρ1ρ2 = ρ2ρ3,

must vanish on V . Since ρ 
= 0, we conclude that ρ3 = 0 on V , a contradiction to
our assumption. Hence, ρ3 must vanish identically on the set U , and the lemma is
proved. ��

We now continue with the case ρ 
= 0. According to the previous lemma, all the
half-invariant derivatives of ρ are zero, and our formulas simplify greatly. Equations
(5.151) and (5.155) give

c − a − u = 0, s + r − p = 0.

These combined with equation (5.175) give

c = r = ρ2, u = −s = 2ρ2. (5.185)

By equation (5.176), we have ω7
2 = 0. So the differentials of the frame vectors can

now be written as

dY1 − ω1
1Y1 = ω4

1Y4 + ω5
1Y5,

dY7 − ω1
1Y7 = ω3

7Y3 − ω5
1Y5,
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dY2 + ω1
1Y2 = ρ2(ω3

7Y3 + 2ω4
1Y4 + ω5

1Y5),

dY6 + ω1
1Y6 = ρ2(2ω3

7Y3 + ω4
1Y4 − ω5

1Y5), (5.186)

dY3 = ω3
7Z3 + ρ(ω5

1Y4 + ω4
1Y5),

dY4 = −ω4
1Z4 + ρ(−ω5

1Y3 + ω3
7Y5),

dY5 = ω5
1Z5 + ρ(−ω4

1Y3 − ω3
7Y4),

where

Z3 = −Y6 + ρ2(−Y1 − 2Y7),

Z4 = Y2 + ρ2(2Y1 + Y7), (5.187)

Z5 = −Y2 + Y6 + ρ2(−Y1 + Y7).

From this we notice that
Z3 + Z4 + Z5 = 0, (5.188)

so that the points Z3, Z4 and Z5 lie on a line in projective space P6. From equations
(5.139), (5.142) and the lemma above, we see that

d̃ρ = dρ + ρω1
1 = dρ − ρπ = 0, dω1

1 = −dπ = 0. (5.189)

Here we have the special situation dπ = 0, which we discussed after equation (5.106)
in Section 5.6. In that case, there is always a renormalization (5.94) determined up
to a constant factor, which makes π∗ = 0. From equation (5.189), we have

π = d(log ρ).

Hence, we take the renormalization factor

τ = elog ρ = ρ.

This makes π∗ = ω1∗
1 = 0. Furthermore, since the function ρ, as defined in equation

(5.124), has weight −1, we also get that

ρ∗ = ρ−1ρ = 1

in the new frame. Thus, we now make a change of frame of the form

Y ∗
1 = ρY1, Y ∗

2 = (1/ρ)Y2,

Y ∗
7 = ρY7, Y ∗

6 = (1/ρ)Y6, (5.190)

Y ∗
i = Yi, 3 ≤ i ≤ 5.

We see from equation (5.187) that the Zi are half-invariant of weight −1. Further,
the basis forms ω4

1, ω5
1 and ω3

7 are of weight one. Thus, we have

Z∗
i = (1/ρ)Zi, 3 ≤ i ≤ 5, (5.191)
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ω4∗
1 = ρω4

1, ω5∗
1 = ρω5

1, ω3∗
7 = ρω3

7.

Using the equations above, we compute the differentials of the frame vectors as
follows:

dY ∗
1 = ω4∗

1 Y4 + ω5∗
1 Y5,

dY ∗
7 = ω3∗

7 Y3 − ω5∗
1 Y5,

dY ∗
2 = ω3∗

7 Y3 + 2ω4∗
1 Y4 + ω5∗

1 Y5,

dY ∗
6 = 2ω3∗

7 Y3 + ω4∗
1 Y4 − ω5∗

1 Y5, (5.192)

dY3 = ω3∗
7 Z

∗
3 + ω5∗

1 Y4 + ω4∗
1 Y5,

dY4 = −ω4∗
1 Z

∗
4 − ω5∗

1 Y3 + ω3∗
7 Y5,

dY5 = ω5∗
1 Z

∗
5 − ω4∗

1 Y3 − ω3∗
7 Y4,

with

dZ∗
3 = 2(−2ω3∗

7 Y3 − ω4∗
1 Y4 + ω5∗

1 Y5),

dZ∗
4 = 2(ω3∗

7 Y3 + 2ω4∗
1 Y4 + ω5∗

1 Y5), (5.193)

dZ∗
5 = 2(ω3∗

7 Y3 − ω4∗
1 Y4 − 2ω5∗

1 Y5),

and

dω4∗
1 = −ω5∗

1 ∧ ω3∗
7 , i.e., dθ∗

1 = −θ∗
2 ∧ θ∗

3 ,

dω5∗
1 = −ω3∗

7 ∧ ω4∗
1 , i.e., dθ∗

2 = −θ∗
3 ∧ θ∗

1 , (5.194)

dω3∗
7 = −ω4∗

1 ∧ ω5∗
1 , i.e., dθ∗

3 = −θ∗
1 ∧ θ∗

2 .

Comparing the last equation with equation (5.130), we see that

ω1∗
1 = 0, ρ∗ = 1. (5.195)

This is the final frame needed in the case ρ 
= 0, so we drop the asterisks once more.
We can now prove Pinkall’s classification for the case ρ 
= 0. As with the

cyclides of Dupin, there is only one model up to Lie equivalence. This model is
Cartan’s isoparametric hypersurface with three principal curvatures in S4. Cartan’s
hypersurface is a tube over each of its two focal submanifolds in S4, both of which
are Veronese surfaces. (See [52, pp. 296–299] for more detail.) After we prove
the following theorem, we will show that Cartan’s classification of isoparametric
hypersurfaces with three principal curvatures in S4 can be derived using our methods.

Theorem 5.23.
(a) Every connected Dupin proper submanifold

λ : M3 → �7

with three distinct curvature spheres and ρ 
= 0 is contained in a unique compact,
connected proper Dupin submanifold with ρ 
= 0.
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(b) Any two proper Dupin submanifolds with ρ 
= 0 are locally Lie equivalent, each
being Lie equivalent to an open subset of an isoparametric hypersurface in S4.

Proof. Let {Ya} be the Lie frame just constructed on a connected open subsetU ⊂ M3

satisfying (5.195), i.e.,
ω1

1 = 0, ρ = 1. (5.196)

Then the derivatives of the frame vectors satisfy the system of equations (5.192),
where we again drop the asterisks. The three curvature sphere maps on U are Y1, Y7
and Y1 + Y7. Let

W1 = −Y1 + Y6 − 2Y7, W2 = −2Y1 + Y2 − Y7. (5.197)

Then from equation (5.192), we find that

dW1 = dW2 = 0.

Hence W1 and W2 are constant maps. Furthermore, since

〈W1,W1〉 = 〈W2,W2〉 = −4, 〈W1,W2〉 = −2,

the line [W1,W2] is timelike. Finally, the equations,

〈Y1,W1〉 = 0, 〈Y7,W2〉 = 0, 〈Y1 + Y7,W1 −W2〉 = 0, (5.198)

imply that the restriction of λ to U is Lie equivalent to an open subset of an isopara-
metric hypersurface in S4 by Theorem 4.19 of Chapter 4, p. 77.

If {Ỹa} is a Lie frame defined on an open subset Ũ ⊂ M3 by the same construction
as {Ya}, and U ∩ Ũ is nonempty, then by the uniqueness of the construction, at points
of U ∩ Ũ the curvature spheres satisfy

Ỹ1 = Y1, Ỹ7 = Y7, Ỹ1 + Ỹ7 = Y1 + Y7,

and the points W̃1 = W1, W̃2 = W2. Thus, the timelike line [W1,W2] and the
points W1 and W2 on it satisfying equation (5.198) are the same on the set Ũ as
they are on U , and hence they are the same on all of the connected manifold M3.
Therefore, the whole Dupin submanifold λ : M3 → �7 is Lie equivalent to an open
subset of an isoparametric hypersurface in S4. Since any connected open subset of an
isoparametric hypersurface is contained in a unique compact, connected isoparametric
hypersurface (see Münzner [123] or Cecil–Ryan [52, Sections 4–6 of Chapter 3]),
part (a) is proved. Furthermore, because all isoparametric hypersurfaces in S4 are
locally Lie equivalent by a result of Cartan [17], part (b) is also true. ��

Theorem 5.23 relies on Cartan’s classification of isoparametric hypersurfaces in
S4 for the completion of its proof. We will now show directly using our methods that
a connected Dupin proper submanifold λ : U3 → �7 with three distinct curvature
spheres and ρ 
= 0 is Lie equivalent to an open subset of the Legendre submanifold
induced by a Veronese surface. Together with the proof of Theorem 5.23, this gives
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a proof of Cartan’s classification of isoparametric hypersurfaces in S4. The proof of
Theorem 5.24 below was first given in the paper of Cecil–Chern [38].

For our purposes here, we use the following definition of a Veronese surface. This
definition is slightly different than the one given in Example 5.6, but it is equivalent.
Let S2 be the unit sphere in R3 given by the equation

y2
1 + y2

2 + y2
3 = 1.

Consider the map from S2 into the unit sphere R5 given by

(y1, y2, y3) �→ (2y2y3, 2y3y1, 2y1y2, y
2
1 , y

2
2). (5.199)

This map takes the same value on antipodal points of S2, so it induces a map φ :
P2 → R5. One can show that φ is an embedding of P2 and that φ is substantial in
R5, i.e., the image of φ does not lie in any hyperplane in R5. Of course, φ can also
be considered as an embedding of P2 into P5 by considering R5 as an affine space
in P5. Any embedding of P2 into P5 which is projectively equivalent to φ is called a
Veronese surface. (See Lane [100, pp. 424–430] for more detail.) A Veronese surface
is said to spherical if its image lies in the unit sphere S4 ⊂ R5.

Theorem 5.24. Every connected Dupin proper submanifold λ : M3 → �7 with
three distinct curvature spheres and ρ 
= 0 is Lie equivalent to an open subset of the
Legendre submanifold induced by a spherical Veronese surface

V ⊂ S4 ⊂ R5.

Proof. We continue with the same notation that we have been using in this section.
Thus, {Ya} is the final Lie frame defined on a connected open subsetU ⊂ M3, and Y1,
Y7 and Y1 + Y7 are the three curvature sphere maps of λ. Each curvature sphere map
is constant along the leaves of its principal foliation, so each curvature sphere map
factors through an immersion of the two-dimensional space of leaves of its principal
foliation. We will show that each of these immersions is an open subset of a Veronese
surface in some P5 ⊂ P6.

We wish to integrate the system of differential equations (5.192), which is com-
pletely integrable. So we drop the asterisks, and using (5.121) rewrite the system as

dY1 = θ1Y4 + θ2Y5,

dY7 = θ3Y3 − θ2Y5,

dY2 = θ3Y3 + 2θ1Y4 + θ2Y5,

dY6 = 2θ3Y3 + θ1Y4 − θ2Y5, (5.200)

dY3 = θ3Z3 + θ2Y4 + θ1Y5,

dY4 = −θ1Z4 − θ2Y3 + θ3Y5,

dY5 = θ2Z5 − θ1Y3 − θ3Y4,

where equation (5.187) yields the following values for Z3, Z4, Z5, since ρ = 1,
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Z3 = −Y1 − Y6 − 2Y7,

Z4 = 2Y1 + Y2 + Y7, (5.201)

Z5 = −Y1 − Y2 + Y6 + Y7.

As before, we have
Z3 + Z4 + Z5 = 0, (5.202)

Equations (5.193) and (5.194) become

dZ3 = 2(−2θ3Y3 − θ1Y4 + θ2Y5),

dZ4 = 2(θ3Y3 + 2θ1Y4 + θ2Y5), (5.203)

dZ5 = 2(θ3Y3 − θ1Y4 − 2θ2Y5),

and

dθ1 = −θ2 ∧ θ3,

dθ2 = −θ3 ∧ θ1, (5.204)

dθ3 = −θ1 ∧ θ2.

As in equation (5.197), we let

W1 = −Y1 + Y6 − 2Y7, W2 = −2Y1 + Y2 − Y7. (5.205)

Then as we showed above, dW1 = dW2 = 0, so that the maps W1 and W2 are both
constant, and the line [W1,W2] determined by the pointsW1 andW2 consists entirely
of timelike points. The orthogonal complement of this line in R7

2 is the 5-dimensional
spacelike vector space,

R5 = Span{Y3, Y4, Y5, Z4, Z5}.
It suffices to solve the system in equation (5.200) in R5 for Y3, Y4, Y5, Z4, Z5.

This is true because we have

d(Z4 − Z5 − 6Y1) = 0, d(Z4 + 2Z5 − 6Y7) = 0, (5.206)

so that there exist constant vectors C1 and C2 such that

Z4 − Z5 − 6Y1 = C1, Z4 + 2Z5 − 6Y7 = C2. (5.207)

Thus, Y1 and Y7 are determined by these equations, and then Y2 and Y6 are determined
by equation (5.205). Note that C1 and C2 are timelike points, and the line [C1, C2]
consists entirely of timelike points.

The equations (5.204) are the structure equations of the group SO(3). Thus, it is
natural to take SO(3) as the parameter space. The group SO(3) consists of 3 × 3 real
matrices

A = [aik], 1 ≤ i, j, k ≤ 3,
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satisfying the equations

AtA = AAt = I, detA = 1. (5.208)

The first equations above, when written in terms of the entries of the matrix A, are∑
aij aik =

∑
ajiaki = δjk, (5.209)

where we again employ the convention that all summations are over the repeated
index or indices. The Maurer–Cartan forms of SO(3) are

αik =
∑

akj daij = −αki . (5.210)

These forms satisfy the Maurer–Cartan equations,

dαik =
∑

αij ∧ αjk. (5.211)

If we set
θ1 = α23, θ2 = α31, θ3 = α12, (5.212)

then these Maurer–Cartan equations reduce to (5.204). With the θi as given in equation
(5.212), we can now find an explicit solution to the system (5.200) as follows.

Let {E1, . . . , E5} be a fixed linear frame in R5. We define

Fi = 2ai2ai3E1 + 2ai3ai1E2 + 2ai1ai2E3 + a2
i1E4 + a2

i2E5, (5.213)

for 1 ≤ i, j, k ≤ 3. Since
a2
i1 + a2

i2 + a2
i3 = 1,

we see from equation (5.199), that Fi is a Veronese surface for 1 ≤ i, j, k ≤ 3. Using
equation (5.209), we compute that

F1 + F2 + F3 = E4 + E5 = constant. (5.214)

Since the coefficients in Fi are quadratic, the second partial derivatives,

∂2Fi

∂aij ∂aik
,

are independent of i. Moreover, the quantities

Gik =
3∑
j=1

aij
∂Fk

∂akj
(5.215)

satisfy the relation
Gik = Gki. (5.216)

We make use of these facts in the following computation:
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dGik =
∑ ∂Fk

∂akj
daij +

∑
aij

∂2Fk

∂akj ∂akl
dakl (5.217)

=
∑ ∂Fk

∂akj
daij +

∑
aij

∂2Fi

∂aij ∂ail
dakl

=
∑ ∂Fk

∂akj
daij +

∑ ∂Fi

∂aij
dakj ,

where the last step follows from the linear homogeneity of ∂Fi/∂ail . In terms of αij ,
we have

dGik =
∑ ∂Fk

∂akj
aljαil +

∑ ∂Fi

∂aij
aljαkl, (5.218)

which gives, when expanded,

dG23 = 2(F3 − F1)θ1 +G12θ2 −G13θ3, (5.219)

and its cyclic permutations.
On the other hand, we have by the same manipulation,

dFi =
∑ ∂Fi

∂aij
daij =

∑ ∂Fi

∂aij
akjαik, (5.220)

which gives
dF1 = −G31θ2 +G12θ3,

and its cyclic permutations.
One can now immediately verify that a solution to the system (5.200) is given by

Y3 = G12, Y4 = −G23, Y5 = G31, (5.221)

Z3 = 2(F2 − F1), Z4 = 2(F3 − F2), Z5 = 2(F1 − F3).

This is also the most general solution of the system (5.200), for the solution is deter-
mined up to a linear transformation, and our choice of frame {E1, . . . , E5} is arbitrary.

By equation (5.221), the functions Z1, Z2, and Z3 are expressible in terms of F1,
F2 and F3, and thus by equation (5.207), so also are Y1, Y7 and Y1 +Y7. Specifically,
by equations (5.207), (5.214) and (5.221), we have

6Y1 = Z4 − Z5 − C1 = 2(−F1 − F2 + 2F3)− C1 (5.222)

= 6F3 − 2(E4 + E5)− C1,

so that the curvature sphere map Y1, up to an additive constant, is the Veronese surface
F3. Similarly, the curvature sphere maps Y7 and Y1 + Y7 are the Veronese surfaces
F1 and −F2, respectively, up to additive constants.

From equation (5.205), we see that

〈Y1,W1〉 = 0, 〈Y7,W2〉 = 0, 〈Y1 + Y7,W1 −W2〉 = 0. (5.223)

Thus, Y1 is contained in the Möbius space �4 = Q5 ∩W⊥
1 . Let
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e1 = (2W2 −W1)/
√

12, e7 = W1/2.

Then e1 is the unit vector on the timelike line [W1,W2] that is orthogonal to W1. In
a manner similar to Section 4.2, we can write

Y1 = e1 + f, (5.224)

where f maps U into the unit sphere S4 in the Euclidean space

R5 = [e1, e7]⊥ ⊂ R7
2 .

Thus, f is the spherical projection of the Legendre map λ onto this sphere S4. We
know that f is constant along each leaf of the principal foliation T1 corresponding to
the curvature sphereY1, and that f induces an immersion on the space of leavesU/T1,

f̃ : U/T1 → S4.

By what we have shown above, f̃ is an open subset of a spherical Veronese surface.
Note that the unit timelike vector W2/2 satisfies the equation

W2/2 = (
√

3/2)e1 + (1/2)e7 = sin(π/3)e1 + cos(π/3)e7.

If we consider the points in the Möbius space � to represent point spheres in S4,
then it follows from equation (2.21) of Chapter 2, p. 17, that the points in Q5 ∩W⊥

2
represent oriented spheres in S4 of signed radius −π/3. In a manner similar to that
above, we can show that the curvature sphere map Y7 induces a spherical Veronese
surface that lies in the space Q5 ∩ W⊥

2 . When considered from the point of view
of the Möbius space �, the points in the image of Y7 represent oriented spheres of
signed radius −π/3 centered at points of this Veronese surface. These spheres are
in oriented contact with the point spheres of the first Veronese surface determined by
Y1 in Q5 ∩ P5. Thus the points in the second Veronese surface must lie at a distance
π/3 along normal geodesics in S4 from the first Veronese surface f̃ . In fact (see,
for example [52, pp. 296–299]), the set of all points in S4 at a distance π/3 from a
spherical Veronese surface is another spherical Veronese surface.

Thus, with this choice of coordinates, the Dupin submanifold λ is simply an
open subset of the Legendre submanifold induced from the Veronese surface f̃ as a
submanifold of codimension 2 in S4. For values of t = kπ/3, k ∈ Z, the parallel
submanifold at oriented distance t from f̃ is a Veronese surface. For other values of
t , the parallel submanifold is the Legendre submanifold induced by an isoparametric
hypersurface in S4 with three principal curvatures (Cartan’s isoparametric hypersur-
face). All of these parallel hypersurfaces are Lie equivalent to each other and to the
Legendre submanifolds induced by the Veronese surfaces. ��
Case 2. ρ = 0 (the reducible case).

We now consider the case where ρ is identically zero. It turns out that all such Dupin
submanifolds are reducible to cyclides of Dupin in R3. We return to the frame that we
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used prior to the assumption that ρ 
= 0. Thus, only those relations through (5.176)
are valid. Since ρ is identically zero, so are all of its half-invariant derivatives.
From equations (5.140) and (5.175), we see that the functions defined in equations
(5.126)–(5.128) satisfy the equations

q = t = b = 0, a = p = 0, r = s, c = −u.
Thus, from equation (5.176) we have ω7

2 = 0. From these and the other relations
among the Maurer–Cartan forms which we have derived, we see that the differentials
of the frame vectors can be written as

dY1 − ω1
1Y1 = ω4

1Y4 + ω5
1Y5,

dY7 − ω1
1Y7 = ω3

7Y3 − ω5
1Y5,

dY2 + ω1
1Y2 = s(−ω4

1Y4 + ω5
1Y5),

dY6 + ω1
1Y6 = u(ω3

7Y3 + ω5
1Y5), (5.225)

dY3 = ω3
7(−Y6 + uY7),

dY4 = ω4
1(sY1 − Y2),

dY5 = ω5
1(−sY1 − Y2 + Y6 − uY7).

Note also that from equations (5.163) and (5.164), we have

d̃s = ds + 2sω1
1 = 0, d̃u = du+ 2uω1

1 = 0. (5.226)

From equation (5.142), we have dω1
1 = 0 and thus dπ = 0. Again, we follow the

procedure given after equation (5.106) to find a renormalization in which π∗ = 0.
Specifically, we assume that we are working in a contractible local neighborhoodU , so
that π = dσ for some smooth scalar function σ onU . We then take a renormalization
of the form (5.94) with τ = eσ . This results in

π∗ = −ω1∗
1 = 0,

and so equation (5.225) can be rewritten as

dY ∗
1 = ω4∗

1 Y4 + ω5∗
1 Y5,

dY ∗
7 = ω3∗

7 Y3 − ω5∗
1 Y5,

dY ∗
2 = s∗(−ω4∗

1 Y4 + ω5∗
1 Y5)

dY ∗
6 = u∗(ω3∗

7 Y3 + ω5∗
1 Y5), (5.227)

dY3 = ω3∗
7 Z

∗
3 ,

dY4 = ω4∗
1 Z

∗
4 ,

dY5 = ω5∗
1 Z

∗
5 ,

where
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Z∗
3 = −Y ∗

6 − u∗Y ∗
7 ,

Z∗
4 = s∗Y ∗

1 − Y ∗
2 , (5.228)

Z∗
5 = −s∗Y ∗

1 − Y ∗
2 + Y ∗

6 − u∗Y ∗
7 ,

and
s∗ = τ−2s, u∗ = τ−2u. (5.229)

After this renormalization, half-invariant differentiation is the same as ordinary exte-
rior differentiation. Thus, from equations (5.226) and (5.229), we have

ds∗ = 0, du∗ = 0. (5.230)

i.e., s∗ and u∗ are constant functions on the local neighborhood U .
The frame in equation (5.227) is our final frame, and we drop the asterisks once

more. Since the functions s and u are now constant, we can compute from equation
(5.227) that

dZ3 = −2uω3
7Y3,

dZ4 = 2sω4
1Y4, (5.231)

dZ5 = 2(u− s)ω5
1Y5.

From this we see that the following 4-dimensional subspaces of P6,

Span{Y1, Y4, Y5, Z4, Z5},
Span{Y7, Y3, Y5, Z3, Z5}, (5.232)

Span{Y1 + Y7, Y3, Y4, Z3, Z4},
are invariant under exterior differentiation, and hence they are constant. Thus, each
of the three curvature sphere maps, Y1, Y7 and Y1 +Y7 is contained in a 4-dimensional
subspace of P6. One can easily show that each of the subspaces in equation (5.232)
has signature (4, 1). Thus by Theorem 5.11, our Dupin submanifold λ on U is Lie
equivalent to an open subset of a tube over a cyclide of Dupin in R3 in three different
ways. Hence, we have the following result due to Pinkall [149].

Theorem 5.25. Every connected Dupin submanifold λ : M3 → �7 with ρ = 0 is
reducible. It is locally Lie equivalent to a tube over a cyclide of Dupin in R3 ⊂ R4.

Pinkall [149, p. 111] proceeds to classify Dupin submanifolds with ρ = 0 up to
Lie equivalence. We will not do that here. The reader can follow Pinkall’s proof
using the fact that his constants α and β are our constants s and −u, respectively.

We now turn to some generalizations of this approach to higher-dimensional
Dupin submanifolds. The first case that we will discuss is the case of an arbitrary
proper Dupin submanifold with three curvature spheres. This case was studied in the
paper of Cecil and Jensen [44]. We will briefly describe the approach of that paper
here, and the reader is referred to the paper itself for the details.
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We consider a connected proper Dupin submanifold λ : Mn−1 → �2n−1 with
three curvature spheres at each point. Let {Ya} be a smooth Lie frame on a connected
open subset U of Mn−1, as in the case above. We can choose the Lie frame so that
the three curvature spheres are Y1, Yn+3 and Y1 + Yn+3 with respective multiplicities
m1, m2 and m3. Corresponding to the one function ρ in the case above, there are
m1m2m3 functions Fαpa , where

1 ≤ a ≤ m1,

m1 + 1 ≤ p ≤ m1 +m2, (5.233)

m1 +m2 + 1 ≤ α ≤ n− 1 = m1 +m2 +m3.

Corresponding to the case ρ = 0 above, we show that if there exists a fixed index,
say a, such that

Fαpa = 0 for all p, α, (5.234)

then the restriction of λ to the open set U is reducible. Thus, by Proposition 5.15,
λ is reducible on all of Mn−1. Next we show that if the multiplicities are not all
equal, then there exists some index a such that equation (5.234) holds, and thus λ is
reducible.

Finally, we consider the case where all the multiplicities have the same value m.
Using Theorem 4.19 of Chapter 4, p. 77, we show that if λ is irreducible, then λ
must be Lie equivalent to the Legendre submanifold induced by an open subset of an
isoparametric hypersurface in Sn. As a consequence of Cartan’s [17] classification
of isoparametric hypersurfaces with three principal curvatures, this implies thatm =
1, 2, 4 or 8, and the isoparametric hypersurface must be a tube of constant radius over
a standard embedding of a projective plane FP 2 into S3m+1, where F is the division
algebra R, C, H (quaternions), O (Cayley numbers) for m = 1, 2, 4, 8, respectively.

Next we discuss the case of a proper Dupin submanifold with four curvature
spheres,which was studied in the papers of Cecil and Jensen [45] and Cecil, Chi and
Jensen [41]. Let λ : Mn−1 → �2n−1 be a a connected proper Dupin submanifold
with four curvature spheres at each point. Then we can find a Lie frame in which the
four curvature spheres are Y1, Yn+3, Y1 + Yn+3 and Y1 +�Yn+3, where � is the Lie
curvature of λ, having respective multiplicities m1, m2, m3 and m4. Corresponding
to the one function ρ in the case above, there are four sets of functions,

Fαpa, F
µ
pa, F

µ
αa, F

µ
αp, (5.235)

where

1 ≤ a ≤ m1,

m1 + 1 ≤ p ≤ m1 +m2, (5.236)

m1 +m2 + 1 ≤ α ≤ m1 +m2 +m3,

m1 +m2 +m3 + 1 ≤ µ ≤ n− 1 = m1 +m2 +m3 +m4.

As noted in Section 4.5, Thorbergsson [190] has shown for a compact proper Dupin
hypersurface in Sn with four principal curvatures, the multiplicities of the principal
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curvatures must satisfy m1 = m2,m3 = m4, when the principal curvatures are
appropriately ordered (see also Stolz [177]). Thus, in the papers [45] and [41], we
make that assumption on the multiplicities. We also assume in [41] that the Lie
curvature � = −1, since that is true for an isoparametric hypersurface with four
principal curvatures (when the principal curvatures are ordered in this way).

In [45, pp. 3–4], Cecil and Jensen conjectured that an irreducible connected proper
Dupin hypersurface in Sn with four principal curvatures having multiplicities satis-
fyingm1 = m2,m3 = m4 and constant Lie curvature� must be Lie equivalent to an
open subset of an isoparametric hypersurface in Sn.

In that paper [45], we proved that the conjecture is true if all the multiplicities
are equal to one (see also Niebergall [127] who obtained the same conclusion under
additional assumptions). In the second paper [41] mentioned above, we proved that
the conjecture is true if m1 = m2 ≥ 1, and m3 = m4 = 1, and the Lie curvature is
assumed to satisfy� = −1. We believe that the conjecture is true in its full generality,
but we have not been able to prove that yet.

An important step in both papers is proving that under the assumptions on the
multiplicities mentioned in the previous paragraph and with constant Lie curvature
� = −1, the Dupin submanifold λ is reducible if there exists some fixed index, say
a, such that

Fαpa = Fµpa = Fµαa = 0, for all p, α, µ. (5.237)

Thus, if λ is irreducible, no such index a can exist, and we show after a lengthy
argument that λ is Lie equivalent to the Legendre submanifold induced by an open
subset of an isoparametric hypersurface in Sn by invoking Theorem 4.19 of Chapter 4,
p. 77.
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Lie, 34, 36
Möbius, 34
with a spacelike pole, 34
with a timelike pole, 35

irreducible
Clifford system, 99, 101
Dupin submanifold, 79, 139, 145–147,

189, 190
representation, 98, 101, 111

irreduciblity
implies local irreducibility, 145

isoparametric
hypersurface, 3, 51, 76, 77, 132, 148

in S4, 181
in Lorentz space, 5
of Cartan, 180, 186
of FKM-type, 96–113
restriction on number of principal

curvatures, 112
with four principal curvatures, 4, 95
with six principal curvatures, 4, 78
with three principal curvatures, 189

submanifold, 4
in hyperbolic space, 5

isotropic vector, 10
isotropy

cone, 10, 38
plane, 39
projection, 38
representation of symmetric space, 4

Jensen, 53

Klein, 7, 18, 25, 46
Kobayashi–Nomizu, 7, 61
Kuiper, 83, 95

Laguerre
affine transformation, 42–44, 47
extended group, 42
geometry, 2, 25, 37–46
group, 37, 42, 47
inversion, 44
linear transformation, 42–45

restricted group, 42
transformation, 37, 41, 46
translation, 43

Laplace invariants, 7
Legendre

conditions, 58, 59, 127–141, 149
lift, 93, 94
map, 60–64
submanifold, 2, 46, 51, 58

induced by a hypersurface, 60, 65
induced by a submanifold, 61
induced by an isoparametric hypersur-

face, 81
Levi–Civita, 3, 76
Li, 7, 42, 51
Li–Wang, 7, 51
Lie

coordinates, 16
curvatures, 5, 51, 75, 78, 114–117

constant, 79, 80
of an isoparametric hypersurface, 78

equivalent, 2, 51, 66, 81, 95, 126, 141,
143, 145, 149, 168, 180, 181, 188

to an isoparametric hypersurface, 51, 76,
77, 79–81, 95, 112–123, 181–190

frame, 53, 159–165, 169
geometric hypersurface, 59
invariance of tautness, 82–95
invariants, 72, 168
inversion, 34, 36
metric, 15, 53
principal frame, 162
quadric, 1, 15, 16, 21, 28–30, 51, 58, 60,

72, 92, 127, 155, 169
scalar product, 15
sphere, 1, 16, 25
sphere geometry, 1, 14–16, 25, 46–49

history of, 7
sphere group, 27, 30, 36, 53
sphere transformation, 1, 25, 30, 49
taut, 92, 94

light cone, 10, 38
lightlike

line, 30, 39
subspace, 20, 31–33
vector, 10

Lilienthal, 148
limit

horn cyclide, 155
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inverse, 94
parabolic horn cyclide, 155
spindle cyclide, 155
torus, 155

line
of curvature, 2, 69, 126
on Lie quadric, 19–23, 28, 51–53, 59–60,

72, 127
preserving diffeomorphism, 25–30
projective, 19–23

line-sphere transformation, 7
linear

complex of spheres, 37
height function, 82, 83, 118–120
Laguerre transformation, 42–45

Liouville, 148
Lorentz

metric, 10, 12, 13, 15, 18, 39, 62
space, 29, 62

Magid, 5
manifold

Clifford–Stiefel, 107–109, 114
of lines on Lie quadric, 51–53, 59–60, 63,

92, 127
Maurer–Cartan

equations, 54, 55, 160, 184
forms, 53, 56, 160, 169

of SO(3), 184
Maxwell, 148
metric, 9

Lie, see Lie, metric
Lorentz, see Lorentz, metric
Poincaré, 18
spherical, see spherical, metric

Miyaoka, 4, 6, 7, 75, 79, 95, 113, 117, 120,
122

Miyaoka–Ozawa, 5, 51, 113, 117–122
Moebius, see conformal

classification of cyclides, 151–159
curvature, 76, 114
differential geometry, 7
equivalent, 82, 151–159
geometry, 2, 11–14, 25, 46
group, 2, 27, 28, 30, 36, 46, 75
invariance of tautness, 82
inversion, 34
projection, 58
space, 12, 22, 185

sphere, 12, 15, 17, 35
transformation, 2, 6, 14, 27, 46, 49, 75,

151–159
Morse

function, 82
inequalities, 5, 82

Morse–Cairns, 83
moving frames

in Lie sphere geometry, 53, 159–165
method of, 52, 125, 168

Muenzner, 3–5, 7, 76, 77, 96, 107, 112–114,
147

multiplicities of principal curvatures
of a compact Dupin hypersurface, 5, 123,

189
of an isoparametric hypersurface, 4, 79,

112
of FKM-hypersurfaces, 111

multiplicity
of a curvature sphere, 66
of a focal point, 64, 96

Musso–Nicolodi, 7, 51

Niebergall, 6, 165, 168, 190
Niebergall–Ryan, 5
Nomizu, 3, 5, 68
nondegenerate

bilinear form, 9
function, 82
hyperplane, 30

normal
bundle, 61–63, 73, 80, 88–90, 93, 95, 109,

114, 115, 120, 128, 131–133
flat, 4, 145

connection, 61, 74, 90, 128
coordinate neighborhood, 61
exponential map, 88
geodesic, 64, 97, 121, 186
inward, 15
line, 148
outward, 15, 129
space, 69, 85, 86
unit, see unit normal bundle

Olmos, 4
orbit

of isotropy representation, 4
orientation, 15
oriented
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contact, 1, 19, 22, 25, 38, 41
distance, 64, 121
hyperplane, 20, 37, 39
hypersphere in Sn, 17
hypersphere in hyperbolic space, 18
plane, 1, 14–15
sphere, 1, 14–15, 138, 186

orthogonal
complement, 10, 21–23
direct sum, 10
group, 25–34, 46–49, 53, 138, 183
planes, 13
spheres, 13
transformation, 25, 37, 46–49, 66, 139,

142
transformation of Lorentz space, 14

orthonormal basis, 10
Ozawa, 6, 120
Ozeki–Takeuchi, 3, 4, 112

Palais–Terng, 5
parabolic

complex of spheres, 37
horn cyclide, 157
pencil, 1, 6, 19–23, 39, 53, 61, 82, 83, 92,

138, 139
of planes, 23

ring cyclide, 153
parallel

hypersurface, 64–72, 96, 159
planes, 44
submanifold, 64–72
transformation, 43–49, 68, 77, 82

hyperbolic, see hyperbolic, parallel
transformation

spherical, see spherical, parallel
transformation

pentaspherical coordinates, 16
Pinkall, 1, 3, 6, 7, 21, 25, 28, 59, 67, 74, 79,

93, 95, 120, 125, 147, 149, 165, 168,
176, 188

Pinkall–Thorbergsson, 5, 51, 96, 113
plane, see hyperplane
Poincaré metric, 18
point sphere, 1, 17, 22

map, 58, 63, 81, 127–141
polar hyperplane, 11–13, 17, 18, 21, 34–36
pole

of a hyperplane, 11

of stereographic projection, 11, 18
Pratt, 148
principal

coordinate system, 150
curvature, 2, 64, 72–82, 112–123, 162

of a tube, 69
of Clifford–Stiefel manifold, 109–112

foliation, 2, 169, 186
Lie frame, 162
orbit, 4
space, 2, 66
vector, 64, 66, 162

product of spheres, 3, 76, 122, 147, 148
profile submanifold, 136, 151–159
projection

Euclidean, 63, 127, 133, 146, 151–159,
161

not an immersion, 63
hyperbolic, 63
isotropy, 38
Möbius, 58
spherical, 58, 63, 67, 70, 72, 75, 82, 186
stereographic, 11, 17, 18, 133, 147

projective
geometry, 10
group, 25
line, 19–23
space, 10
transformation, 25, 34

proper
Dupin hypersurface, 2, 6, 118, 126
Dupin submanifold, 70, 120, 125, 168–190

are algebraic, 143
compact, 112–123
with four curvature spheres, 189
with three curvature spheres, 188

point, 12, 16, 20, 22, 23
pseudo-Riemannian metric, 28, 29
Pythagorean theorem, 13

quadric
Lie, 15, 16, 21, 28–30, 51, 58, 60, 72, 92,

127, 155, 169
standard projective, 28

quaternions, 97, 117–123

radius
constant, 78, 145
hyperbolic, 18
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negative, 15, 159
of a curvature sphere, 144, 186
of a tube, 3, 81, 111, 128, 131, 132, 147,

189
of profile sphere, 151
positive, 15
signed, 15–18, 20, 23, 65, 67, 129, 138,

153, 186
spherical, 17, 18, 77, 84, 114
unsigned, 15
zero, 16, 77

rank
constant, 63, 73, 128–136
nonconstant, 63
of a bilinear form, 9
of a Euclidean projection, 63, 127–148,

151–159
of a hyperbolic projection, 63
of a map, 63, 121
of a spherical projection, 63

Reckziegel, 2, 68, 74, 115, 162
reducible

Dupin hypersurface, 3, 127–148, 186–188,
190

Dupin submanifold, 126–148, 186–188
representation of a Clifford algebra, 98

Reeb form, 166, 171
reflection, 30, 32–34
regularity condition, 160, 169
renormalization, 165, 167, 169, 179, 187
representation

equivalent, 98
irreducible, 101, 111
isotropy, 4
of a Clifford algebra, 4, 97–99, 113
of degree q, 98
reducible, 98

Richtungswechsel, see change of orientation
transformation

ring cyclide, 153
Riveros–Tenenblat, 7
rotation, 136–141
Rowe, 7
ruled surface, 66
Ryan, 3, 68, 69, 76

Sard’s theorem, 88–91
Sasaki–Suguri, 7
scalar product, 9–11

conditions, 58–60, 127–141
indefinite, 26

Schrott–Odehnal, 148
second fundamental form, 86

of a focal submanifold, 112
of a Legendre submanifold, 161

second order frame, 169
Segre, 3, 76
shape operator, 62, 64, 161

of a Clifford–Stiefel manifold, 109–112
signature

of a bilinear form, 1, 9, 10, 21, 26, 28, 29,
49, 130–159, 188

similarity transformation, 47, 159
Singley, 68, 162
skew-symmetric

matrix, 160
transformations, 98

skew-symmetry
relations, 54–56, 170

space of leaves, 73, 169, 182
spacelike

point, 12–14, 21, 34–36
pole of an inversion, 34, 36
vector, 10, 12, 14, 26, 27, 30, 35, 37, 40,

157
vector space, 152, 153, 183

sphere
curvature, 64–66, 73, 92, 129, 135, 138,

163
great, 58, 63
in Sn, 16
Lie, 1, 16, 25
oriented, 1, 14–15, 138, 186
orthogonal, 13
point, 1, 17, 22, 58, 63, 81, 127–141
unoriented, 11, 83–95

spherical
distance function, 82
field of unit normals, 58, 63, 72, 75
geometry, 46, 48
metric, 23, 132, 145
parallel transformation, 48, 67
projection, 58, 63, 67, 70, 72, 75, 186
radius, 77, 84, 114

spindle
cyclide, 157
torus, 157

Spivak, 53
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Srinivas–Dutta, 148
standard embedding

of a projective plane, 3, 113, 189
of an R-space, 4

standard projective quadric, 28
star-transformation, 165
stereographic projection, 11, 17, 82, 133, 147

hyperbolic, 18
Stiefel manifold (Clifford), 107–109, 114
Stolz, 4, 5, 79, 112, 123, 190
Strübing, 4
structure equations of SO(3), 183
subgeometries of Lie sphere geometry, 46
sublevel set, 83
submanifold

Dupin, see Dupin, submanifold
focal, see focal, submanifold
isoparametric, see isoparametric,

submanifold
profile, see profile submanifold
taut, see taut, submanifold
totally focal, 6

substantial embedding, 132, 147, 182
surface of revolution, 3, 125, 142

construction, 136–141, 153
symmetric

Clifford system, 99–102
matrices, 99

Takagi, 4, 112
Takagi–Takahashi, 3
Takeuchi, 132
Takeuchi–Kobayashi, 4
tangent

bundle, 23, see unit tangent bundle
hyperplane, 148
spheres, see oriented, contact
submanifolds, 84

tangential distance, 39–43
taut

embedding, 5, 82
hypersurface, 118
immersion, 82
implies embedded, 82, 146
Lie invariance of, 51, 82–95
relationship to Dupin, 6, 146
submanifold, 113, 120

Terng, 4, 5
Terng–Thorbergsson, 5, 82

Thorbergsson, 4–6, 76, 79, 95, 112, 120,
123, 146, 189

tight immersion, 82
timelike

line, 76, 77, 181, 183
plane, 28
point, 22, 35, 76, 183
pole of an inversion, 36
vector, 10, 21, 26, 30, 37, 40, 49, 140,

141, 152, 153, 186
torus

of revolution, 2, 69, 70, 126, 148, 153
tube over, 69, 70

totally focal submanifold, 6
totally geodesic, 147, 149
translation, 44, 143, 153

Laguerre, 43
tube

construction, 3, 80, 125, 127–133, 143
over a cyclide of Dupin, 188
over a focal submanifold, 78
over a torus, 69, 70, 131
over a Veronese surface, 132

umbilic
hypersurface, 113
submanifold, 141, 168

unit normal bundle, 2, 6, 61, 62, 73, 80,
88–90, 93, 95, 114, 115, 120, 128,
131–133

unit tangent bundle
to Rn, 23
to Sn, 23, 52

unoriented sphere, 11, 83–95

Veronese
surface, 132, 180–186

spherical, 113, 182, 186
Voss, 151

Wang, C.-P., 51
Wang, Q.-M., 96
weakly reducible, 145
weight of half-invariant, 166
West, 5
Witt’s theorem, 31
Wu, 5

Zhao, 5
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